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Node Insertion in Coalescence Hidden-Variable
Fractal Interpolation Surface
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Abstract—The Coalescence Hidden-variable Fractal Interpolation
Surface (CHFIS) was built by combining interpolation data from the
Iterated Function System (IFS). The interpolation data in a CHFIS
comprise a row and/or column of uncertain values when a single
point is entered. Alternatively, a row and/or column of additional
points are placed in the given interpolation data to demonstrate the
node added CHFIS. There are three techniques for inserting new
points that correspond to the row and/or column of nodes inserted,
and each method is further classified into four types based on the
values of the inserted nodes. As a result, numerous forms of node
insertion can be found in a CHFIS.

Keywords—Fractal, interpolation, iterated function
coalescence, node insertion, knot insertion.
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I. INTRODUCTION

NE of the most important contributions in understanding

nature’s structures is the concept of fractals. An
increasing number of research publications have shown the
fractal character of numerous systems with various physical
attributes ever since Mandelbrot [1], [2] coined the term
“fractal”. The study of fractals soared to new heights with
the invention of Barnsley’s Fractal Interpolation Function
(FIF) [3]. Massopust [4] extended this design to a triangular
simplex surface, creating a Fractal Interpolation Surface (FIS)
with co-planar interpolation points on the border. Then,
Geronimo and Hardin [5], Xie, and Sun [6], Dalla [7],
Malysz [8], and others created numerous FIS constructions
on various sorts of domains that gave self-affine attractors.

Most naturally formed objects, such as rocks, sea surfaces,
clouds, and so on, are made up of both self-affine
and non-affine components. In [9], Chand and Kapoor
created a non-diagonal Iterated Function System (IFS) that
creates both self-affine and non-self-affine FIS simultaneously
based on free and constrained variables on a large
collection of interpolation data. Coalescence Hidden-variable
Fractal Interpolation Surface was born from the attractor
corresponding to such IFS (CHFIS). The smoothness, stability
and fractal dimension of such a CHFIS was investigated
in [10], [11] and [12].

We assume that interpolation data are obtained from various
districts of a location and that one or more of the districts
is later subdivided into smaller districts. In this scenario, we
must employ node insertion to the preceding data to use it
with smaller districts. Similarly, the results of some tests may
provide us with a tip as to where we should place nodes while
performing approximation. This leads to the investigation of
the node insertion problem in bivariate functions.
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Node insertion is described as the process of adding
a new point to an existing set of interpolation data.
The node insertion for Coalescence Hidden-variable Fractal
Interpolation Functions (CHFIFs) was explored in [13]. If
we introduce a single point in the bivariate situation, there
are an unknown quantities in the row and/or column. As a
result, the problem of new point inclusion in the Coalescence
Hidden-variable Fractal Interpolation Surface is characterized
by adding a row and/or column of new points. In the
bivariate example, there are now several methods for inserting
additional points. The impact of such new points on the related
non-diagonal IFS and CHFIS is investigated in this work.
Furthermore, the problem of node insertion is categorized into
four types based on the values of inserted points for each
method.

The organization of the paper is as follows: Section II
provides an outline of how a CHFIS is constructed. Section III
discusses the three possible methods for inserting new points
into interpolation data. It is demonstrated that the non-diagonal
IFS produced utilizing the new set of interpolation data gives
rise to a new CHFIS for each mode of node insertion.
Following the study of the three techniques of insertion of
new points, Section IV considers several types of insertion
based on the values of added nodes for each approach. So,
in the bivariate instance, there are 12 different types of
node insertion. Finally, Section V provides an example of a
computer model of a few different forms of insertion.

