
 

 

 
Abstract—The relevance of geometric Brownian motion (GBM) 

in modelling the behaviour of stock market prices (SMP) cannot be 
over emphasized taking into consideration the volatility of the SMP. 
Consequently, there is need to investigate how GBM models are 
being estimated and used in financial market to predict SMP. To 
achieve this, the GBM estimation and its application to the SMP of 
some selected companies are studied. The normal and log-normal 
distributions were used to determine the expected value, variance and 
co-variance. Furthermore, the GBM model was used to predict the 
SMP of some selected companies over a period of time and the mean 
absolute percentage error (MAPE) were calculated and used to 
determine the accuracy of the GBM model in predicting the SMP of 
the four companies under consideration. It was observed that for all 
the four companies, their MAPE values were within the region of 
acceptance. Also, the MAPE values of our data were compared to an 
existing literature to test the accuracy of our prediction with respect 
to time of investment. Finally, some numerical simulations of the 
graphs of the SMP, expectations and variance of the four companies 
over a period of time were presented using MATLAB programming 
software. 
 

Keywords—Stock Market, Geometric Brownian Motion, normal 
and log-normal distribution, mean absolute percentage error. 

I. INTRODUCTION 

ENERALLY, financial market may be described as a 
market place where creation and trading of financial 

assets such as shares, debentures, bonds, derivatives, 
currencies and so on take place. It plays sensitive role in many 
countries’ economy and represents a middle man between the 
savers and investors by mobilizing funds between them. It is 
classified into four different parts namely; nature of claims, 
maturity of claims, timing of delivery and organization 
structure. In the last few years, the financial market has gone 
through some tremendous changes which include but not 
limited to financial derivatives which have led to security of 
financial risks, low cost of transportations, high liquidity, 
investor protection and transparency in pricing information. 
One of the most interesting things about derivatives is the 
acquisition of insurance for every risky asset in the market 
thereby making derivatives the cheapest source of funds 
available for shareholders.  

Brownian motion (BM) is often used in modelling the 
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movement of time series variables in finance and also asset 
prices in a financial market. It was discovered by a biologist 
known as Robert Brown who examined pollen particles 
floating in water under a microscope, [1]; he observed that the 
pollen particles show a jumpy motion and concluded that the 
particles were ‘alive’. 

From the work of [2]-[5], the GBM process was used to 
model the SMP for investment in financial institutions such as 
pensions, banks and insurance. Unlike other volatility models 
such as constant elasticity of variance (CEV) model, Heston 
volatility (HV) model, Jump diffusion process etc., the 
instantaneous expected drift and instantaneous volatility is 
constant and usually assumes that the distribution of asset 
return is either normal or log-normal. However, financial data 
often have heavier tails that can be captured by the standard 
GBM. Hence there is need to use non-normal distributions to 
deal with the heavy tails [6]-[9]. The GBM is also the model 
behind the Black-Scholes (BS) European options pricing 
formula as well as far more complex derivatives. Some 
authors such as [10]-[12] used the GBM in real options 
analysis while [13] used it in representing future demand in 
capacity studies. The GBM is quite useful in studying stock 
price index because it assumes that the percentage changes are 
independent and identically distributed over equal and non-
overlapping time length [14]. In [15], they showed that in the 
BS model; only the volatility parameter is present, but not the 
drift parameter since the model is derived on the bases of 
arbitrage-free pricing. Also, [15] showed that for GBM 
simulations, the drift parameter and volatility parameter are 
necessary; they observed that the higher the drift value, the 
higher the simulated prices over the period under 
consideration.  

In as much the GBM process is well appreciated by many in 
the financial market, there are increasing numbers of literature 
interested in testing how valid the GBM model is and even its 
accuracy in forecasting the SMP. In [16], GBM model was 
used to predict the future closing prices of some small-sized 
firms in Bursa Malaysia; they concentrated on small-sized 
firms because the asset prices are lower and inexpensive for 
individual investors. Finally, they studied the accuracy of the 
predictions made with the GBM model over different periods, 
and also at the period required for data inputs into the model. 
In [17] and [18], the process of checking if a given time series 
follows the GBM model was studied; they proceed to study 
different methods in which seasonal variation from a time 
series can be removed. Furthermore, it was discovered in their 
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study of four different industries, the time series for usage of 
established services satisfied the condition for a GBM process, 
whereas data from growth of emergent services did not satisfy 
the condition. Also, [19] studied the validity of the GBM 
assumptions. In a financial market, a GBM process is used in 
modelling the price process of the risky asset evolving from 
continuous time setting. Some notable scholars have tired 
extending this model with the use of t-distribution [20].                                                                                                                             

Although there are a lot of literatures on the pricing of 
securities in corporate finance, there are still debates on which 
method is most reliable. Hence most financial investors are 
very much interested in modelling the SMP, options and 
derivatives for an informed investment decisions for optimal 
productivity in investment [21]. In this paper, we consider four 
companies’ SMP for a shorter period of time different from 
the one in [22] and compare our MAPE values with that of 
[22] to test for the accuracy of our prediction. Also, we 
examine the GBM model by using normal and lognormal 
distribution to determine the relationship between the 
expectation and the risk involve in the stock prices of each 
investment by the four companies. 

