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Approximation to the Hardy Operator on
Topological Measure Spaces

Kairat T. Mynbaev,

Abstract—We consider a Hardy type operator generated by a
family of open subsets of a Hausdorff topological space. The family
is indexed with non-negative real numbers and is totally ordered. For
this operator, we obtain two-sided bounds of its norm, a compactness
criterion and bounds for its approximation numbers. Previously
bounds for its approximation numbers have been established only in
the one-dimensional case, while we do not impose any restrictions on
the dimension of the Hausdorff space. The bounds for the norm and
conditions for compactness have been found earlier but our approach
is different in that we use domain partitions for all problems under
consideration.
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I. INTRODUCTION
T HE one-dimensional Hardy inequality

[ o) o] se( [ )

has been studied in detail and complete characterizations of its
validity for all non-negative functions f have been obtained in
terms of pairs of weights u,v and measures u, v for all pairs
of exponents p, q, see [4]-[7], [9] for the history and extensive
references.

In the one-dimensional case most researchers have used
tools of one-dimensional calculus, such as integration by parts
[16]. The lack of such tools has been the main obstacle
on the way to multidimensional results. Some results have
been established under simplifying assumptions (for p < ¢
[3], by using spherical coordinates [14], [1] or the polar
decomposition [12], [13] or assuming that the weights are
products of functions of one variable [17], [11]).

Sinnamon [15] and Mynbaev [10] have obtained very
general results in the multidimensional case, without
simplifying assumptions of the type just mentioned. Our
statements on the boundedness and compactness of the Hardy
operator are less general than in these two papers (the
compactness condition has been obtained by Sinnamon).
However, the partitions method applied here has the advantage
that, unlike [15] and [10], it does not use advanced properties
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of measures beyond c-additivity and it opens the door to
many generalizations of the results that are known in the
one-dimensional case, whether they are based on partitions
or not. The bounds for approximation numbers we give in the
multidimensional case are new, see [2], [8].

II. MAIN RESULTS

We consider integration over expanding subsets 2(¢) of an
arbitrary open set (2 in a Hausdorff topological space X with
o-additive Borel measures y, v. In the classical case one can
notice that the subdomain Q (¢) = (0,¢) of & = (0,00) has
w (t) = t as the boundary in the relative topology and that
Q) ={s€Q:w(s) <wl(t)}.Ourconditions on the family
{Q(t)} are based on this observation. Specifically, they are
stated as follows:

Assumption a) {Q(¢) : ¢ > 0} is a one-parametric family
of open subsets of ) which satisfy monotonicity: for ¢; <
to, Q(t1) is a proper subset of Q(t2).

b) (t) start at the empty set and eventually cover almost
all Q: Q(0) = N=0Q2(t) =0, v (Q\ Urso Q(t)) = 0.

¢) Further, denote w(t) = Q(t) N (Q\Q(¢)) the boundary
of Q(t) in the relative topology. We require the boundaries to
be disjoint and cover almost all Q: w(t1) Nw(ta) = 0, 1 #
tg, V(Q\ Ut>0 w(t)) = 0.

d) Passing to a different parametrization, if necessary, we
can assume that v (Q\ U;<ny w(t)) > 0 for any N < oc.

e) Finally, we assume that boundaries are thin in the sense
that v(w(t)) = 0 for all ¢ > 0.

Operator 7' definition

The main implication is that for v-almost each = € (2 there
exists a unique 7(x) > 0 such that = € w(7(x)), which allows
us to define

Tf(:c):/Q( ( ))fdu, x €,

for any non-negative 9Ji-measurable f. Thus the Hardy type
inequality is

1/q 1/p
([ rsiuan) "< ([ rpear)
Q Q

(©2) denotes the space with the norm Hf”L”d/(Q)
T =

LP

vdv

(fQ|f|p'udu)1/p where v is a weight function. |

|77, (@)L, (o) is the norm of a linear operator 1" acting
from L7, () to L, (22) and C' = ||T| is the best constant
in

q 1/q

u(a)du(x)

[ [ <cf /Q|f|pvdy>“".