II. CONSTRUCTION OF CHFIS

A set of real parameters {t; ;} for ¢ = 0,1,...,N and

7 = 0,1,..., M is introduced in a given interpolation data
A = {(z0,%0,20,0); (T1,Y0,21,0), - - - » (T0, Y1, 20,1)5 - - -5

(N, ym,zn,m)} to form the generalized interpolation data
A = {(xi,yj,zi,j,ti,j) Tl = 0,1,...,N and j =
0,1,...,M}. From the interpolation data, the rectangle S =
I xJ = [zo,zn] X [yo,yn] is subdivided into smaller
rectangles Sy, ., = I X Jpy = [Tp—1,Zn] X [Ym—1,Ym] for
n=12....Nandm=1,2,....M. Forn=1,2,... N
and m = 1,2,..., M, the contractive homeomorphisms L, :

I — I, Ly 2 J — Jp, and the functions F,, ,, : SxR? — D,
where D is a compact subset of R?, are defined by:

— Tp—1

X
Ln(il?) = Tp—1 + ;N — 2o (l‘ — x()),
Eon(y) = g + 222t () (1)
Ym — Yo
11 1SNI:0000000091950263
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and

Fn,m(xv Y, th): (an,m z+ ﬂn,m t +pn,m($7 y)a
’Yn,’rn t + qTL,”TL ('r7 y))' (2)

In the above definition, o, ,, and 7, ., are called free
variables and are chosen randomly but satisfying the condition:
|an,m| < 1 and |y,,,m| < 1. The values of 3, ,, are chosen
such that |3, 1|+ |Vn,m| < 1 and hence are called constrained
variables. The functions p, », and g ., in F, ., are selected
such that the following join-up conditions are satisfied:

Fpom (0, %0, 20,0, t0,0) = (Zn—1,m—1:tn—1,m—1)

Fn,m(xN’ Yo, ZN,0, tN,O = (Zn,m—h tn,m—l)
= (anl,matnfl,m)
= (Zn,nu tn,m)- (3)

To ensure continuity, the functions ﬁ'mm are defined as:

Fp (o, Yar, 20,05 to,

—_ — —

Fom(xN,Ynr, 28,0, tN, M

For1m(wo,y,2,1), ¢ =,
n=1...,N—1,
m=1,....M

Fn)m(x,%z,t) = Fn,m+1($,y0,z,t), Y = Ym,
n=1,...,N,
m=1,...,M—1

Fum(z,y,2,t),  otherwise.

4
It has been proved in [9] that if

wnym(x7 y7 Z, t) = (Ln(l'), Lm(y)a Fn,m(x7 ya Z, t))’ the IFS
defined by

{S xR wpm,n=1,2,...Nand m = 1,2,... M} (5)

is hyperbolic with respect to a suitable metric equivalent to
the Euclidean metric and there exists an attractor G C R*
N

N
U U wnm(G) and G is graph of a

n=1m=1

continuous function f S — R? such that f(z;,y;) =
(zi4,t;;) for i = 0,1,...,N and j = 0,1,..., M. Hence
the Coalescence Hidden variable Fractal Interpolation Surface
(CHFIS) is defined as

Definition 1: The Coalescence Hidden variable Fractal
Interpolation Surface (CHFIS) for the given interpolation
data {(z,9;,2:;) 11,7 =0,1,..., N} is defined as the graph
of projection f; of f on R3, where f; is the first component
of the function f = (f1, f2).

Remark 1: The function f; is called a Coalescence
Hidden-variable Fractal Interpolation bivariate function as it
exhibits both self-affine and non-self-affine nature. For the
same interpolation data, the function fo(x,y) is a self-affine
bivariate function.

satisfying G =

III. METHODS OF INSERTION OF NEW POINTS

The problem of node insertion in the bivariate situation is
characterized by introducing a row and/or column of additional
points. In order to enter additional points, there are three
options.
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Method 1: The first method is inserting a point Z
between zj_; and xp. This gives a column of new points
as Fl = {('%7y072*,07t*70)7 RN (i.ayl\/[72*,M7t*,J\l)} in the
generalized interpolation data A. So, the new generalized
interpolation data are
Ay = {(9007210720,0,750,0), oo (TR—1, Y0, Z-1,0, th—1,0)5
('%7y072*.,07t*,0)7 (xkvyOa zk.,Oatk,O)a """ B
(‘TNa Yo, ZN,OvtN,OL ey (‘TO7 Ym, ZO,MvtO,]WAL RN
(Oﬁk—l,Z/M,Zk—l,MJk—LM)»(faywhﬁ*,wut*,M),

