
 

 

 
Abstract—This research work aims at studying the application of 

Legendre Transformation Method (LTM) to Hamilton Jacobi Bellman 
(HJB) equation which is an example of optimal control problem. We 
discuss the steps involved in modelling the HJB equation as it relates 
to mathematical finance by applying the Ito’s lemma and maximum 
principle theorem. By applying the LTM and dual theory, the resultant 
HJB equation is transformed to a linear Partial Differential Equation 
(PDE). Also, the Optimal Investment Strategy (OIS) and the optimal 
value function were obtained under the exponential utility function. 
Furthermore, some numerical results were also presented with 
observations that the OIS under exponential utility is directly 
proportional to the appreciation rate of the risky asset and inversely 
proportional to the instantaneous volatility, predetermined interest 
rate, risk averse coefficient. Finally, it was observed that the optimal 
fund size is an increasing function of the risk free interest rate. This 
result is consistent with some existing results. 
 

Keywords—Legendre transformation method, Optimal 
investment strategy, Ito’s lemma, Hamilton Jacobi Bellman equation, 
Geometric Brownian motion, financial market. 

I. INTRODUCTION 

HE HJB equation is a standard equation in the field of 
optimal control theory and explains the optimal feedback 

control policy for any dynamic system that seeks to optimize a 
certain objective function. This equation is a nonlinear PDE and 
is named after William Rowan Hamilton, Carl Gustav Jacob 
Jacobi, and Richard Bellman. It was first derived by Hamilton 
in [47], where he used the equation to study the motion of a 
particle in a conservative field. Bellman derived the HJB 
equation as a generalization of the dynamic programming 
principle [48]. The HJB equation describes the value function 
of an optimal control problem such that the value function gives 
the optimal value of the objective functions for any given state 
of the system. This equation can be derived using the optimality 
principle and can be solved using the LTM. 

The LTM is a great tool for solving the HJB equation and 
have been used to solve a variety of problems in the area of 
optimal control which include; optimal control of mechanical 
systems, electrical systems, economic systems and financial 
system. One example of such a study is solving optimal control 
problems using the LTM by [1]; the authors used the LTM to 
solve optimal control problems with constraints on the control 
variables; they demonstrated the effectiveness of the method 
through numerical examples, and compare their results with 
those obtained using other numerical techniques. Several 
authors such as [2]-[33], all studied optimal control problem 
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arising from investments strategies in financial market. In this 
paper, we developed a financial portfolio whose risky asset 
follows the geometric Brownian motion (GBM) and obtained 
an optimization problem in the form of HJB equation and show 
how the equation can be solved by applying the LTM and dual 
theory to obtain the investment strategy. 

II. LITERATURE REVIEW 

The LTM was first introduced by Bellman in his seminal 
work on dynamic programming and has since been used 
extensively in the field of optimal control theory [34]. The 
transformation involves introducing a new variable called the 
Legendre variable, which is defined as the exponential of the 
value function. The LTM is often used to deal with the 
complicated portfolio selection problems [35]-[37]. One of the 
advantages of the LTM is its ability to simplify the HJB 
equation and reduce the number of variables required for its 
solution. Here are some studies that have applied the LTM in 
the field of finance: 

In [17], they considered a pension scheme with multiple 
contributors similar to [38] and solve the resultant HJB equation 
using LTM under exponential and power utility functions. The 
authors in [39] investigated the stochastic strategies for optimal 
investment in a defined contribution pension fund (DCPF). 
They extended the model of [38] from the constant rate of 
contribution to that with stochastic rate. Furthermore, they 
applied LTM and dual theory to find closed form solutions for 
CRRA and CARA utility functions respectively. They obtained 
a generalized solution for CARA utility function equivalent to 
the solution with one contributor as in [3] and a different result 
for CRRA utility function when compared to the one with one 
contributor. In [15], the authors studied the optimization of 
wealth investment strategies for DCPF with stochastic salary 
and extra contributors. They obtained an optimized equation 
using HJB equation, and then solved the equation using LTM 
to obtain the explicit solution of the OIS for constant absolute 
risk aversion (CARA) utility function.  