II. METHODOLOGY 

A. The Itô’s Lemma 

In this section, we explore a very important mathematical 
tool known as the Itô’s lemma to deal with the stochastic 
process that we have and obtain a solution for our model. The 
rules involved in the differentiation and integration of real 
valued functions are different in stochastic calculus; hence, the 
Itô’s lemma is one of the main theorems in a stochastic 
environment. Itô’s lemma is a way of expanding functions or 
approximating in a series in 𝑑𝑡. In particular, 𝑑𝑊 𝑑𝑡, but 
𝑑𝑡 𝑑𝑡𝑑𝒲 0. 
Theorem1. (Itô’s Lemma). Let 𝒵  be a stochastic process, and 
suppose we have 𝒽 𝑡, 𝓏 ∶  ℛ ℛ → ℛ. we have 𝒵
 𝒽 𝑡, 𝒲 , where 𝒲  is the standard BM. Then, 
 

𝑑𝒵 t 𝑑𝒽 𝑡, 𝒲 𝒽 𝒽

𝓏
𝑑𝑡  𝒽

𝓏
𝑑𝒲           (1) 

 

Proof. From Taylor series, 
 

𝑑𝒽 𝑡, 𝒲 𝒽 𝑑𝑡  𝒽

𝓏
𝑑𝒲 𝒽

𝓏
 𝑑𝒲 ⋯,  

 

such that other terms are 0 by Itô process multiplication rules 
and so, we obtained 
  

𝑑𝒽 𝑡, 𝒲

𝒽
𝑑𝑡

𝒽

𝓏
𝑑𝒲

𝒽

𝓏

 𝒽   𝒽

𝓏
 𝑑𝑡 𝒽

𝓏
𝑑𝒲

.   

 

We can make use of theorem 1 to derive the stochastic 
differential equation using GBM model 
Proposition1. If 𝒵  is model by a GBM, such that 𝑑𝓏
µ𝓏 𝑑𝑡  𝜎𝓏 𝑑𝒲  then, 

 

𝑙𝑜𝑔 𝓏  𝑙𝑜𝑔 𝓏  𝜇 𝑡  𝜎𝒲 𝑡             (2) 

Proof. Firstly, let write down a formal differential equation 
analogue to Itô’s lemma in theorem 1 as follows 
 

𝑑𝒽  𝒽

𝓏
𝑑𝓏 𝒽

𝓏
𝑑𝓏 . 𝑑𝓏 .    

 

Using 𝒽 𝓏 log 𝓏  and replacing the quadratic 
variation term with a formal “square” this becomes 

 

𝑑𝑙𝑜𝑔 𝒵  𝒵

𝒵
 𝒵

𝒵
                      (3) 

 

Substituting the differential dynamic of 𝑑𝒵 , we have  
 

𝒵

𝒵

µ𝒵  𝒵 𝒲

𝒵
𝜇𝑑𝑡  𝜎𝑑𝒲            (4)                   

 

Turning to the second term, we must now deal with the 
differential “square” substituting in our SDE,  

 

𝑑𝒵 µ𝒵 𝑑𝑡  𝜎𝒵 𝑑𝒲             (5)    
                    

Simplifying (5), we have 
 

𝑑𝒵 𝜎 𝒵 √𝑑𝑡 𝜎 𝓏 𝑑𝑡  
 

where 𝑑𝑡 0, 𝑑𝑡𝑑𝒲 0 𝑎𝑛𝑑 𝑑𝒲 √𝑑𝑡, it follows that  
  

𝓏

𝓏
𝜎 𝑑𝑡.              (6) 

 

Substituting (5) and (6) into (3), we have 
 

𝑑𝑙𝑜𝑔 𝒵  𝜇 𝑡  𝜎𝒲 𝑡              (7) 

B. GBM with Normal Distribution 

Asset return distributions are frequently presumed to follow 
either a normal or a lognormal distribution. It can also follow 
GBM based on the Gaussian process. However, many 
empirical studies have shown that return distributions are 
usually not normal [23], [24]. 