/ fdv
Q(r (@)
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Put

1/q 1/p'
U(t) = (/ udu) (/ vp//pdlf> .
Q\Q(t) Q(t)

The notation A ~ B means that the ratio A/B is bounded
from above and below by some absolute constants.
Theorem 1. If1 < p < ¢ < oo, then C' =~
A =sup, U(1).
Let 0<g<p, l<p<ooandputl/r=1/qg—1/p,

1/p 1/p'
d(y) = </ udu) (/ 'up//pdu> .
\Q(7(v)) Q(r(v)

Theorem 2. If 1 < p < coand0 < g < p, then C = B,

(Jo @ udp) v
Proof steps

A where

where B =

o Discretize the problem using binary partitions.

o To discrete sums apply analogs of one-dimensional tools
(like integration by parts and an integral of a full
derivative).

o Estimate resulting discrete sums by integrals.

Here is an example of the property applied to discrete sums.
Lemma 1. Leta > 1. We have

a—1 a

Vj-‘rlZ% ZVi

i>k+1

Yy

ik \ij+1

for any non-negative numbers V; such that the left side is finite.
Result for the adjoint operator
Analogs of Theorems 1 and 2 hold for the adjoint operator

T*. Denote
1/q 1/p’
U*(t) = / udp / v PPy ,
Q(t) 2\Q(1)
1/p 1/p'
o (t) = (/ udu) (/ v_p//pdy>
7 (v)) A\Q(7(y))

and consider the inequality

q 1/q
[/Q u(x) (/Q\Q(T(I)) fdu) du(x)]
<C* </Q fpvdu)l/p.

Theorem 3. Let the sets {€2(t)} , weight functions u,v and
measures [, v satisfy the same conditions as before.

DIf1 < p < ¢ < oo then C* ~ A* where A* =
sup;o U (1).

2)If0<q</p 1 < p < oo then C* =~
(Jo (@) udpr) ™" 1/r = 1/g = 1/p.

B* where B* =
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The next subject is compactness of 7". The notation allows
one to trace similarity with [15]. Denote

atw) = [ uin
AN\Q(x)
b(z) = / v PPy, 0 <z < oo,
Q(x)
I, = limsupa(z)/%b ()", fori= 0,00,
T—1
I = max{lg,loo}-

Lemma 2. Suppose that a (z) < 00, b(z) < oo on (0,00).
If I > ¢ > 0 then there exists a sequence {g,} such that

lgnllzr, @) =1 1T9n = TgmliLs, @) > €

Theorem 4. a) If 1 < p < g < oo, then T is compact if and
only if A < ooandl =0.b)If1 < g < pandT is bounded,
then T' is compact.

Our next task is to obtain bounds for approximation
numbers (a-numbers) of the operator 7. Let X,Y be two
Banach spaces. For a bounded linear operator 7' : X — Y

its n-th a-number, n € N, is defined by

an(T)

where the inf is taken over all bounded linear operators of
rankP < n.

For [a, b] C [0, 00) we initially consider the question of how
well the operator x4 7" is approximated by averages. To this
end, successively define

— int {||T - P}

ty (a, b)) = /Q[ ) udp,
_ 1
- d
= o) /Q[a,b] (L Juds, D
Tiap)f () = Xopy @) (Tf () = Tiap f) -

Theorem 5 Choose the point c so that

1 (Qas€]) = 1 (e, B]) = %Mu (©Qa,]).

a)Let1l < p < g < oo and denote

1/q
sup (/ ud,u)
a<t(z)<c Qla,7(z)]
1/p’
(/ v—p’/de> ,
Q[r(x),c]
1/q
sup (/ udu)
c<r(x)<b Q[r(z),b]
1/p’
(/ v_p//pdu> .
Qfe, ()]

= max {A*[a, ], Alc,b]}.

A*[a, (]

Ale,b] =

Then HTa b]”LPd (Q)—=L%,, ()
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b)Let1l < q < p < oo and put

[fn[a,c] (fa[a,f(a:)] Ud“) "

B*la,c] = / e 1/r s
(fQ[T(m),c] vP /pd’/) u () dp (l“)}
. r/p
{fmc,m (fﬂwx),b} ”d/‘)
B [C, b} = ) /P 1/r
(fQ[c,'r(x)] Ch /pdl/) u (.’L‘) d:u (l’):| .
Then || Tjq 1) HLZdu(Q)_’LZdu(Q) = max {B* [a,c], B[c,b]}.
Denote

Afa,b] = max {A* [a,c],Alc,b]}, 0<a<b< .
Obviously, for any 0 < z < oo we have
Ala,b] - 0if a,b —x; Ala,b] >0if a <b.

Everywhere below we assume that 7" is compact.