(Th, Ynrs 20 thenr)s - (TN, Y, 2N M EN M) ¢ The

interval I, is split into two intervals I} = [z)_1,7]
and I = [Z,x;] which in turn gives that the rectangles
Sk,m-m =1,2,..., M, m # [ are broken into two rectangles,
say Sy, = It X Jy and Sy, = I} X J,,. Define L} : [ — I}
and LT : I — I as

— Tk—1

Lh(z) = 2oy + = _
(@) = zp-1 + pra—— (x — o)
r . T - .
) =12+ rr— (z — x0) (6)

For m = 1,2,..., M, define F}  :S — S|

r .
k.m and Fk,m .
T
S = Sp ., as

Ffn(@,9) = (02 + Blnt + Dhpn (2, 1),

’y,l“mt + qun(w, y)), m=12....M
F(@,y) = (@ mz + Bhoint + Din (2, 9),

Vit T Qo (,9)), m=1,2,.... M (7)

where, ol af A4l 4T are free variables whose
absolute value is strictly less than one; ﬁ,l%m and B, are
constrained variables such that |3} .| + || < 1 and
|B%.m| + 17k m| < 1. The functions pj, .., pi. > @h., and g, ,,
are continuous functions selected such that the functions F}
map the end points of the rectangle S to end points of the

rectangle S! and F}, map the end points of the rectangle

S to end points of the rectangle S, i.e. F,ﬁm and F . for
m =1,..., M satisfy the following conditions:

Ff (20, Y0, 20,0, t0,0) = (Zh—1,m—1, th—1,m—1)
Fi (20,90, 20,0, t0,0) = (Bem—1,tx,m—1)
Ff (@0, Yy 20,0 to,00) = (Zk—1,m» ti—1,m)
F{ (o, yar, 20,005 to,nr) = (Bams Eeom)
i (@N, 90, 28,0, tN,0) = (Zasm—1, bym—1)
Fy (TN Y0, 28,0, tN,0) = (2km—15tkm—1)
F;im(wmyM, N tN ) = Baoms tem)

Fy o (@nsynrs 2t ) = (Z,ms teom)

Theorem 1: Let 31 = AJT;. Then,
{SXRQ; Wooms n=1,...,N,n#k;

k,m

w! Wk ms m—l,...,M} ®)

12 1SNI:0000000091950263
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with wf, = (L}, Ly, F},,,) and
Wi.m = (Lgs Lim, FY,,,,) is a hyperbolic IFS on

S % RQNand there exists an attractor A that satisfies

A= U U wam(A) U U wy m(A). In addition, the
n=1m=1 m= 1p€{l r}

aforementioned IFS’s attractor is a graph of a continuous

bivariate function that passes over the new generalized

interpolation points Aj.

Proof: We suppose of < Qpm, Vo, < Yem and
Brm < Brm forallm =1,2,..., M and p € {l,7}. Then the
maps w,lcym and wy, ,,, are contraction maps for the same metric,
by which w, ,, are contraction maps. Alternatively, a metric
could be defined as in [9] where, wy, y;n = 1,2,...N,n #
k, wéym; wz,m; m =1,2,..., M, are contraction maps. Then
the IFS represented by (8) is hyperbolic and contains an
attractor A that fulfills u
A= ) U wk m(A) U wk m(A)

We consider the metric space of functions (G, dg) such that
G = {g | g: S — R? is continuous,
9(0,Y0) = (20,0, t0,0), 9(xN,Y0) = (2n,0,tN,0),
9(wo,yamr) = (20,m,t0,m), and g(zn,ynr) = (ZN,MatN,]w)}

and dg(g,9) = max (lgu(@.y) = gyl lga(ay)
(z,y)€eS
gg(x,y)o, for g,§ € G. Define Read-Bajraktarevi¢ operator
on (G,dg) as
T(9)(x,y)= Fum(Ly ' (2), L (), 9(Ly (), L' (9))),
(x,y) € Spom,n=1,2,...,N;n #k,
T(9)(2,y)= Fi m(Lh (@), L ) 9(LE (@), L)' ),
(m,y) € Sllc,m
T(9)(@,y)= Fim(Ly (@), L' (), 9(L (), L (),
(#,y) € Sk )