A random variable 𝒵 has a normal distribution with mean µ 
and variance𝜎 , where µ ∈ , ℝ and𝜎  0, if its density is 

ℊ 𝒵  
√

𝑒
𝓏 µ

.  

If ℊ is a nonnegative function, then  
 

√
𝑒

𝓏 µ

𝑑𝓏 1
∞

                      (8) 
 

Note that by the changes of variables 
𝓏 µ 𝑡 

 

√
𝑒

𝓏 µ

𝑑𝑥
√

𝑒 𝑑𝑡
∞∞

           (9) 
 

Theorem2. If 𝑋 has a normal distribution with parameters 
µ and 𝜎 , then 𝐸 𝒵   µ and 𝑉𝑎𝑟 𝒵   𝜎  

C. Evaluation Methods of GBM 

According to [23], we have three tools for predicting 
models that have to do with time period t. These include; 
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number of period forecasts, 𝑛; actual value in time period at 
time 𝑡, 𝑅 ; and forecast value at time period 𝑡, 𝑊 . MAPE 
seems to be the most widely used to evaluate the forecasting 
method that considers the effect of the magnitude of the actual 
values. It is a measure of prediction accuracy of a forecasting 
method in statistics. It usually expresses accuracy as a 
percentage and is defined as follows: 

 

𝑀𝐴𝑃𝐸  ∑ 100          (10) 

III. MAIN RESULT 

In this section, we shall derive the expectation and variance 
of 𝒵  given as 𝐸 𝒵  and 𝑉 𝒵  and try to extend it to the 
covariance 𝐶 𝒵 . 𝒵  using normal distribution and log-
normal distribution to obtain the Estimation of GBM for a 
financial market. Furthermore, we will apply it to four 
different Nigeria Stocks Exchange (NSE) firms and discuss 
the result. 

We consider a random variable 𝒵 which is modeled by the 
GMB as follows 

 
𝑑𝒵 µ𝒵 𝑑𝑡  𝜎𝒵 𝑑𝒲                          (11) 
 
and its solution is given as 
 

𝒵 𝑡 𝑒
𝒵 𝒲

.        (12) 
 

For probability distribution normal distribution is 𝑍~ 𝜇, 𝜎   
such that 

 
𝒵  𝑒  ~ 𝐿𝑁 𝜇, 𝜎         (13) 
      

The exponential of (13) is known as log-normal distribution 
while, 

 

𝒵
𝑙𝑛𝒵 𝜇 𝑇

𝜎𝒲 𝑡 ~𝑁 𝑙𝑛𝒵 0 𝜇 𝑇, 𝑇𝜎
        (14) 

 
is called normal distribution. 

By substituting (13) into (14) we have, 
 

𝒵 𝑇 𝑒 ~ 𝐿𝑁 𝑒 ~ 𝐿𝑁
𝑙𝑛𝒵 0

𝜇 𝑇, 𝑇𝜎 .       (15) 

 
Hence, (15) is called log-normal distribution. 

A. Estimation of GMB Using Standard Normal Distribution 

𝐸 𝑒  

⎝

⎜
⎜
⎜
⎜
⎛ √

𝑒 𝑒
∞

∞
𝑑𝑧

√
𝑒 𝑑𝑧

∞

∞

√
𝑒

∞
𝑑𝑧

√
𝑒

∞

∞
 ⎠

⎟
⎟
⎟
⎟
⎞

       (16) 

B. Estimation of GMB Using Log Normal Distribution   

Using the log normal distribution, the moment generating 
function is; 

 

𝐸 𝑒 𝑒 𝐸 𝑒 𝑒 𝑒 𝑒   
 
such that, for 𝑌, we have  
 
𝑌  𝑡 𝑎 𝑏𝒵   

 
Simplifying, (17), we have 
 

𝑌  𝑎𝑡 𝑏𝑡𝒵 ~𝑁 𝑎𝑡, 𝑏 𝑡   
 
such that, 
 

𝐸 𝑒 𝑒              (17) 
 
Therefore, 
 

𝑌 ~ 𝑁 𝑙𝑛𝒵 0   µ 𝑇 𝜎 𝑇   

 
implies that, 
 

𝑌 ~ 𝑁 𝐸 𝑌 , 𝑉 𝑌    
 
Also, we can use (18) to determine the expected value and 

the variance of a GBM. 