In [40], the authors applied the LTM to solve the optimal 
constant rebalancing problem in finance; they derived a closed-
form solution for the optimal rebalancing frequency by 
transforming the HJB equation. Also, [41] considered a class of 
stochastic optimal control problems with a nonlinear cost 
functional. They used the LTM to transform the HJB equation 
to a linear PDE that can be solved numerically using finite 
difference method. In [42], a numerical method for solving the 
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singular stochastic control problem using the LTM was 
presented. They showed that their method can efficiently solve 
singular stochastic control problems by iteratively solving the 
HJB equation associated with the problem.  

In [43], the LTM was used to study investment and 
consumption problems and the closed form solutions of the 
optimal investment and consumption strategies under power 
and logarithm utility were obtained.  

In [44], the authors assumed that the background risks that 
DC pension fund face include inflation risk and salary volatility 
risk. Furthermore, they used LTM and dual theory, and obtained 
a closed-form solution to this optimal problem. They pointed 
out that the most novel feature of their research was the 
application of these background risks. Also, they observed that 
the OIS is an increasing function of the contribution rate, stock 
risk premium and a decreasing function of stock volatility, 
which means that the pension fund administrators (PFAs) can 
buy less stock when the volatility of the stock is higher and vice 
versa. Since higher volatility implies higher stock risk, the 
PFAs will buy lesser stock [50]. According to [45], a numerical 
method was proposed for solving the HJB equation using the 
LTM.  

These studies were also cited to show the application of LTM 
in solving HJB equations in different fields. The studies include 
[40] on finance, [41] on stochastic optimal control and [42] on 
singular stochastic control. The review concludes that LTM 
presents a promising approach for HJB equations. 

III. METHODOLOGY AND MODEL FORMULATIONS 

A. Legendre Transformation and Dual Theory 

The Legendre transform is used to convert a non-linear 
optimization problem into a linear one. By using the LTM, 
complex equations can be reformulated and its solution can be 
determined by solving a system of linear equations. The dual 
theory, on the other hand, is based on the idea that the value of 
the system can be expressed as the maximum expected reward 
of a portfolio of non-anticipative assets. 

Theorem1. Let : nf R R  be a convex function for 0z  , 

defined the Legendre transform  ( ) max ( )
m

K z f m zm   

where ( )K z is the Legendre dual of ( )f x  [46]. 

Since ( )f x  is convex, from theorem 1, we can define the 

Legendre transform as: 
 

^

| ( , )
( , ) inf 0

( , )

m V t m
h t z t T

zm t mV

     
  

  (1) 

 

where 
^

V  is the dual of V  and 0z   represents the dual 

variable of m . Then ( , )h t z  is the value of m  where this 

optimal value is attained such that ℎ and 
^

V  are very much 

related and is also called the dual variable of V  [49]. Hence, 

( , )h t z and 
^

V  are related as follows 

 
^

( , ) ( , )t z V t h zhV    

 
where 

^

( , ) , ,m z
h t z m V z h V      (2) 

 
At terminal time, we denote  
 

 
^

( ) sup ( ) | 0z U m zm mU     
 

 
and 

^

( ) sup | ( ) ( )G z m U m zm zU
    
 

 

 
As a result 
 

  11( ) (z)G z U


    (3) 

 

where G is the inverse of the marginal utility. 

At terminal timeT , we can define  
 

^

0

( , ) | ( ) ( , )inf
m

h T m m U m zm t zV


    
   

 
and 

 
^

0

( , ) ( )sup
m

t z U m zmV


   

 
So that 

  11( , ) ( )h T z U Z


           (4) 

 
Next, we differentiate (2) with respect to t  and x  
 

tV 
^

tV , xV z ,
^

1
mmV

zzV




           

(5) 

