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Abstract—In this study, we introduce an alternative adaptive
architecture that enhances both time and frequency performance,
helpfully mitigating the effects of disturbances from the input plant and
external disturbances affecting the output. To facilitate superior
performance in both the time and frequency domains, we have
developed a user-friendly interactive design methods using the
GeoGebra platform.

Keywords—Control theory, decentralized control, sensitivity
theory, input-output stability theory, robust multivariable feedback
control design.

1. INTRODUCTION

HE proposed control method can be applied to unstable and

invertible plants described by their transfer function. It is
based on sensitivity minimization combined with quasi linear
control. In a quasi-linear controller, the gain and the poles of
the compensator are interrelated [1]. The quasi-linear control
method can be illustrated on a Nichols chart: when the gain is
increased, the pole is also increased in such a way that the
critical point (0 dB, 180°) is avoided. Doing so, stability with
an acceptable gain margin is maintained. The advantages of
high gain feedback are improved sensitivity and improved
tracking.

The design of the quasi linear controller has been formalized
for the case of a second order system [2] allowing arbitrarily
fast and robust tracking by feedback. The result has been
extended to a transfer function of any order [3]. However,
implementation of a quasi linear controller has shown that it
applies perfectly only when the gain is increased unboundedly.

As a remedy to this problem, the B control method [4], [5]
has been proposed. The gain to pole dependency is calibrated
differently. It has been shown that for the same gain, B control
offers better settling times while keeping the system stable. It
has been tested for the control of the arm of a hard disk [6], the
orientation of a satellite antenna [7], a levitation system [8] and
the control of a drone [9], [10]. Simulations have also shown
that integrating a B controller to a L1 adaptive controller results
in a better settling time, as well as an improved attenuation of
the effects of plant input and plant output perturbations on the
feedback system output [11].

Moreover, it has been shown that B control can be extended
to multivariable unstable and invertible system and ensures
decentralized control [12].
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II. HEURISTIC PRESENTATION OF THE SISO B CONTROLLER

The B compensator structure [1] is represented in Fig. 1.

R W Y

kui(s)P L(s) ™ s(s) P(s) T

Note that the closed loop transmission T(s) and the
sensitivity S(s) are related to the output, the input and the error
signal as follows:

]
1 Compensator C(s) ;

Fig. 1 Structure of the compensator C(s)

Y(s) = T(s)R(s), with T(s) = P(s)C(s)(1 + P(s)C(s)) " (1)

E(s) = S()R(s), with S(s) = (1 + P(s)C(s)) 2)

T(s)+S(s)=1 3)

We will present the case where the plant P(s) is minimum
phase, i.e. it is stable and invertible [13] and has the attenuation
property, i.e. there exist constants ¢ and q at a frequency high
enough such that

IPGw)l > =

Is|a”’

for all |s| > w,

“4)

ISGw)I

2L
0

Fig. 2 Modulus of the sensitivity in the SISO case

The design of the series compensator aims at havening
sensitivity on a limited frequency range ®; smaller than any
positive constant € and the sensitivity norm is less than any
constant M, greater than unity (Fig. 2).

A+ PO e < Mg, Mg > 1

©)

a+PO) M, <e0<e<i1 (6)
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C(s) = PAUSAEE) = P () (222)' ™

k, k., w, and w, are chosen according to the following criteria.
We keep in mind that the addition of phase circuits in the mid

frequencies allows to better tune the time response and we
assume for now that J,(s) = 1.
k=>n (®)
Mg—
k; = max [2(k+1)/2w1 (%):ﬁh ( Msl)] 9
s
wp > W -1 (10)
wi(1-5;)
k tan™! (2—’2’) + tan™? (Z—’:) < % (11)
w, > max(wp, Sp) (12)

III. THE QUASI LINEAR CONTROLLER

Given the plant represented by rational functions of the

complex variable s with the form P(s) = gp 8 and a
P
compensator represented by C(s) = kgc—g;, the closed loop is
[
represented by:
Yis) _ _ Np($)Nc(s)
Re L) = kR ope® (3)

Let d represent the excess of poles over zeros of T'(s) and f
be areal number (d — 1)f < 1 < df.
Fot k > 0 large the closed loop transfer function is:

T () = Ty (S)Tar (s) (14)
T(s) = (oS = Refz;] < - < Relzy] (15)
Tape(s) = ——=% Re[py] < - < Re[p,] (16)

(s+P1)..(s+Ba)’

It has been shown [2] that when k approaches infinity, the
poles Z; are approaching the zeros z; so that we can concentrate
on Ty (s), the poles of which take negative real values, the
module of which becomes bigger as the gain increases, ensuring
the stability and the fast response of the feedback system.

