
 
Abstract—Sufficient ultimate deformation is necessary to 

demonstrate the member ductility, which is dependent on the section 
and the material ductility. The concrete cracking phase of softening 
prior to the plastic hinge formation is an essential feature as well. The 
nature of the overload behaviour is studied using the order of the 
ultimate deflection. The ultimate deflection is primarily dependent on 
the slenderness (span to depth ratio), the ductility of the reinforcing 
steel, the degree of moment redistribution, the type of loading, and the 
support conditions. The ultimate deflection and the degree of moment 
redistribution from the analytical study are in good agreement with the 
experimental results and the moment redistribution provisions of the 
Australian Standards AS3600 Concrete Structures Code. 

 
Keywords—Ductility, softening, ultimate deflection, overload 

behaviour, moment redistribution. 

NOTATIONS 

a & a+ = factors to define concrete crushing (= 1) or steel rupture 
failure (= 0.75) 

As & As+  = tension reinforcement at negative & positive moments 
b & d = width and effective depth of a section 
fc’ = 28th day characteristic strength of concrete  
fsy  = characteristic yield strength of reinforcement 
fsu = ultimate rupture strength of reinforcement  
k1 & k2 = factors relating to plastic hinge length 
k3 = factor relating to plastic hinge rotation capacity 
ky & ky+ = neutral axis depth parameters at negative & positive yield 

moments 
ku & ku+  = neutral axis depth parameters at negative & positive 

ultimate moments 
L & L’ = span between supports & span excluding plastic hinge 

zones  
Ls & Ls+ = negative & positive shear spans = Mu/Vu & Mu+/Vu+ 
mu & Mu  = ultimate negative moment before & after redistribution  
Mu+          = ultimate positive moment after redistribution 
My & My+= negative & positive yield moments  
n & n+ = negative & positive modular ratios 
p & p+ = reinforcement ratios at negative & positive moments 
q & q+ = softening indices = inverse of moment-curvature slope 

change after yield 
rc & rp = span ratios of contra-flexure from the support & the plastic 

region at support  
ry & ry+ = span ratios of the negative & positive yield moments from 

the support 

Vu = ultimate shear at support 
wu = uniformly distributed load at ultimate limit state 
2 = effective rectangular stress block width coefficient
 = degree of moment redistribution 
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 = effective rectangular stress block depth coefficient
Re = total empirical midspan deflection capacity 

u = total analytical midspan deflection at the ultimate limit 
state 

ui = analytical mid span deflection from the ith segment at the 
ultimate limit state 

cc            = concrete crushing strain 
cu1           = concrete strain at the extreme face 
cu2           = concrete strain at kud from the extreme face 
st  = reinforcement rupture strain capacity 
su = reinforcement strain at the ultimate limit state 
sy  = reinforcement tensile yield strain 
 = reinforcement over strength ratio = fsu/fsy 

u1 & u1+= negative & positive moment curvature at full plasticity 
u2 &u2+ = negative & positive moment curvature at ultimate limit 

state 
y & y+  = negative & positive moment curvature at yield 
R & R+ = empirical negative & positive moment plastic rotation 

capacity 
Re           = total empirical support rotation capacity 
u = total analytical support rotation at the ultimate limit state
ui = analytical support rotation from the ith segment at the 

ultimate limit state 

I. INTRODUCTION 

HIS paper follows ‘Ductility and Softening of Reinforced 
Concrete Flexural Members’ presented at the Concrete 

2021 Conference in Australia [1]. The analytical models 
employed are based on singly reinforced and constant depth 
internal span (span with fixed ends) concrete flexural member 
subject to uniform and midspan point loadings with trilinear 
moment curvature idealization to investigate: 
1. The overload behaviour with the ultimate midspan 

deflection.  
2. The moment redistribution provisions of the AS3600 Code. 

Concrete is considered a non-ductile material. The higher 
concrete strength (Fc’) and the lack of confinement reduce 
ductility are illustrated in Fig. 1.  