C. GBM for Expected Value 

Making use of (18), we can derive the expected value of 
GBM 

 

𝐸 𝒵  𝐸 𝑒 𝑒  

𝑙𝑛𝒵 0   

µ 𝑇

𝜎 𝑇

           (18) 

 
By simplifying (18), we have  
  
𝐸 𝒵  𝒵 𝑒µ                (19) 

D. GMB for Variance 

𝑉 𝒵  𝐸 𝒵 – 𝐸 𝒵          (20) 
 

From 𝐸 𝒵 ] we have, 
 

𝐸 𝒵
𝑒  𝑒  

 𝑒
𝒵   µ  

𝑒 𝒵   µ

𝒵 𝑒 µ       (21) 

 
Therefore, 
 

𝑉 𝒵  
𝒵 𝑒 µ  σ 𝒵 𝑒 µ

𝒵 𝑒 µ 𝑒σ 1
                        (22) 
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E. GMB Using for Co-variance 

Making use of (18), we can also derive the co-variance of 
GBM 

   
𝐶 𝒵 . 𝒵 𝐸 𝒵 𝒵 𝐸 𝒵 𝐸 𝒵         (23) 
 

From 𝐸 𝒵  we have, 
 

𝐸 𝒵 𝒵 𝑒µ          (24) 
 

From 𝐸 𝒵  we have, 
 

𝐸 𝒵 𝒵 𝑒µ                     (25) 
 

From (12),  𝐸 𝒵 𝒵  becomes 
 

𝐸 𝒵 𝒵 𝐸 𝒵 𝑒
𝒲

𝒵 𝑒
𝒲

        (26) 

 

𝐸 𝒵 𝒵
𝒵 𝑒 𝐸 𝑒 𝒲 𝒲

𝒵 𝑒  𝐸 𝑒 𝒲 𝒲

       (27) 

 
but  
 

𝐸 𝑒 𝒲 𝒲 𝑒 σ        (28) 
 

Substituting (28) into (27), we have 
 

𝐸 𝒵 𝒵 𝒵 𝑒  𝑒 σ         (29) 
 
Substituting (24), (25) and (29) into (23), we have 
 

𝐶 𝒵 . 𝒵
𝒵 𝑒  𝑒 σ  

𝒵 𝑒

𝒵 𝑒 𝑒  –  1

            (30) 

F. GBM Using for Probability Density 

Making use of the standard normal distribution 
𝑍~𝑁 µ, 𝜎^2 , we can also derive the probability density of 
GBM. For 𝑌 𝑒 , 

 

𝑓 𝑧  
√
σ 𝑒

µ
σ            (31)  

IV. DATA ANALYSIS AND NUMERICAL SIMULATIONS 

Table I shows actual daily stock value of Company A, 
Company B, Company C and Company D for fifteen days. 

Table II shows the calculated values expected returns and 
instantaneous volatility of the SMP of the four companies. 
From (14), and Table II, we obtain Tables III and IV. 

Table III shows a sample of predicting value for company 
A. It is a fifteen day forecasting data compared with the actual 
prices.  

 
 

TABLE I 
ACTUAL DAILY PRICES OF STOCK FOR FOUR COMPANIES [22] 

Dates 
Company A

(Nestle 
Foods)

Company B 
(Dangote 
Cement) 

Company C 
(First Bank) 

Company D 
(Associated Bus 

Company)
01-May-19 3.00 2.85 3.40 3.80 

02-May-19 3.00 3.00 3.55 3.80 

03-May-19 3.00 2.94 3.55 3.80 

06-May-19 3.09 2.93 3.83 3.79 

07-May-19 3.10 2.80 4.12 3.79 

08-May-19 3.07 2.90 4.02 3.78 

09-May-19 3.07 2.90 3.77 3.74 

10-May-19 3.09 2.94 3.90 3.78 

13-May-19 3.00 2.80 3.82 3.78 

14-May-19 3.25 2.80 3.79 3.78 

15-May-19 3.35 2.75 3.54 3.78 

16-May-19 3.35 2.80 3.58 3.78 

17-May-19 3.31 2.75 3.60 3.75 

20-May-19 3.40 2.79 3.67 3.74 

21-May-19 3.40 2.65 3.63 3.78 

 
TABLE II 

ESTIMATED PARAMETER OF THE GBM NORMAL DISTRIBUTION 

GBM Normal 

Index µ 𝜎 
Company A 
Company B 
Company C 
Company D 

3.17 
2.84 
3.72 
3.78 

0.15 
0.09 
0.19 
0.02 

 
TABLE III 

PREDICTED PRICES AGAINST ACTUAL PRICES OF STOCK FOR COMPANY A 

Date Actual Values (N) Predicted Values (N)

01-May-19 3.00 3.25 

02-May-19 3.00 2.73 

03-May-19 3.00 2.74 

06-May-19 3.09 3.35 

07-May-19 3.10 3.34 

08-May-19 3.07 2.80 

09-May-19 3.07 2.83 

10-May-19 3.09 3.36 

13-May-19 3.00 2.75 

14-May-19 3.25 3.00 

15-May-19 3.35 3.11 

16-May-19 3.35 3.09 

17-May-19 3.31 3.01 

20-May-19 3.40 3.09 

21-May-19 3.40 3.10 

 

Table IV shows a sample of predicting value for company 
B. It is a fifteen day forecasting data compared with the actual 
prices. 

