
 
Abstract—In this paper, we are investigating sliding mode control 

approach for trajectory tracking of a two-link-manipulator with 
wheeled mobile robot in its base. The main challenge of this work is 
dynamic interaction between mobile base and manipulator which 
makes trajectory tracking more difficult than n-link manipulators with 
fixed base. Another challenging part of this work is to avoid chattering 
phenomenon of sliding mode control that makes lots of damages for 
actuators in real industrial cases. The results show the effectiveness of 
sliding mode control approach for desired trajectory.  

 
Keywords—Mobile manipulator, sliding mode control, dynamic 

interaction, mobile robotics 

I. INTRODUCTION 

N recent decades, robots made a great share of industrial 
processes. The robotic manipulators can perform a lot of 

repetitive daily jobs with high precision. The use of constant 
manipulator could be seen in many factories like car industry. 
However, many researchers have worked in field of dynamic 
modelling of mobile manipulators and different control 
methods for robotic manipulators to reach better performances, 
as much as possible. Non-holonomic constraint of mobile 
robots has been studied in some papers [2]-[4]. Some papers 
considered flexibilities of manipulators and its joints to have 
better kinematic and dynamic model of robot for precise path 
planning and positioning [5]-[7]. 

Due to limitation of working area for fixed robotic 
manipulators, mobile manipulators had emerged which have 
more working environment and, in some cases, can be portable. 
In this case, due to dynamic interaction between mobile base 
and manipulators, dynamic modelling of mobile robot is more 
complicated. Some researchers studied dynamic modelling of 
mobile manipulators [8]-[13]. 

One of important characteristics of fixed or mobile robotic 
manipulators is dynamic load carrying capacity of manipulator. 
To determine the dynamic load carrying capacity or maximum 
allowable carrying capacity for a manipulator, we should 
consider some constraints like maximum allowable torques for 
actuators and joints and bound of accuracy of end effector for a 
given trajectory. This was subject of many studies in robotic 
manipulators [14]-[18]. 

Different control methods are implemented to control fixed 
manipulators, mobile robots and mobile manipulators, for path 
planning or dynamic load carrying capacity purposes. 
Nonlinear control approaches like feedback linearization, back 
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stepping, adaptive control, sliding mode control etc. have been 
studied in many papers [19]-[23]. Artificial intelligence 
approaches like neural network, fuzzy control, genetic 
algorithms were subject of many other researches in field of 
control of mobile manipulators [24]-[30].  

In this paper, we used sliding mode control as control method 
for trajectory tracking purpose. Our wheeled mobile base is 
assumed to be holonomic and we assumed that all of 
manipulators and joints are solid and flexibility terms are 
negligible.  

We simulated our control design system for a desired path, 
when wheeled mobile robot in base is following a straight line, 
and end effector of manipulator follows a circular path. The 
result shows the effectiveness of sliding mode control for 
trajectory tracking of mobile manipulators. We showed in 
simulation results, how we can tune sliding parameters and get 
different results. 

II. DYNAMIC MODELING OF MOBILE MANIPULATOR 

Dynamic modeling of N-link manipulators, in general form, 
and with fixed base, was the topic of robotics researches in past 
decades and many researchers improved [5]-[7] the governing 
equations by considering flexibility in joints and manipulators 
etc. In recent decades, study of governing equation of 
manipulators with mobile base is one of trending topics for 
robotic researchers. Considering holonomic and non-
holonomic constraint of mobile base, type of mobile base and 
dynamic interaction between mobile base and manipulators 
makes this topic challenging for researchers. In Fig. 1, 
schematic of the mobile manipulator which will be studied in 
this paper is shown. 