B. The Itô’s Lemma 

Generally, Itô's Lemma has been a valuable tool in 
mathematical finance, providing a framework for analysing and 
modelling financial processes that involve randomness. Its 
applications have led to significant advances in financial theory 
and practice, and its continued use in ongoing research indicates 
its continued relevance in the field. 
Definition1. Let 𝑈଴ be a set of all open subsets in a topological 
space 𝛺 and 𝐻௎బ

 a 𝜎-algebra generated by set 𝑈଴. Then 𝐻௎బ
 is 

known as the Borel 𝜎-algebra on 𝛺 and the elements 𝐵 ∈ 𝐻௎బ 
are known as the Borel sets. 
Definition2. WୌሺS, Tሻ denotes the class of processes ℎሺ𝑡, 𝜔ሻ ∈
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ℜ satisfying: 
1. ሺ𝑡, 𝜔ሻ → ℎሺ𝑡, 𝜔ሻ 𝑖𝑠𝐵 ൈ ℱ-measurable, where 𝐵 denotes 

the Borel 𝜎-algebra on ሾ0, ∞ሻ; 
2. There exists an increasing family of σ-algebras 𝐻ሺ𝑡ሻwith 

𝑡 ൒  0, such that B଴is a martingale with respect to 𝐻ሺ𝑡ሻand 
that ℎሺ𝑡ሻ is 𝐻ሺ𝑡ሻ-adapted; 

3. 𝕡 ቂ׬ ℎሺ𝑠, 𝜔ሻଶ்
ௌ

𝑑𝑠 ൏ ∞ቃ ൌ  1. 

Definition3. Let B୲ be a one-dimensional Brownian motion on 
ሺΩ, F, 𝕡). A (one-dimensional) Itô process (or stochastic 
integral) is a stochastic process 𝑋ሺ𝑡ሻon ሺΩ, F, 𝕡) of the form 
 

𝑋ሺ𝑡ሻ ൌ  𝑋ሺ0ሻ ൅ ׬ 𝛼ሺ𝑠, 𝜔ሻ்
ௌ

𝑑𝑠 ൅ ׬ 𝜎ሺ𝑠, 𝜔ሻ்
ௌ

𝑑𝐵௧ (6) 
 
where 𝜎 ∈ Wୌ so that 
 

𝕡 ቂ׬ 𝛼ሺ𝑠, 𝜔ሻଶ்

ௌ
𝑑𝑠 ൏ ∞, ∀𝑡 ൒ 0ቃ ൌ  1.  

 
We also assume that u is 𝐻ሺ𝑡ሻ െadapted, where 𝐻ሺ𝑡ሻ is an 

increasing family of σ-algebras, 
Assuming 𝑋ሺ𝑡ሻis an Itô process, the differential form of it is 

given as 
 

𝑑𝑋ሺ𝑡ሻ  ൌ  dt ൅ ( )dW t    (7) 

 
where  is the drift and 𝜎, the standard deviation representing 

the instantaneous volatility. 
Remark1. Let 𝑋ሺ𝑡ሻ be an Itô process given by ℎሺ𝑡, 𝑋ሺ𝑡ሻሻ  ∈
𝐶ଶሺሾ0, ∞ሻ ൈ ℜሻ. Then 𝑉 ൌ ℎሺ𝑡, 𝑋ሺ𝑡ሻ) is also an Itô process and 

 

𝑑𝑉 ൌ 𝑑ℎሺ𝑡ሻ ൌ ቌ

డ௛

డ௧
൫𝑡, 𝑋ሺ𝑡ሻ൯𝑑𝑡 ൅ డ௛

డ௫
൫𝑡, 𝑋ሺ𝑡ሻ൯𝑑𝑋ሺ𝑡ሻ

൅
ଵ

ଶ

డమ௛

డ௪మ ሺ𝑡, 𝑋ሺ𝑡ሻሻሺ𝑑𝑋ሺ𝑡ሻሻଶ
ቍ,(8) 

 
where ሺ𝑑𝑋ሺ𝑡ሻሻଶ ൌ  𝑑𝑋ሺ𝑡ሻ𝑑𝑋ሺ𝑡ሻ is computed according to the 
rules:       0;   .dtdt dtdW dWdt dWdW dt     

Remark2. For Ito processes 𝑈ሺ𝑡ሻ and 𝑉ሺ𝑡ሻ in ℜ, Itô’s product 
rule gives 

 
𝑑ሺ𝑈ሺ𝑡ሻ𝑉ሺ𝑡ሻሻ  ൌ  𝑈ሺ𝑡ሻ𝑑𝑉ሺ𝑡ሻ  ൅  𝑉ሺ𝑡ሻ𝑑𝑈ሺ𝑡ሻ  ൅  𝑑𝑈ሺ𝑡ሻ𝑑𝑉ሺ𝑡ሻ. 