for all m = 1,2,..., M. Following the lines of proof as
in [9], it is straightforward to demonstrate that the bivariate
Read-Bajraktarevi¢ operator defined by (9) is a contraction
map and that a continuous bivariate function f S — R2?
exists which passes through the generalized interpolation
points A;. In addition, distinctiveness provides A represents
the graph of the function f ]
Method 2: The second method is inserting a point ¥
between y;_1 and y; which glves a row of new points as 1"2 =
{20, Ty 20,05 L0, )5 (T1, Ty 21 sy 1w )y oo nne
in the generalized interpolation Adata A. Here,
generalized interpolation data are Ay =

the new

(%0, Y0, 20,0, £0,0)5 - - - - - - (TN, Y0, N0, EN0)s - e - - ;

(@0, Y1—1520,1—1,t0,1=1)s -+ -+ - - J(@N Y1, 2N -1t
($O:y>ZO*7t0 *) """ ($N7y7ZN*7tN*) (x07yl7zol7t01)
NNV tN,l): ------ (o, ynr, 20,0, to,nr), -

(xN,Ym, 2N, tn ) p- The interval J; is broken into two

intervals J? = [y;_1,9] and J} = [§,y] and the rectangles
Spy for n = 1,2,..., N are split into two rectangles, say
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('%.Nayva *7tN *)}

Sbl—l x Jp andStl—I x Jf.

We define LY : J — Jb and Lt : J — J} are defined as
7 — Y1
L= ys + L0y
[(Y)= v T (= wo)
= S =y
L?(y)=y+ —— (¥~ o) (10)
Forn712 Ndeﬁnerl S%Snland
nl i85 = Snl as
Fn,l(x’ y)= (ai,zz + 5z,zt + Pz,z(w, ),
’YZJt + q’ll')l,,l(x7y))7
n=12,...,.N, n#k
FTtL,l(x’ y)= (0451,12 + BZ,,lt + P;,z(% Y),
’Y:L,lt + q;,l(x7y))a
n=12,....,N, n#k (11)
where, ol ;,af, ;,9} 7L, are free variables whose absolute

value is strictly less than one; /Bf” and ﬁfll are constrained
variables such that |8 | + |7} ,| < 1 and |8, || + |77, < 1.
The functions pfly o> pfh I qfl’ , and qu) , are continuous functions
selected such that the functions £, map the end points of the
rectangle S to end points of the rectangle S° , and F! , map
the end points of the rectangle .S to end points of the rectangle
Stie FPyand F) forn=1,...,N satisfy the following
conditions:

(Zn-1,-1,tn—1,1-1)
(Zro1srtn—1.4)
(Frno1stn—1.4)
(Zn-1,1,tn—1,1)

(Zn,l—la tn,l—l)

Ffi,z(mov Y0, 20,0, t0,0) =
Fy (20, Y0, 20,0, t0,0) =
Fﬁ,l(xo,yM, 20,0, to, M) =
Ey (w0, yar, 20,m, to,m) =

Ff:,z(ﬂﬂN,yO’ ZN,0,tN0) =

E} (N, Y0, 28,0, tN,0) = (Zres b))
Fg,z(ﬂcmyM, N EN ) = B tnx)
Fﬁ,z(xNayM, N My EN M) = (Zn,0, tnl)

Theorem 2: Let Ay = A (JT2. Then,

{SXRQ; Wom; m=1,...,M,m#1,

WZ,Z? Wf«b,lé n:l,...,N,} (12)
with b, = (Ln, L}, F?)) and w!, = (L, L}, F})) is
a hyperbohc IFS on S 1>\<4 Riv and there ?\)/(IStS an attractor
A that satisfies A = J U wam(d) U U wl (A).
n=1qe{b,t}
Furthermore, the attractor of the aforementioned IFS is a graph
of a continuous bivariate function that passes through the new
generalized interpolation points. As.