In this section, we present the dynamic equations of mobile 
manipulator in general form and with n-link. These equations 
are based on PhD thesis of Yamamoto [1]. The general form of 
motion equations of N-link manipulator with fixed base, is as 
(1): 

 

1 1 1

1, ,
n n n

ij j ijk j k i i
j j k

M q C q q G Q i n
  

               (1) 

 
The general form of motion equations of a wheeled mobile 

manipulator is as (2): 
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Fig. 1 Schematic of a two-link mobile manipulator 
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             (2)      

                                                           

where rq  represents the n-dimensional coordinates of the n-link 

manipulator mounted on wheeled mobile robot. rM  is the 

inertia matrix, which its elements are given in (3): 
 

 max ,

Tn
k k

ij k
k i j i j

T T
M trace J

q q

  
  

   
                         (3) 

 

1rC  denotes the Coriolis and centrifugal terms of manipulator 

and its elements are given in (4): 
 

 

2

max , ,

Tn
h h

ijk h
h i j k i j k

T T
C trace J

q q q

  
  

    
                       (4)  

                                                                                                                   

2rC  denotes the Coriolis and centrifugal terms caused by 

angular motion of mobile base, r  is the input torque/force 

affecting on joints and mobile base actuator, and rR  is the 

inertia matrix which represent effect of dynamic interaction 
between N-link manipulator and mobile base. Actually, by 

comparing (1) and (2), we can find that terms  2 , ,r r r vC q q q   

and  ,r r v vR q q q  are caused by dynamic interaction between 

mobile base and N-link manipulator. The expressions for 2rC  

and rR  are given as (5) and (6): 
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                         (6) 

 

By collecting the velocity terms of 1rC  and 2rC  into rC , (2) 

could be simplified as:  
 

     , , ,r r r r r r v r r r v vM q q C q q q R q q q                   (7) 

 
Dynamic equation of motion for wheeled mobile base in 

general form [1], is as (8): 
 

     
   

1 1 2

2

, , , ,

, ,

v v v v v v v r v r v

T
v v v r v v v r v r

M q q C q q C q q q q

E A M q q q R q q q 

  

  

   

 
           (8) 

 

1vM  and 1vC  are the mass inertia matrix and the velocity 

dependent terms of the mobile base. Respectively, 2vM  and 

2vC  represents the Coriolis and centrifugal term due to the 

presence of the manipulator. v  denotes input torque to the 

mobile base, vE  is a constant matrix,   represents the vector 

of Lagrange multipliers corresponding to the kinematic 
constraints, and vR  is the inertia matrix which reflects the 

dynamic effect of manipulator’s motion on mobile base. The 
complete expression for each term of (8) could be find in [1]. 

Finally, to obtain state space form of equations, we set the 
state variable as: 
 

TT T T T
v r rx q q q              (9) 

 

in which rq  represents the coordinates of the n-link manipulator 

and vq  is the coordinates of mobile base. The rq  is the velocity 

of coordinates of n-link manipulator and   is the velocity of 

coordinates of mobile base and in another notation   is equal 

to vq . We can also consider [ ]r l        in which r  and 

l  are the velocity of right and left wheels of mobile base, 

respectively. Then, using x  from (9), we have: 
 

1 1
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x q
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where,    
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Applying the following feedback, 
 

 1Q Pu           (12)  

 
We simplify the state equation as: 

 

0

0

0
r

S

x q u

I

   
       
      

                                     (13)      

 
More detail about deriving dynamic equation of motion of 

mobile manipulator could be find in [1]. 

III.SLIDING MODE CONTROL DESIGN 

For controlling a mobile manipulator, with natural nonlinear 
dynamic and considering uncertainties in parameters and 
external disturbances, we need a robust nonlinear control 
method. Linear control methods, such as PID1, make a lot of 
error and are almost impossible to use as control method 
separately. The nonlinear control approach we chose in this 
paper is sliding mode control method. 

The idea behind sliding mode control is that, we design a 
sliding surface for those states of our dynamic we want to 
control and when the states reach to that surface, by sliding 
mode control law, we keep the states near the sliding surface. 
Therefore, we have two steps in sliding mode control design. 
First, we should design a sliding surface for our desired states 
and second, we should design a control law to make states 
attracted to sliding surface. The sliding mode controller design 
should also satisfy Lyapunov stability theorem. 