The reinforcement ductility is classified as Class N (Normal) 
and Class L (Low) in the Australian Standards Concrete 
Structures Code AS3600 [2]. The ACI318 Code [3] on the other 
hand does not explicitly account for the material ductility. The 
ultimate steel rupture strain (st) and the post-yield over-
strength ratio ( = fsu/fsy) influence the reinforcement ductility 
as illustrated in Fig. 2. 
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Fig. 1 Material Ductility - Concrete 
 

 

Fig. 2 Material Ductility - Steel 
 

The section ductility is essential for the formation of plastic 
hinge at a critical section as per [6]. The plastic hinge rotation 
ductility depends on this, which in turn relies on the material 
ductility, reinforcement content and the section details. The 
moment-curvature diagram of Fig. 3 illustrates the ductility of 
an optimally reinforced section (solid line) and an over-
reinforced section (dashed line).  

 

 

Fig. 3 Section Ductility 
 

The member ductility is essential for the formation of a 
collapse mechanism with adequate and satisfactory plastic 
hinges in a redundant flexural member. The member ductility 
is governed by the section ductility, the span to depth ratio 
(L/D), the degree of moment redistribution (), the support 
conditions and the loading types.  

 

 

Fig. 4 Member Ductility 
 

The member ductility is illustrated in the load-deflection 
diagram of Fig. 4. 1 is the deflection at the first plastic hinge, 
2 is the deflection when the collapse mechanism is formed and 
u is the ultimate deflection prior to failure. u/2 defines the 
structural ductility, and the primary moment redistribution 
takes place in the region between 1 and 2.  

The softening phase with crack formation is another essential 
characteristic as per [5]. This is represented by line A (less) and 
line B (more) in the elastic-plastic region 2 in Fig. 5. The 
softening index (q) is the inverse slope ratios of the yield 
(region 1) and the softening (region 2).  

The ultimate midspan deflection ratio (u/L) determined 
analytically is compared with those determined empirically 
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(Re/L) using the empirical rotation given by [7]. The ultimate 
midspan deflection ratio (u/L) against an acceptable limit 

(Rl/L) is used as the criteria to determine the nature of the 
over-load behaviour in this paper.  

 

 

Fig. 5 Softening in Moment-Curvature Diagram 

II. ANALYTICAL MODELS 

The analytical models to determine the ultimate midspan 
deflection ratio (u/L) of an internal span flexural member with 
the uniformly distributed load (UDL) and the midspan point 
load (PL) are summarised in the Appendix. 

The internal span requires two negative moment plastic 
hinges at the supports and a positive moment plastic hinge at 
midspan to form the collapse mechanism requires the highest 
deflection demand.  

An idealized moment-curvature diagram as illustrated in Fig. 
18 in the Appendix includes: 
1. Elastic Region: to the yielding of the reinforcement. 
2. Softening Region: from yielding of the reinforcement to 

reaching the ultimate moment. 
3. Plastic Region: the constant ultimate moment region where 

the curvature increases until the concrete spalls or the 
reinforcement steel is ruptured. 

The relationships are established for the plastic, yield & 
contraflexure span ratios (rp/rp+, ry/ry+ & rc), the ultimate & 
yield curvatures (u1/u2, u1+/u2+ & y/y+), the ultimate 
& yield bending moment ratios (Mu/Mu+, Mu/My & Mu+/ 
My+) and the ultimate & yield neutral axis depth parameters 
(ku/ku+ & ky/ky+) based on the negative & positive 
redistributed bending moments and the reinforced concrete 
engineering principles. 

The ultimate deflection ratios (ui/L) for each of the 
segments described above are obtained from the moment-
curvature idealization and summed to obtain the system values 
(u/L). The empirical ultimate midspan deflection ratio (Re/ 
L) is obtained using the empirical rotation estimates of [7].  

The service deflection ratio limit in the AS3600 Code is 
1/240. Three times of this (1/80) is adopted as the minimum 
required ultimate deflection. Sakka and Gilbert [4] uses the 

ductility factor of 2, which with the over-strength factor of 1.3 
gives the ultimate to yield deflection ratio (2*1.3 = 2.6) as an 
acceptable measure. 

III. ANALYTICAL EVALUATIONS 

The general observations of the analytical evaluations were 
described in the paper Ductility and Softening in Reinforced 
Concrete Flexural Members [1]. Refinements with respect to 
the failure mode are included in the analytical models. 

A. Rotation 

Fig. 6 illustrates an example of the analytical and empirical 
total ultimate rotations for the whole range of the neutral axis 
parameter (ku) of an internal span member reinforced with Class 
N & Class L steel reinforcement subject to UDL loading at 
moderate degree of moment redistribution ( = 0.15) and 
slenderness (L/D = 15).  