Proof: Suppose o | < a1, Vg < Y and B < B
for all m = 1,2,..., M and ¢ € {b,t}. Then the maps Wf;,z
and w! ; are contraction maps for the same metric by which
Wn,m are contraction maps. Or else, a metric could be defined
as in [9] where, Wy m;m =1,..., M, m # I, wnl, whyy =
1,2,... N are contraction maps. Then, the IFS given by (12)is

13 1SNI:0000000091950263
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hyperbolic and contains an attractor A which fulfills A =
U U Wn m(A) U an(A) U Wnl(A)
m %n 1

We consider the metric space of continuous functions
(G,dg) and define Read-Bajraktarevi¢ operator on (G, dg) as

T(9)(.y)

= Fom(Ly ' (2), Ly (9), 9(L7 ! (2), Ly (),

for (z,y) € Spym,m=1,2,....M;m #1

T(9)(.y)

= Fy (L (@), LY (), 9(Ly (@), LY (),

for (z,y) € 52,1

T(9)(.y)

= Fo (L (@), Ly (y),9(Ly ' (2), L (9))),

for (z,y) € S}, (13)
for n = 1,2,...,N. Just as in case (i), the bivariate

Read-Bajraktarevi¢ operator defined by (13) is a contraction
map and there exists a continuous bivariate function f:8—
R? which passes through the new generalized interpolation
points As. Additionally, uniqueness indicates that Ais graph
of the function f ]

Method 3: The third kind is inserting the point (&,7)
in the given interpolation data where, ;1 < & < x; and
Yi—1 < ¥ < y;. Here, a row and a column of new points
given by T' = {(2, 40, 24,0, 1,0)s - > (&, Y 2,01, L 1)
(.%‘0, Q, 20’*,750,*), ey (.%'N, Z), ZA’Nﬁ*, tN7*), (.ﬁ, ;lj, 7:‘, t)} is
inserted in the generalized interpolation data A. It is easy to
see that the third case is nothing but combination of Method
1 and Method 2.

Theorem 3: Let A = A|JT. Then,

{SXRQ;wmm, n=1,....N,m=1,...,M, n#k, m#I,

wP

n_’l,nzl,...

N, peibthn#k;

w,f’m m=1,....M,m#l,pe{l,r};

W € (L), (r0). (1), (r t)}}
Lr, LP FP

P = ( b, FP..) is a hyperbolic IFS on S x R?
and there exists an attractor A that satisfies

[0 UenaU U

with w?

nZh Tl nznpeivt)

M

U U “’Z,m(A) Wi,z (4)
m=t pellir) PELLO (D)0}

In addition, the attractor of the aforementioned IFS is
graph of a continuous bivariate function that passes across
the generalized interpolation points A.

Proof: Let I'y = {(.ﬁ Yo, Zx, O,tA* 0)
(&, ym, Zenr, teom)} and Ty = {(Io»y,zo *,to ) O
(#,9,2,1),. (xN,y,zN*,tN*)} = T2 U(,9, 2,). Then,
Theorem 1 is applied on A=A (JT'; followed by Theorem 2

International Scholarly and Scientific Research & Innovation 17(1) 2023

(14)

on A = AKIUF& So, there exists a continuous bivariate
function f : S — @2 passing through the new generalized
interpolation points A. |

Remark 2: In the above Theorem 3, we suppose
F2 = {(I07 :gy 730,*7 2?0,*)7 . (IN, Y, ZN *y tN *)} and F3 =
{(i7y072*,07tj,0)a"'7(i.>y7z t) ('%. y]\/faz* Mat* ]W)} =
'y U(&,9,2,t). In this case, Theorem 2 is applied first on
ﬁg = AJT; followed by Theorem 1 on A = ﬁgUF:;.
Again, it is obtained that there exist a continuous function
f 18— R? passing through the new generalized interpolation
points A.

IV. DIFFERENT KINDS OF NODE INSERTION

Let us now describe different types of insertion according
to the values of inserted nodes for each method of insertion.
We suppose f = ( fl, fg) is a component-wise expression of
the function f. The graph of f; then _becomes a CHFIS that
passes through the interpolation data A.