Lemma 3. Let 1l < p<g<ooand0 < e < maxW. There
exist points 0 =ty < t; < ... < ty < ty4+1 = 0o such that
with the notation Ay, = [ty tx41), k = 0,..., N one has

sup U (t) = e, max A(Ap) =g, 2)
teA, =1,..,N-2
A(Ay_1) < ¢ sup ¥ (t)=e.

tEAN

With Q) = Q(Ag) putfor k=1,...,N —1

) = dv, (1, (Q) = du,
Ty f (x) /Q(T(m))\mmf Vs () /Qk udp

_ 1

Tpf = 1o (00 Qk(Tf)UdM
Pof(x) = xa. (@) {Tf(x) = [Tuf (x) - Tuf]} @3

XQk(x){/Q(t )de+ka}7

Ruf =0, Pyf (2) = xa @) |

Q(tw)

fdv.

Each of P, is one-dimensional, so P = ij:l has rank
rankP < N.

We use the approach developed in [2].

Theorem 6. Let 1 < p < g < oo and suppose the covering
{Q : k=0,..., N} satisfies (2). Then

e (N =2V 172 < an 1 (T), ans1 (T) < coe. (4)

Remark. Obviously, when p = ¢, (4) gives a same-order
two-sided bound for a-numbers. Besides, the upper bound on
a-numbers gives an upper bound for the Gelfand, Kolmogorov
and entropy numbers because the a-numbers are the largest
among s-numbers of linear operators.
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To consider the case 1 < ¢ < p < oo we assume that
IT|| < oo and therefore B < oo by Theorem 2. Denote

1/p
¥, () = ( Lo udu)
1/p’
(/ vp//pdy> ’
Q[r(z),b]
1/p
Dy (1) = (/Q [()b]udu>
1/p’
(/ Up’/pd,/>
Qa,7(z)]
. 1/r
Bla,b] = {/ (‘I’E‘Q,C]X[a,c]+‘1>[c,b]><[c,b]) Udu}
Q[a,b]

where ¢ = ¢(a, b) is the constant from Theorem 5.
Bound from above Let 0 < ¢ < B. Select t/,t" to satisfy

1/r
(/ <I>Tud/A> = g, 5)
Q(t)
1/r
/ P udp = €.
Q[i'’,00]

Let {A;:k=1,...,N} be a uniform (and finite) partition of
[t',t"] into segments Ay of length m. From the bound
N

ZB (Ap)" <max sup (P4, (z)+ Pa, (z)) / udp
1 ko r@yeay Qe t7]

we see that m can be chosen so that

N 1/r
(Z B (Ak)r) =e. 6)
k=1

With definitions (3) and putting Q, = Q (Ax) we have for
each k& by Theorem 1

1/q 1/p
(/ |Tf— Pkf|qudu> < B (Ag) </ Vil vdu) .
Qp Qe

By Theorem 2 (5) implies
1/p
ce / | FI? vdv ,
Q")

1/q
( / Iquudu> <
Q(t)
1/q 1/p
/ ITf|? udp < ce / |fIP vdv .
Qt"",00] Q[t",00]

We use definitions of Fy, ..., Py from Theorem 5. Put P =
ij:l P;. The last three estimates and (6) give

1/q 1/p
(/ |TfPfqudu> §c€</ f|pvd1/> .
Q Q

Since rankP < N this proves that an41 (7)) < ce. Thus,
with the partition defined above we have

Theorem 7. Suppose 1 < q < p < oo, T is bounded and
0<e< B.Thenan41 (T) < ce.
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Bound from below. Let ¢',¢” be chosen as in (5) and put
to = 0, t; = t'. On the n-th step, if sup,., B(tn,t) >
¢ then we put ¢,41 = min{t >, : B (t,,t) =¢c}. If
sup;~, B (ty,t) < e we put t, 1 = oo. This process stops
in a finite number of steps. Suppose that it does not and that
t, — t < o0o. Then

max {7, ; (2), Pjap (2) |
1/p
/ udp / v Py
Qt 00 Q)

a<b<t

Hence, for each k, " = B(Ar)" < (2¢)" fQ(Ak) udp,
Yok fQ(Ak) udp = 0o, which contradicts compactness.

Denoting N the total number of segments, for an arbitrary
bounded linear operator P : LY, ~— L?de rankP < N — 1,
we have the following statement:

Theorem 8 Suppose 1 < ¢ < p < oo, T is bounded and
0<e< B.Thenan_1 (T) > ce.

1/p'

IN

fort! <

III. CONCLUSION

This research shows that domain partitions can be
productively used in the current setup to obtain generalizations
of many one-dimensional results.
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