 

 

Fig. 6 Typical ultimate rotation comparison - UDL 
 

The estimated rotations are less than those expected from the 
empirical for the Class N steel but are in close agreement for 
the Class L steel under both the UDL and PL type of loading. 

B. Ultimate Deflection Ratio 

Fig. 7 illustrates that the ultimate analytical deflection ratio 
(u/L) increases with the increasing slenderness (L/D) for 
members with both types of reinforcement steel for the UDL 
load case. The deflection ratio is sufficiently higher than the 
limit of 1/80 for most of the neutral axis depth parameters (ku) 
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range for the Class N steel. However, the u/L is not sufficient 
to reach the limit for low the L/D and ku ranges for the Class L 
steel.  

 

 

Fig. 7 Ultimate deflection ratio and slenderness - UDL 
 

The ultimate deflection ratio (u/L) decreases with increasing 
moment redistribution () for the Class N reinforced member. 
The variation with respect to the moment redistribution is 
irregular and not consistent at the set deflection limit for the 
Class L reinforced member for the UDL load case. The u/L for 
the PL load case with the Class L steel do not reach the L/80 
limit for the full ranges of ku, L/D and  as in Fig. 8. 

Figs. 9 and 10 illustrate examples of the analytical (u/L) and 
empirical (Re/L) ultimate deflection ratios for the uniformly 
distributed (UDL) and the point load (PL) cases. Although of 
similar trend, the analytical estimation is less for the PL load 
case. Hence, the midspan point loading case is more critical. 
Sakka and Gilbert [4] included point loads on two span 
members and not on the more critical internal span member. 

C. Softening 

Fig. 11 illustrates decreasing negative moment softening 
slope change [1/q = (slope 1 – slope 2)/(slope 1) in Fig. 5 with 
the increasing neutral axis parameter (ku). It is to be noted that 
the slope change is greater for the Class L steel than the Class 
N steel for high ku values. The negative moment slope is 
independent of the moment redistribution (), the slenderness 
(L/D) and the type of loading (UDL/PL). 

 

 

Fig. 8 Ultimate deflection ratio and moment redistribution - internal 
span - UDL 

 

 

Fig. 9 Typical ultimate deflection ratio comparison - UDL 
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Fig. 10 Typical ultimate deflection ratio comparison - PL 
 

 

Fig. 11 Negative moment softening slope change 

Fig. 12 illustrates decreasing positive moment softening 
slope change (1/q+) with the increasing neutral axis parameter 
(ku) for the UDL loading. It is to be noted that the slope change 
is greater for the Class L steel than the Class N steel for high ku 
values and increases with the . The positive moment slope is 
only independent of the slenderness (L/D) and the type of 
loading (UDL/PL). 

 

 

Fig. 12 Positive moment softening slope change 
 

The softening slope changes are indication of crack 
propagation and plastic hinge formation. Although a good 
degree of cracked plastic hinge formation is expected in the 
lower ku range, not only the plastic hinges are not likely to 
display explicit cracking but also are not capable to undergo 
higher moment redistribution. 

D. Moment Redistribution 

The various degrees of moment redistribution () and the 
corresponding neutral axis depth parameters (ku) at which the 
ultimate midspan deflection ratio (u/L) exceed 1/80 with UDL 
& PL loads at span ratios (L/D = 5 & 15) of an internal span 
member in Fig. 13 for the Class N reinforced member. The PL 
load case is more critical at larger span ratios. AS3600 Code [1] 
and ACI318 Code [2] provisions are also included for 
comparison. 

The AS3600 Code is too conservative for higher slenderness 
values. It is appropriate to include this with the following for 
the Class N steel: 
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𝑘௨ ൌ 0 → 0.2  ∃  𝛽 ൌ 0.3  
𝑘௨ ൌ 0.2 → 0.4  ∃  𝛽 ൌ ሼ0.3 െ  ሺ𝑘௨ െ 0.2ሻሾሺ𝐿/𝐷ሻ/25ሽ 
 

No feasible ku values could be found for any  values for L/D 
= 15 subject to the PL load case for the Class L reinforced 
member.  

IV. EXPERIMENTAL VERIFICATIONS 

The published results of [4] are used to verify the parametric 
study in this paper. 100 mm deep and 1000 mm wide slab strips 
reinforced with Class N and Class L were used in the 
experiment as illustrated in Fig. 14. 

The material properties of concrete and reinforcement along 
with the observed ultimate bending moments observed are 
summarized in Fig. 15. 