Method 1: In this method, a column of new points are
inserted in the given interpolation data.

o If ty, = fo(@,ym) for all m = 0,1,...,M and =
fo(&,9) but 2,00, # f1(Z, ym) forsome m =1,2,...,. M
or 2 # f1(&,9) then it is called C-Node-Knot insertion
problem.

o If 2.0, = f1(Z,yy) for all m = 0,1,...,M and 2 =
f1(2,9) but t p # fo(@, ym) for some m = 1,2,..., M
or t # fa(&,9) then it is called C-Knot-Node insertion
problem.

o If Z* mo fl(x ym) t* ,m fQ(i'
0,1,...,M, 2 = fi(z, y) and { =
called C-Knot-Knot insertion problem.

o If 2. # f1(2,ym) and t,,, # fo(#,ym) for some
m =20,1,..., M then it is called C-Node-Node insertion
problem.

m) for all m =
f2(Z,9) then it is

Method 2: In this method, a row of new points are inserted
in the given interpolation data.

o If tT;* = fo(wn,y) for all n = 0,1,...,N and t =
f2(&,9) but 2, . # fi(zy,y) for some n =1,2,..., N
or 2 # fi(&,9) then it is called R-Node-Knot insertion
problem.

o If z,, = fi(zp,g) forall n = 0,1,...,N and 2 =
f1(2,9) but t, . # fo(wn, ) for some n = 1,2,..., N
or t # fa(&,7) then it is called R-Knot-Node insertion
problem.

o If 200 = fi(®n,9)s tnw = folan,§) for all n =
0,1,...,N, 2 = fi(#,9) and £ = fo(&,7) then it is
called R-Knot-Knot insertion problem.

o If 2z, # fi(zy,y) and ty;* # fa(xy,,y) for some
n=0,1,..., N then it is called R-Node-Node insertion
problem.

Method 3: In this method, both row and column of new

points are inserted in the given interpolation data.
o Ift, . = fo(z,,9) foralln=0,1,..., N,

tem = f2(2,Ym) for all m =0,1,..., M and

t = f2(2,9) but 2, . # fi(zn,9) for some
n=12,...,N or 2., # f1(Z,ym) for some

14 1SNI:0000000091950263
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TABLE I
VALUE OF 2p,m AT (Tn,Ym) IN A SAMPLE INTERPOLATION DATA

YmlTn 0 8 22 42 50
0 23 20 20 31 18
15 36 26 24 24 23
35 26 26 26 26 25
40 32 29 36 36 30

TABLE II Value of ¢, m at (zn,ym) in generalized interpolation data

Ymlrn 0 8§ 22 42 50
0 20 60 37 57 45
15 29 22 16 38 68
35 19 58 36 63 71
40 69 82 44 35 15

m = 1,2,...,M or 2 # fi(&,7) then it is called
RC-Node-Knot insertion problem.

o If 2y . = fi(xy,y) forall n=0,1,..., N,
Zem = J1(&,ym,) for all m =0,1,..., M and
2= f1(2,9) but t, . # fo(w,,9) for some
n=1,2,...,N or t,,, # fa(Z,ym) for some
m = 1,2,...,M or t # fo(2,9) then it is called
RC-Knot-Node insertion problem.

o If 2 = f1(Tn, D), tnw = fo(zn, ) for all
n=01....N, 2.m = [1(Z,Ym) t*:m = J2(&,ym)
forall m =0,1,...,M, 2= fi(&,7) and t = f2(Z,7)
then it is called RC-Knot-Knot insertion problem.

o If 2, . # f1(zp,y) and t,;* # fa(xy,,y) for some
n=0,1,....N, 2 m # f1(Z,ym) and t. ., # fo(,Ym)
for some m = 0,1,...,M or 2 # fi(&49) and
t # fo(2,9) then it is called RC-Node-Node insertion
problem.

V. EXAMPLES

Let A = {(xi,yj,zi’j,tiwj) :9=0,1,...,N and
j = 0,1,...,M} where z;; is given by Table I and ¢, ;
is given by Table II be a sample generalized interpolation
data. Fig. 1 is created with o, ,,, = 0.3, 3,,,, = 0.2 and
Yn,m = 0.5. Figs. 2 and 3 are simulations of CHFIS generated
corresponding to insertion of set of nodes
T ={(30,0,12,23), (30, 15, 25, 56), (30, 35, 31, 12),
(30,50,40,76)} and 'y = {(0, 20,22, 12), (8, 20,43, 45),
(22,20,67,76), (42,20, 12, 21), (50,20, 55,55)} in the A
respectively. Fig. 4 is obtained by inserting I'y, I's and
(30,20,55,99) in the A.