For mobile manipulators, our desired states which we want 
to design sliding surface for, are the manipulator’s joint and also 
mobile base velocity. The reason is, when we design a desired 
trajectory for end effector, by inverse kinematic, we have the 
desired required rotation for joints and base and these states are 
our favorable states for designing sliding surface. In this paper, 
we considered omni-direction for mobile base and circular path 
for two link manipulators mounted on mobile base, so we need 
to design three sliding surfaces. The control input or control law 
that we need to design in next step, are the torque of motors for 
two joints and torque of motor of mobile base. However, when 
we derive desired rotation for each joint, the error function 

would be like this: de     

For a dynamic system with general governing equation like 
(14), the sliding surface design should be like (15):  
 

     n
dx f x g x u e y y

y x

   


              (14)       

                                                                                                                                           
1n

d
s k e

dt


   
 

                                  (15) 

 

 
1 Proportional-Integral-Derivative 

In our equations of motion, the y should be rotation of joints 
and velocity of mobile base and also order of derivatives is two, 
thus, the sliding surface is like (16): 
 

s e ke                                           (16) 
 

By solving (16), we know this equation is asymptotically 
globally stable. However, the first step of sliding mode control 
which is sliding surface design, is done and in next step, we 
should design control law. We should note that we have three 
separate sliding surfaces and three separate control inputs. For 
achieving control law, we should use Lyapunov stability 
theorem to make our surfaces stable. The recommended 
Lyapunov function is as (17): 
 

  21

2
V s s                                      (17)  

 
Accordingly, we can find the derivative of Lyapunov 

function as (18): 
 

      2V s ss s f x g x u kx                    (18) 

 
By assuming control input u, as (19), we can assure that 

  0V s   and surface is asymptotically globally stable. In (19), 

  is a positive constant. 

 

   u Fsign s sign s                              (19) 

 
One of the important weaknesses of sliding mode control 

method is chattering phenomenon which is caused by term 

 sign s  in (19). This term means that whenever working point 

is going out of surface, the control input will be giving it back 
to surface. But when this job happens a lot, we will see 
chattering problem which in real world will make significant 
harm to actuators and makes a lot of noise. One of the solutions 

for this problem is using another function instead of  sign s  

that makes same job, but smoother. The alternative functions 
could be sigmoid function and arctan function which is shown 
in Figs. 2-4. In this paper, we used arctan function for our 
simulations to avoid chattering. 

 

 

Fig. 2 Sign Function 
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Fig. 3 Sigmoid Function 
 

 

Fig. 4 Arctan Function 

IV. SIMULATION RESULTS 

In this section, we implemented our designed control system 
for a two-link mobile manipulator with specifications 
mentioned in Table I. The goal of simulation is that the end 
effector follows a circular path and at the same time, the base 
follows a linear path (like a prismatic joint or a rack). There are 
some saturation limits for torques of joints of manipulators. If 
the mass in end effector exceeds the limitations of torque, we 
have to decrease its amount and with this strategy, we can 
investigate the maximum allowable load for a desired path for 
our mobile manipulator, which is not studied in this paper.  

 
TABLE I 

MOBILE MANIPULATOR DIMENSIONS AND SPECIFICATIONS 

Variable Quantity Description 

L1 0.5 Length of first link of manipulator 

L2 0.5 Length of second link of manipulator 

M1 5 Weight of first link of manipulator 

M2 3 Weight of second link of manipulator 

Mb 50 Weight of mobile base 

Mw 1 Weight of each wheel 

R 0.1 Radius of wheel 

B 0.25 Distance of manipulator to center of mass of mobile bae 

J0 1 Rotational Inertia of mobile base 

J1 0.416 Rotational Inertia of first link 

J2 0.0625 Rotational Inertia of second link 

Jw 0.02 Rotational Inertia of wheel 

K11 34.67 Saturation coefficient for actuator torques (first actuator)