The degree of moment redistribution () and the ultimate 
deflection ratio (u/L) for the four specimens are tabulated 
against the experimental results in Fig. 16. The formation of the 
plastic hinges, the mode of failure as to whether concrete 
spalling or reinforcement rupture and the ultimate deflection 
ratio are also noted.  

V. DISCUSSION 

A. Ductility 

The ultimate deflection ratio is found to depend on the degree 
of moment redistribution, the slenderness, the neutral axis depth 
parameter, the ductility of reinforcing steel, the support rotation 
fixity (pinned/ fixed) and the type of loading (UDL/PL). The 
ultimate analytical deflection ratio agrees with the empirical 
estimate based on [7] at high neutral axis parameter for the UDL 

loading and at low neutral axis parameter for the PL loading.  
 

 

Fig. 13 Moment redistribution - Class N 
 

 

 

Fig. 14 Geometry and Loading Configuration of the Experiments 
 

Specimen No L/D 
As As+ fc Fsy/ Fsy+ 

 cu su/su+ 
Mu Mu+ 

mm2 mm2 MPa MPa kNm kNm 

CS3 20 227 227 37.8 581/581 11.10/1.10 0.0030 0.024/0.024 -11.0 11.0 
CS4 20 354 227 37.8 578/615 1.08/1.07 0.0030 0.033/0.019 -14.0 11.0 
CS5 20 339 339 37.8 591/591 1.15/1.15 0.0030 0.098/0.098 -15.5 15.5 

CS11N 20 141 227 47.5 586/597 1.07/1.04 0.0030 0.036/0.030 -9.5 12.0 

Fig. 15 Experimental data and results 
 

Specimen No 
AS3600 

Class 
Experiment Analytical 

Hinges Formed Mode of Failure 
Ultimate 

Deflection     
  mm % mm %    

CS3 L 24.2 10 25.0 7 Both Bottom steel rupture = L/80 
CS4 L 24.9 5 25.0 5 Nearly both Bottom steel rupture = L/80 
CS5 N 95.1 12 105.0 15 Both Concrete spalling = L/20 

CS11N L 26.0 20 30.0 12 Both Top steel rupture = L/67 

Fig. 16 Comparison of Results 
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Adequate member ductility is achieved when the ultimate 
deflection ratio exceeds 1/80. Elements with lower neutral axis 
depth parameter indicate higher ductility but those under-
reinforced ended with premature steel rupture and those over-
reinforced failed without adequate steel deformation. The Class 
N reinforcement renders sufficient ductility at most cases while 
the Class L reinforced member was brittle. There is lack of 
redundancy with limited displacement capacity of the Class L 
reinforcement. 

B. Softening 

The cracking process during softening acts as a warning 
indicator prior as the critical section reaches the ultimate 
moment prior to the formation of the plastic hinge. However, 
extensive softening reduces the available ductility of a section 
as illustrated in Fig. 5.  

The section with higher neutral axis depth parameter 
demonstrates lower softening at increased degree of moment 
redistribution for the Class N reinforced member. This effect is 
more profound on the Class L reinforced member as seen in the 
experimental observation by not developing extensive cracking 
as a warning sign during the overload regime. 

C. Moment redistribution 

The allowable degree of moment redistribution is determined 
in this paper when the ultimate midspan deflection is sufficient 
for a ductile behaviour. The estimations from the analytical 
procedure are in reasonable agreement with the experiment of 
[4]. 

The parametric studies and the experimental results 
presented demonstrate that the AS3600 Code [1] deemed-to-
comply moment redistribution for Class N reinforced member 
is agreeable at low slenderness but is conservative at high 
slenderness. Hence the findings here align with the AS Code 
deemed to comply section in restricting the use of Class L steel. 

D. Research Significance 

The ultimate deflection describes the overload behaviour of 
reinforced concrete flexural member well. This method is 
useful to investigate the overload behaviour of different 
characteristics of reinforcement, slenderness ratios etc.   

An extension of this study should benefit the lateral structure 
design with Performance Based Design (PBD) techniques 
which impose greater emphasis on the overload behaviour.  

VI. CONCLUSION 

Based on the results of the parametric studies, the experiment 
and the discussion above: 
1. Ductility is measured by the ultimate mid span deflection 

and is dependent on the degree of moment redistribution, 
the slenderness ratio, the neutral axis depth parameter, the 
ductility of reinforcement, the support types and the type 
of loading. The Class N reinforced member is ductile while 
the Class L reinforced is brittle without redundancy. 