VI. CONCLUSION

The impact of node insertion on the associated non-diagonal
IFS and CHFIS is investigated in this paper. In bivariate case,
there are the three different ways of inserting new points such
as inserting a row of new points, inserting a column of new
points and inserting both row and column of new points. For
each of these methods, it is proved that the new non-diagonal
IFS constructed using the new set of interpolation data give

International Scholarly and Scientific Research & Innovation 17(1) 2023

Fig. 1 Original Surface

Fig. 2 Insertion of nodes I'{

Fig. 3 Insertion of nodes I'>

Fig. 4 Insertion of nodes I'1 [ J 'z

rise to a new CHFIS. Further, for each mode of insertion
of nodes, the problem is further classified into four types of
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insertion according to inserted nodes’ values. So, there are 12
kinds of node insertion in bivariate case as opposed to only 4
cases in single variable. These 12 cases also indicate whether
the new set of points are inserted along a row or a column or in
both. In future, the effect of insertion of nodes in smoothness
and fractal dimension will be studied.

REFERENCES

[1] Mandelbrot B.B., How long is the coast of britain? statistial
self-similarity and fractal dimension, Science, 155:636-638, 1967.

[2] Mandelbrot B.B., Stochastic models of the earth’s relief, the shape
and the fractal dimension of the coastlines and the number-area rule
for islands, Proceedings of the National Academy of Sciences, USA,
72:3825-3828, 1975.

[3] Barnsley M.E, Fractal functions and interpolation, Constructive
Approximation,  2:303-329, 1986.

[4] Massopust P.R.,Fractal surfaces, Journal of Mathematical Analysis and

Applications,  151:275-290, 1990.

Geronimo J.S. and Hardin D.P., Fractal interpolation surfaces and a

related 2-D multiresolution analysis, Journal of Mathematical Analysis

and Applications,  176:561-586, 1993.

[6] Xie H. and Sun H. The study on bivariate fractal interpolation functions
and creation of fractal interpolated surfaces, Fractals,  5(4):625-634,
1997.

[7] Dalla L., Bivariate fractal interpolation functions on grids, Fractals,
10(1):53-58, 2002.

[8] Malysz R., The minkowski dimension of the bivariate fractal
interpolation surfaces, Fractals,  27(5):1147-1156, 2006.

[9] Chand A.K.B. and Kapoor G.P., Hidden variable bivariate fractal
interpolation surfaces, Fractals,  11(3):227-288, 2003.

[10] Kapoor G.P. and Prasad S.A., Smoothness of coalescence
hidden-variable fractal interpolation surfaces, International Journal of
Bifurcation and Chaos,  19(7):2321-2333, 2009.

[11] Kapoor G.P. and Prasad S.A., Stability of coalescence hidden-variable
fractal interpolation surfaces, International Journal of Nonlinear
Science,  9(3):265-275, 2010.

[12] Kapoor G.P. and Prasad S.A., Fractal dimension of coalescence
hidden-variable fractal interpolation surfaces, Fractals: Complex
Geometry, Patterns, and Scaling in Nature and Society, 19(2):195-201,
2011.

[13] Prasad S.A., Node insertion in coalescence fractal interpolation
function, Chaos, Solitons and Fractals, 49:16-20, 2013.

[5

Srijanani Anurag Prasad is an Assistant Professor at the Indian Institute
of Technology Tirupati. Prior to joining IIT Tirupati, she was an Assistant
Professor in the Department of Applied Science (Mathematics) at The North
Cap University (NCU) from Jan. 2016 to June 2017 and a Visiting Faculty
at the Indian Institute of Science Education and Research Bhopal (IISERB)
from July 2014 to Dec. 2015. Her research interests are Fractals, Fractal
Interpolation Functions, Fractal Measure Theory, Labyrinth Fractals, Wavelets
and Approximation.

International Scholarly and Scientific Research & Innovation 17(1) 2023

16

1SNI:0000000091950263