The compensator takes the form:

k(s+21)(s+23)...(s+2a-1)

Ck(s) = (s+a k) (s+aykf)..(s+aqg_1kF) (17)
where the constant a, is given by:
K@D = —— =gk i> 1 (18)

,
A1..Qd-1

As an example, for P(s) ==

s?’
C(s) = k(is:zl)) is modified to become gain dependent:

the linear compensator
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k(s+1)
(s+2k°0)’

Ce(s) = d=2f=06€(7) (19)

Figs. 3 and 4 show how the stability the stability of the
feedback system is maintained after the introduction of a quasi
linear controller: as the gain increases, so does the pole p; so
that the Nichols chart keeps a secure distance from the critical

point (0 dB, 180°).
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Fig. 3 Nichols chart without using the quasi linear controller [3]
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Fig. 4 Nichols chart using the quasi-linear controller [3]

IV. THE STABLE AND INVERTIBLE CASE

We apply the B control to the design of the controller of a
hard disk (Fig. 5).
The arm of a hard disk model is given by [14]:

6.4013x107

P(s) =—; L Pi(s) 0
with:
Pra(s) = e @1
Pra(s) = R 22)
P3(s) = % 23)
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Fig. 5 B controller design of the control of the arm of a hard disk

2.731x10°

Pra(s) = $24+26135+2.731x10° 24
C(s) = P7H()J(s) (25)
P(s)C(s) =](s) = J1(s)]2(s)]3(s) (26)

k1J,(s) is the transfer function of a high gain filter having an
fast time response. For example, J;(s) can have the following
form:

Ja(s) = ky (322)

v 27

The J,(s) compensator contains a set of lead/lag
compensator elements operating in the intermediate frequency
range. For example, J,(s) can have the following form:

Ja(s) = 1=y ::1231 (28)
J3(s) is the transfer function of a low-pass filter acting at a very
high frequency so as to ensure that the controller C(s) remains
strictly proper. It can have the general form:

Wai

J3(s) = IIf (29)

U=lst+wy k=q

Note that the choice of w,; could be reduced in various ways
to improve the implementation, such as a reduction in energy
requirements. The compensator parameters [15] are given by
n=2, w; =50, wg =13 %x10% p;, =p, =50, z;, =2z, =
33, g =k =6,k =6223. wy; = w, is a fraction of w,,.

Our design leads to the following results. Fig. 6 shows the
temporal performances when tuning w,. It allows the designer
to study the effect of the increased bandwidth of the
compensator.

Fig. 7 shows the temporal performances when tuning k.

Applying the quasi linear compensator to a hard disk, the
settling time is greater than the one that can be obtained with B
control for the same compensator gain. However, improvement
of the settling time of the quasi linear compensator can be
obtained with a much greater and impracticable gain.
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Fig. 6 Temporal response to a step input vs w, [15]
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Fig. 7 Temporal response to a step input vs the exponent k [15]

The performances of B controller are compared to existing
control methods in Table I. GM and PM represent the Gain
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Margin and the Phase margin, ¢, and t are the rise time and the
settling time.

Similarly, the control for positioning satellite antennas is
handled. The model of the rigid satellite antenna is presented in
Fig. 8 and modelled by the transfer function [7]:

P(s) = 5 (30)

TABLE I
CONTROL OF THE ARM OF THE HARD DISK [6]
Typeofcontrol GM (dB) PM (°) t,(s) ts (s)
Proportional 11.9 12 0.0158  0.406
PID 54.1 47.8 0.0156 0.0637
State feedback 22.8 49 0.0219  0.0738

Quasi Linear 89.8 91.3 4.39 5.95

$241.725+1.9 Present method 13.2 66 0.00019 0.00027
VELOCITY LOOP
command, r r—————— | v encoder, y
—===% position |uc| velocity | : >
_,} controller lf_"\ controller |
——————— [
[
tach velocity l
[
[
encoder :
Fig. 8 Closed loop control of the orientation of a satellite [16]
L4 The PID is defined as follows [7]:
12 )
] Cpip(s) = 99.6827 + 0.03 ————903.9207.5 (31)
'§ 08 The parameters of the B controller follow: w; = 42, w, =
-l‘_':_" 10750, k; = 37, k = 3.
g °° B Control Figs. 9 and 10 present the improvements achieved for the step
< 04 ' PID Control time response for the velocity feedback and the position
Reconstructed PID Control feedback loops.
02 Table II presents the time and frequency performances of
0 PID and B controllers.
0 1 2 3 4 s 6

X107
Temps (seconds)

Fig. 9 PID vs B controller for closed loop velocity control [7]
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Fig. 10 PID vs B controller for closed loop position control [7]