C. Wealth Formulation 

In this section, we assume that the financial market is made 
up of a risk free asset (cash deposit) and a risky asset (stock). 

Let ( , , )F P  be a complete probability space where  is a 

real space and P  is a probability measure, and F is the 
filtration and denotes the information generated by the 

Brownian motion. Let 1S  denote the price of the risk free asset, 

it dynamics is given by 
 

1

1

dS
Rdt

S
    (9) 

 

where R is a constant representing the predetermine interest 

rate of the risk free asset. 

We suppose 2S  is the price process of the risky asset such 

that its dynamic follows the GBM model. Then the stochastic 
differential equation is given thus as stated [49]  

 

2

2

( )
dS

dt dw t
S

  
   

(10) 

 

where   is an expected instantaneous rate of return of the risky 

asset and satisfiers the general conditions 0r  .  is the 

instantaneous volatility. 
The dynamic of the pension wealth is given by 
 

2 1

2 1

(1 )
dS dS

dM M Cdt
S S

 
 

    
    

(11) 

 

where M  denotes the wealth and   is the fraction of the 
wealth invest in the risky asset and (1 ) , the fraction in risky 

free asset. 
Substituting (9) and (10) into (11) we have  
 

 
(1 )( )

M dt dw
dM

M Rdt Cdt

  

 

  
   

  
(12) 

 

Simplifying (12), we have 
 

 ( )

( )

M R R C dt
dM

M dW t

 



       
  

 
 

(13) 

D. The HJB Equation 

In this section, we are interested in maximizing the utility of 
the plan contributor’s terminal relative wealth, our aim is to 
obtain the optimal value function  

 

 
max

( , ) ( ( )V t m E U M T   (14) 

 

Next we maximize the value function subject to the pension 
found members wealth. In doing this we make use of the Ito’s 
lemma and maximize principle and the optimal strategy   

 
2

2
2

1
( )

2

v v v
dV dt dM dM

t M M

  
  
     

(15) 

 

Substituting (13) into (15), we have 
 

 2 2 2

( )

( )

1

2

t

m

mm

V dt

R
M C dt

dV V R

M dW t

V M dt

 



 

 
 
 

     
          

    
   

  
(16) 
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Taking the limit of dV as 0dt   
 

  2 2 21
0

2t m mm

dV
V V M R R C M V

dt
               

 

   2 2 21
[ ( ) 0

2t m mmV M R R C V M dt V          

 
(17) 

 
Differentiate (17) with respect to   
 

2

( ) m

mm

R V

MV





 
   

(18) 

 
Substitute (18) into (17), we have 
 

22

2

1 ( )
( ) 0

2
m

t m
mm

VR
V MR C V

V





   
  

(19) 

 
The resultant equation in (19) is the HJB equation for our 

problem which we intend to solve using LTM under 
exponential utility to obtain the OIS. 

Since the differential equation obtained in (19) (HJB) is a 
nonlinear PDE, and quite complex to solve by direct method 
and some known techniques, we then employ the LTM to 
transform it to a linear PDE by substituting (5) into (18) and 
(19) where we have  

 

 
^ 2

2
^2

1 ( ) 1
( ) 0

2

R
MR C Z Zt

zz

V
V




 
 

      
 
 

 

 

 
^ ^2

2
2

1 ( )
0

2

R
MR C Z Zt zzV V


 

    
 

  (20) 

 
^

2

( ) zzR V

M






   (21)

 

 
Let  
 

^

,ttV V ,mV z ( , ) ,g t z M ,mV Z
^

zg V     (22) 