K12 12.21 Saturation coefficient for actuator torques (first actuator)

K21 6.45 
Saturation coefficient for actuator torques (second 

actuator) 

K22 2.4 
Saturation coefficient for actuator torques (second 

actuator) 

As we can see in Figs. 5-7, the end effector and base followed 
the path well, with no chattering in inputs which are actuator 
torques. Sliding parameters in this case are λ = 50 and k = 10. 
Other figures (Figs. 6, 9, 12 and 15) will show that sliding mode 
controller is depended to its parameters. Sliding parameters are 
shown in (20)-(23): 

 

   e x i xdesired i                           (20) 

 

   Surface e i e i                      (21) 

 

   
arctan

surface i
u e i k

saturate


 
    

 
            (22) 

 
The saturation of torque of actuators comes from:  
 

11 12K K                                          (23) 

 

in which   is rotational velocity of joint. 
 

 

Fig. 5 Trajectory tracking for end effector and mobile base (λ = 50, k 
= 10) 

 

 

Fig. 6 Control inputs in joints which are actuator torque (λ = 50, k = 
10) 
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Fig. 7 Heading angle for joints and mobile base (λ = 50, k = 10) 
 

 

Fig. 8 Trajectory tracking for end effector and mobile base (λ = 20, k 
= 50) 

 

 

Fig. 9 Control inputs in joints which are actuator torque (λ = 20, k = 
50) 

 
For example, in Figs. 8-10, we see that there is no chattering 

but the torque of actuators is so close to its limits which is not 
preferable for us. The dotted lines show the limits of torques 
and as we know, the saturate for torque of an actuator depends 

on the velocity of the joint by some constant factors. In this 
case, the sliding mode parameters are k = 50 and λ = 20. 

 

 

Fig. 10 Heading angle for joints and mobile base (λ = 20, k = 50) 
 
In Figs. 11-13, we see that chattering phenomenon seems to 

be starting and at same time torques are so close to its 
limitations for these sliding parameters (k = 50, λ = 100). 

 

 

Fig. 11 Trajectory tracking for end effector and mobile base (λ = 50, 
k = 100) 

 
In Figs. 14-16, we see that for the specific parameters of 

sliding mode controller (k = 100, λ = 100), there is absolute 
chattering for the torque of the joints. 

All of figures (Figs. 7, 10, 13 and 16) in simulation results 
show that angle of joints is fairly smooth and there is no singular 
point for angles of manipulator during the following of the path. 
For all cases, with different sliding parameters (k, λ), the mobile 
manipulator followed the path very well (as shown in Figs. 5, 
8, 11 and 14), but only those cases are acceptable which we do 
not have chattering on control inputs (actuator torques) and 
control inputs are not near its saturation limits. 
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Fig. 12 Control inputs in joints which are actuator torque (λ = 50, k = 
100) 

 

 

Fig. 13 Heading angle for joints and mobile base (λ = 50, k = 100) 
 

 

Fig. 14 Trajectory tracking for end effector and mobile base (λ = 100, 
k = 100) 

 

Fig. 15 Control inputs in joints which are actuator torque (λ = 100, k 
= 100) 

 

 

Fig. 16 Heading angle for joints and mobile base (λ = 100, k = 100) 

V.CONCLUSION 

Our paper and its simulation results show that sliding mode 
is a powerful nonlinear method which can control complex 
nonlinear dynamics, like mobile manipulator dynamic, very 
well. But we should consider that the chattering phenomenon is 
a known problem for this nonlinear controller method. For 
avoiding that, we can tune the sliding parameters and we can 
also use some smooth functions like sigmoid and arctan 
function instead of sign function. For future researches, we can 
add some uncertainty bounds to mobile manipulator dynamic 
equation parameters and use some other methods like adaptive 
fuzzy sliding method to design our robust controller. Also, we 
can consider non-holonomic constraints for mobile base and 
design some other complex paths for mobile base and end 
effector. 
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