To compare the B controller to the existing control methods,
simulations for the velocity feedback and the position feedback
are compared to those obtained by PID controllers and were
published in the literature.
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TABLE I
CONTROL OF A SATELLITE ANTENNA [7]

Velocity feedback Position feedback

Type of control

PID B PID B
PM (°) 467 703 147 63
GM (dB) 0 14.9 P 12
0S (%) 30 006 152 0.2
ts (s) 4 1.5 35 0.45

V.THE UNSTABLE AND INVERTIBLE CASE

The unstable process can be decomposed into the product of
its minimum-phase part P; (s) and its unstable part P,(s), so
that the process P(s) is represented by:

P(s) = Pi(s)P,(s) (32)

A transfer function H(s) can be defined such that, for some
value sg:

H(s) = [G55] PP OPE) = 5557 o) (33)

So that H(s) has the same behavior as P(s) at high
frequency.

IP(HH(S) -1l <a<1 (34)
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where a is a value less than unity. Note that H(s) is
holomorphic by its design and that its inverse is
holomorphically invertible in Re(s) = 0. The controller C(s)
is designed as follows:

C(s) = H()J(9) = () (s +50) TP ()] () (35)

Electro- magnei:

| Capacitive Sensor

-

So that the loop gain is P(s)C(s) = P(s)H 1(s)J(s). For
example, we could choose:

(s+2zi)

w w: k
J() = (V5 (5) = 2 [T, S22 [ ]

(s+wy)

(36)

Power Supply

Fig. 11 Magnetic levitation system: Experimental setup
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Fig. 12 Time response of B controller for different values of n [8]

We apply the B control design to a levitation system which
is open loop unstable (Fig. 11):

P(s) = POIP(S) = corsnasnriorss (37)
with:

Pi(S) = Coamen e (38)

P2(8) = 5050 (39)
P(s)C(s) = P(s)H™ ()] (s) = %(s +50)7($)P2(s)  (40)
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25

which leads to

C(s)
- (sooo + 1000 1))2 (1+75)(1+3) (1+ 3738) (1 + 15738)
S

(1 +150) (1 + 5o19) (1 + 3000)

W

(41)

The index n is modified to increase the value of the gain. Fig.
12 shows the time response using B controller.

Applying the proposed compensator with w, = 3000
rad/s, k =3,sy =3, w; =0.019, z; =70, p;, = 100 and
K;c = —6100:

—6100(1+§)[1+i](1+ S )(H S )
3070 0 T313407 ) 184378
C(s)= ; : Sy
e eS|
( 0.019]( 100)( 3000)

The simulation results using (42) lead to the following
optimal values [8], [17]: Static gain of the compensator K. =
6100, t, = 60ms, t, = 60ms, overshoot: D % = 1.25%,
GM = 4.92 dB, and PM = 68.6".

For a sampling time of 10 ms, the digital compensator C(z)
is:

(42)

naz*+ny;z3+n,z%+nz+n,

€)= 43

Q) z5+d, z*+d3z3+dyz2+d z+d, ( )
—37.9z%+46.542%-9.37222-1.159x10"62-1.25x10~1?

C(Z) T Z5-1.3682%4+0.36823-1.033x10~132249.611x10~272—3.09x10~40 (44)
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The performances of time response using the B controller are
compared to the PID controller. These controllers have been
applied to the same experimental setup. Figs. 13 and 14
illustrate this comparison.
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e o ¥ -0.00665 |-+--------- - e e -

: : : X 07 :
] \ """"" /’\ senreen e Y po7 g rr s B
[ f

- =

%:0.05 | : : :

105 -5 y:-0.01074 - [ e s b

- ; | ' ' '

-1 . .
0 02 04

i i
0.8 1

1
0.6
Time (sec)

1.2

Fig. 13 PID control of a levitation system [17]

z displacement
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01

035

Fig. 14 B control of a levitation system [17]

Fig. 15 shows the effects of the various Nyquist diagrams
plotted with GeoGebra software for:

o -{eit

with: z; = 3.7,p; = 39,2z, = 8.5,p, = 10.8
Similarly, B control has been successfully applied to the
control of a drone [9], [10].