 
Substituting (22) into (20) and (21), we have 
 

2 2^ ^
2

2 2

1 ( ) 1 ( )
( ) ( ) (2 ) 0

2 2t z zzz zz

R R
g Rg C z Rg Z zV V

 
 
 

      

 
2 2

2
2 2

1 ( ) ( )
( ) 0

2t z zz z

R R
g Rg C zRg Z g Zg

 
 
 

       

 

2 2
2

2 2

( ) 1 ( )
( ) 0

2t z zz

R R
g Rg C R Zg Z g

 
 

  
      

 
 

 
Then solving further  
 

2 2
2

2 2

( ) 1 ( )
( ) 0

2t z zz

R R
g Rg C R zg z g

 
 

    
        

         
(23)

  

2

( )
z

R
g

g





      (24) 

 
Next, we attempt to solve (23) and substitute it in (24) to 

obtain the optimal control strategy under exponential utility 
function. 

IV. MAIN RESULT 

Here, we consider an investor with utility function exhibiting 
CARA. Since our interest here is to determine the OIS, we use 
the exponential utility function as follows. 

Let’s assume an exponential utility 
 

1
( ) ,qmU m e

q
  0q    (25)  

 
where 𝑚 is the wealth of the investor and 𝑞 is the risk averse 
coefficient of the investor. 

The absolute risk aversion of a decision maker with the utility 

in (25) is a constant CARA utility. Since 1 1( , ) ( ) (z)g T z U   

and the CARA utility function we obtain  
 

1
( , ) lng T z z

q
     (26) 

 
Next, we conjecture the solution to (23) as follows 
 

 1
( , ) ( ) ln ( ) ( )g t z a t z v t b t

q
   

  

(27) 

 
with boundary conditions  

 
( ) 1,a T  v( ) 0T  , ( ) 0b T    (28) 

 
Differentiating (27), we have 
 

1 1 11
( ) ln ( ) ( )tg a t z v t b t

q
        (29) 

 

1 ( )
z

a t
g

q z
         

(30) 

 

2

1 ( )
zz

a t
g

q z
         

(31) 
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Substituting (29)-(31) into (23), we have 
 

 1 1 1

2 2
2

2 2 2

1 1
( ) ln ( ) ( ) ( ) ln ( ) ( )

( ) 1 ( ) 1 ( ) ( )
0

2

a t z v t b t R a t z v t b t
q q

R a t R a t
c R Z Z

q Z qZ

 
 

 
         

 
                

     

 

 

 

 

1 1 1

2 2

2 2

1 1
( ) ln ( ) ( ) ( ) ln ( ) ( )

( ) 1 1 ( ) ( )
( ) 0

2

a t z v t b t R a t z v t b t
q q

R R a t
c R a t

q q

 
 

 
         

 
     

         
    

 

 
1 1

1

2 2

2 2

( ) ln ( ) ( ) ln
( )

0
( ) ( ) ( ) ( ) ( )

2

a t z v t Ra t z Rv
b t Rb

q q q q

Ra t R a t R a t
c

q q q

 
 

 
      
  
  
    
 

 

 

 1 1

2
1

2

ln
( ) ( ) ( )

0
1 ( )

( ) ( )

z
a t a t R b t Rb c

q

R
v Rv a t R a t

q




      
  
  
     

  

      (32) 

 
Splitting (32), we have 
 

1 ( ) ( ) 0a t a t R     (33) 

 
1 ( ) ( ) 0b t b t R     (34) 

 
2

1
2

( )
( ) ( ) ( ) 0

R
V t Rv t a t R




 
    

 
  (35) 

 
Solving (33), we have 
 

1
Rta k e    (36) 

 
Recalling boundary condition from (28), (36) now becomes 
 

( )( ) R t Ta t e     (37) 

 
Solving (34), we have 
 

2(t) Rtc
b k e

R
  

   (38) 
 

Using the boundary conditions in (28) we have 
 

( )( ) 1R t Tc
b t e

R
       (39) 

 
From (35) 

2
1

2

( )
( ) ( ) ( ) 0

R
V t Rv t a t R




 
    