From Table V, it is observed that all the MAPE values are 
less than 10%, it implies that the GBM model is a highly 
accurate model for forecasting these stock prices on the 
Nigeria stock market for fifteen days investment. 

A. Forecast Measure 

This measures the deviation between the forecasted values 
and the actual stock values. Table VI depicts a scale of 
judgment of forecast accuracy using MAPE.  
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TABLE IV 
PREDICTED PRICES AGAINST ACTUAL PRICES OF STOCK FOR COMPANY B 

Date Actual Values (N) Predicted Values (N)

01-May-19 2.85 2.92 

02-May-19 3.00 3.08 

03-May-19 2.94 3.01 

06-May-19 2.93 3.00 

07-May-19 2.80 2.87 

08-May-19 2.90 2.97 

09-May-19 2.90 2.97 

10-May-19 2.94 3.01 

13-May-19 2.80 2.86 

14-May-19 2.80 2.86 

15-May-19 2.75 2.71 

16-May-19 2.80 2.86 

17-May-19 2.75 2.81 

20-May-19 2.79 2.85 

21-May-19 2.65 2.70 

 
TABLE V 

MAPE VALUES FOR THE FOUR COMPANIES 

Listed Company MAPE Value (%) 

Company A (Nestle Foods) 8.40 

Company B (Dangote Cement) 2.25 

Company C (First Bank) 0.51 

Company D (Associated Bus Company) 0.52 

 
TABLE VI 

SCALE OF FORECAST ACCURACY [24] 

MAPE (%) Judgment of forecast accuracy 

< 10% Highly accurate 

11% - 20% Good forecast 

21% - 50% Reasonable forecast 

>51% Inaccurate forecast 

 

We now measure the accuracy of the forecast model by 
calculating the MAPE values. Table V illustrates the MAPE 
values of the listed companies under consideration 

 

 

Fig. 1 SMP of company A  
 

 

Fig. 2 SMP of company B 
 

 

Fig. 3 SMP of company C 
^ 

 

Fig. 4 SMP of company D 
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Fig. 5 Relationship between the expectation and variance of company 
A 
 

 

Fig. 6 Relationship between the expectation and variance of company 
B 

 

Fig. 7 Relationship between the expectation and variance of company 
C 
 

 

Fig. 8 Relationship between the expectation and variance of company 
D 

V. DISCUSSION AND CONCLUSION 

Fig. 1 represents the price of a stock for company A over 
time. It shows a relationship between the time in days and the 
closing price of company A’s stock during the investment 
period. In Fig. 2, the price of a stock for company B over time 
is presented. It is a graph of time in days against the closing 
price of company B’s stock during the investment period. Fig. 
3 represents the effect of the price process of the variation in 
stock over time. It is a graph of the time against the closing 
price of company C’s stock during the investment period. Fig. 
4 represents the price of a stock over time. It shows the 
relationship between the time in days and the closing price of 
a company D’s stock during the investment time. In all the 
graphs above, we observed the stochastic nature of the SMP 
whose price cannot be predicted based on past or future 
occurrences hence, the need for stochastic volatilities of which 
the GBM is one. 

Also, Figs. 5-8 show a relationship between the respective 
expectations of the four companies A-D and their respective 
variances. It was observed that the expectation of the 
individual companies is directly proportional to their 
individual variances; the implication as shown on the graph 
indicates that the higher the risk involved in each company’s 
assets, the higher the expectation. 

In conclusion, the GBM model is one of the known models 
used in modelling SMP in a financial market. As at today, it is 
the most widely used model in practice due to its simplicity 
compared to other stochastic models. However, the study of 
GBM models has paved way for further improvement. 
Furthermore, the application of GBM model to financial 
market shows the model is appropriate for forecasting SMP on 
the floor of Nigeria stock exchange at least for the period of 
one month as stated in [22]. Also, we observed that reducing 
the investment days did not significantly affect the value of 
MAPE which was still within the region of acceptance. 
Finally, GBM gives a good opportunity to decide new and 
gain profit for the period of investment.  
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