(45)

VI. THE L1 ADAPTIVE CONTROL CASE

The insertion of the low pass filter C(s) decouples the high
frequency adaptation feedback from the feedback system loop.
C(s) is usually a simple pole low pass filter. In Fig. 15, z is the
output of the plant that takes into consideration the effects of
input and output plant perturbation n and o. The plant input v
takes in consideration the plant input perturbation o. The
adaptation feedback gain (the MIT gain) 6 = % amplifies the
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error signal ¥ = z — X. The input of the feedback system r is
multiplied by a constant gain k..
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- .
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Fig. 15 Nyquist diagram of / (s) [4]
n
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S+am
b X
S+am -
v X
s

Fig. 16 Architecture L1 [18]

Application of Masson formula (Fig. 16) leads to the
following relations:
X Hzr(s) Hzcr(s) Hzn(s)_l
z| | H,4) H,,(5) H,.(5)
u|T[PUOHL6) PIOH,L 61 PIS)(HL0-1) | (46)
v] |[PTGH,(8) P (®H,(5)  PT(S)(H,(5)-1)
with:
_ kp (1+Pm (S)T())P(s)
Har(s) = 1+Pm ($)L(S)+C(SI(S) (P(5)~Pm(s)) “7)
_ (4T ()Pm($)=C(S)T(5)Pm(s))P(s5)
Hao(5) = 14+Pm (S)T'()+C (T (5) (P(5)—Pm(s)) (“48)
Hen(s) = SR (49)

26

1+Pp ()T () +C ()T ($)(P()=Pm(s))

For the particular case: P(s) = P,(s) = l; ,T(s) = }s—'and
m

S+

P,(s) = s? + ay,s + by, we get:
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_ b [1 ) byC(s)J oo byC(s) ] It is wise to study the stability of the loop Ly, (Fig. 16).
s+a, Peis) )" R(s)
. 1 1 L LW OO OO ISP 51
kb [l_bj/C(S)J P.(s) I_M r Utz oy, 1-C(8) (14T ()P (5)) 2T (5) P (S)
Zl_|s+a, R(s) R() . (50)
u K —byC(s) 7€)+ || which leads to:
v ' R(s) R() Yhe(s) Vhe(s)
K, LA O B SO ) Luve = = Seamrricon —  Ris-rbc® (52)
L R() RGs) ]
One example of integration of B control and L1 adaptive
control is the BL1 architecture (Fig. 17).
G e T n |
1
— 1
c r u i v x i |z
—> Cy(s) » k. P(s) H——>»X—o—
C(s)

Cp(s) =J($)P17'(8)

=
P
<

L = »®

Pobs(sj'

=1
=i

A

Fig. 17 BL1 architecture [11]

Cg(s) is a serial B controller applied to the L1 adaptive
system of Fig. 17. This scheme leads to the following relations:

_ P(s)Cp(s)
Hee(s) = 1+P(5)Cp(8)+C ()T () (1+T($)Pm(5)) "L (P(5)—Pm (5)) (53)
_ 1=C($)(L+I(5)P (5)) "1 () P (5)
Hzo () = SrmmErcerOm T eme e | & G
_ 1=C()(A+T()Pm ()~ 1T () Pin(s)
Hen(s) = 1+P(5)Cp()+C ()T () (1+T ()P (5)) "L (P(5)—=Pm (5)) (33)
The gang of six of the system described in Fig. 17 is:
Hzc(s) Hz(r(s) Hzn(s)_1
| He(®) H,.(s) H.,.(s)
TIPIOHL(S) PUOH,L (-1 P($)(H,(9)-1) (56)
PUSHL(5)  PIGH,(5)  P(S)(H,(5)-1)
For the particular case: P(s) = P, (s) = s+I; ,IT(s) = %and
m

P;(s) = s% + a,,s + by, the new open loop gain is given by:

_ _ ky (14 Py ()T (5))P(s)
J(8) = Hyy(s)Cs(s) = 14Pr ()T ($)+C()T () (P($)=Pm(s))

k,.P(s)Cz(s) (57)

Simulation of the plant output versus the feedback system
input C, the plant perturbation input o and the plant output N
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respectively applied at times 0, 1 and 10 seconds. Fig. 18 shows
the time response improvement of BL1 architecture over the L1
architecture.

¥ = 2000
L1 Response BL1 Response
2 n { 2 I n
L5 | 1.5
o
: o o
£, L - £, A
g [ B i
- -
0.5 | 0s
o — Reference 0 — Reference
—— L1 response —— BLI response
0 5 10 150 5 10 15

Temps (seconds) Temps (seconds)

Fig. 18 The effect of plant perturbations - L1 vs BL1 [11]

VII. CONCLUSION

B control exhibits tangible advantages for the minimum
phase case such as the control of a hard disk or a satellite
antenna, for the unstable and invertible SISO case exemplified
by the levitation experiment, as well as the MIMO unstable (but
invertible) case [12]. It can also improve the L1 adaptive
control. Time response improvements were obtained while
maintaining appreciable gain and phase margins.
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Research on the B control method can be extended to time
delay systems, internal model control, state space formulations
and nonlinear systems.
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