 
 

 
Solving (35), we have 
 

2
( )

32

( )
( ) R t T RTR

v T e R T k e



  
   

   

 (40) 

 
Applying boundary conditions in (28), we have  

 

 
2

( )
2

( )
( ) R t T R

v t e R t T



  
   

 
              (41) 

 
Substituting (37), (39) and (41) into (27), we have 
 

 

( )

( ) 2

2

( )

ln

1

( )( , )

1

R t T

R t T

R t T

e z

R
q e t TRg t z

c
e

R










  
  

             
   

 
     

 (42) 

 
Substituting (37) into (30), we have 
 

( )R t T

z

e
g

qz



      (43) 

 

Substituting (43) into (24), we have 
 


( )

2

( ) R t TR e

qzm




 
   

 
 

 

( )
2

( ) R t TR
e

mqz





     (44) 

 

 

Fig. 1 Evolution of OIS with optimal fund size 
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Fig. 2 Evolution of optimal fund size with predetermined interest rate 
 

 

Fig. 3 Evolution of OIS with risk averse constant 
 

 

Fig. 4 Evolution of OIS with appreciation rate 
 

 

Fig. 5 Evolution of OIS with instantaneous volatility 

V. DISCUSSION  

In Fig 1, the graph of OIS for the risky asset against the 
optimal fund size is presented; the graph shows that, OIS for the 
risky asset decrease as the optimal fund size increases. The 
implication of this graph is that members with more funds may 
prefer to invest less in the risky asset as retirement age 
approaches and vice versa. 

In Fig. 2, the graph of the optimal fund size against the 
predetermined interest rate is presented; the graph shows that 
the optimal fund size is an increasing function of the 
predetermined interest rate. The implication of the graph is that 
members with large funds prefers to invest where there is less 
risk since they may not want to lose what they have gathered 
already. 

In Fig. 3, the graph of OIS against the risk averse constant is 
presented; the graph shows that the OIS is inversely 
proportional to the risk averse coefficient. This implies that the 
more fearful the investor is to investment in risky asset, the 
more likelihood that he will reduce the proportion of his wealth 
to be invested in risky asset.  

In Fig. 4, the graph of the OIS against the appreciation rate 
of the risky asset is presented; the graph shows that the OIS is 
an increasing function of the appreciation rate of the risky asset. 
The implication of the graph is that any asset with higher 
appreciation rate will naturally be appealing and attractive to an 
investor; hence the investor may be willing to commit more of 
his resources into such asset with the expectation of more 
returns and vice versa. 

In Fig. 5, the graph of OIS against the instantaneous volatility 
is presented; the graph shows that the OIS is inversely 
proportional to the instantaneous volatility of the risky asset. 
This implies that the higher the instantaneous volatility of the 
risky asset, the higher the risk involved in the investment in 
such asset. Hence this may create more fears in the mind of the 
investor toward investing in the risky asset, furthermore reduce 
the proportion of the investor’s wealth in risky asset. 
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VI. CONCLUSION 

In this paper, we studied the Legendre transformation and 
dual theory as a very important method used in handling control 
problems most especially the HJB equations. This method helps 
reduce a nonlinear partial differential to a linear PDE which can 
easily be solved by some available methods. Aside from the 
application of the Legendre transformation theory, we 
formulated a portfolio for a given investor with one risk free 
asset (cash deposit) and one risky asset (stock) and used the 
Ito’s lemma and maximum principle to obtain the HJB 
equation. With the application of LTM, dual theory and 
exponential utility function, the optimal value function and the 
OIS was obtained as seen in (42) and (44). The results obtained 
in (42) and (44) were simulated using MATLAB programming 
software and used to study the effect of some sensitive 
parameters on the OIS. It was observed that the OIS under 
exponential utility is directly proportional to the appreciation 
rate of the risky asset and inversely proportional to the 
instantaneous volatility, predetermined interest rate, risk averse 
coefficient. Also, we observed that the optimal fund size is an 
increasing function of the risk free interest rate. This result is 
consistent with some existing results. 
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