2. Softening is the cracking process prior to the plastic hinge 
formation. The Class N reinforcement renders sufficient 
softening characteristics at low neutral axis depths. 

3. Moment redistribution related clauses of the AS3600 Code 
[1] is generally in agreement for the Class N reinforcement 
for short slenderness but appear to be conservative for long 
slenderness. The exclusion of Class L reinforcement in the 
deemed to comply provision of the Code is justified. 

APPENDIX 

Fig. 17 illustrates the loading and the bending moment 
diagrams with the negative moments before & after 
redistribution -mu & -Mu and midspan positive moment M+ after 
redistribution for an internal span member with uniformly 
distributed load wu. 
 

𝑚௨ ൌ 𝑤௨𝐿ଶ/12 
௥௘௦௨௟௧௦
ሱ⎯⎯⎯ሮ 

𝑀௨ ൌ ሺ1 െ 𝛽ሻ𝑚௨ 𝑎𝑛𝑑 𝑀௨ା ൌ ൫భ
మ

൅ 𝛽൯𝑚௨  (1)  
 

 

 

Fig. 17 Bending moment diagram of an internal span 
 

Equation (1) reduces to: 
 

𝑀௨ା/𝑀௨ ൌ ൣ൫భ
మ

൅ 𝛽൯/ሺ1 െ 𝛽ሻ൧                             (2) 
 

Idealized moment-curvature and detailed bending moment 
diagrams are illustrated in Fig. 18 along a half span. Mx is the 
bending moment at a distance ‘x’ from the centre of the span. 

Bending moment in between the negative and positive plastic 
hinges: 

 

𝑀௫ ൌ 𝑀௨ା െ 𝑤௨𝑥ଶ/2 
௥௘௦௨௟௧௦
ሱ⎯⎯⎯ሮ 

𝑀௫ ൌ ൛ൣ൫భ
మ

൅ 𝛽൯ െ 6 ሺ𝑥/𝐿ሻଶ൧/ሺ1 െ 𝛽ሻൟ𝑀௨                  (3) 
 

Shear at the end span Vu = wuL/2, and the negative moment 
shear-span: 

 
𝐿௦/𝐿 ൌ 𝑀௨/𝑉௨ ൌ ሺ1 െ 𝛽ሻ/6 

 
Shear at the mid span V+ → 0, with Ls+ < 0.5L and the 

positive moment shear-span: 
 

𝐿௦ା/𝐿 ൌ 𝑀௨ା/𝑉௨ା → 0.5     (4) 
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Fig. 18 Detailed bending moment diagram and idealized moment 
curvature diagram 

 
The negative moment plastic, yield & contra-flexure span 

ratios rp, ry, rc and the positive moment yield ratio ry+ are 
summarized by (5)-(8). 

From [7], k1 = 0.15 & 0.1 and k2 = 0.18 & 0.15 for Class N 
and Class L reinforcement respectively: 

 
𝑟௣ ൌ 𝑀𝑎𝑥𝑖𝑚𝑢𝑚ሾሺ𝑑/𝐿 ൅ 𝑘ଵ𝑟௖ሻ/2; 𝑘ଶ𝐿௦ሿ         ሺ𝑟௣ା is similarሻ       (5) 

 

𝑥 ൌ ൫భ
మ

െ 𝑟௬൯𝐿′ → 𝑀௫ ൌ െ𝑀௬ →  

𝑟௬ ൌ 〈భ
మ

െ √൛ൣ൫భ
మ

൅ 𝛽൯ ൅ ሺ1 െ 𝛽ሻ൫𝑀௬/𝑀௨൯൧/6ൟ〉                (6) 
                                   

𝑥 ൌ ൫భ
మ

െ 𝑟௖൯𝐿′ → 𝑀௫ ൌ 0 → 𝑟௬ ൌ 〈భ
మ

െ ቄൣ൫భ
మ

൅ 𝛽൯൧
ଵ/ଶ

/6ቅ〉   (7) 

 

𝑥 ൌ ൫భ
మ

െ 𝑟௬ା൯𝐿ᇱ → 𝑀௫ ൌ 𝑀௬ା →  

𝑟௬ା ൌ 〈1
2ൗ െ ቄൣ൫1

2ൗ ൅ 𝛽൯൫1 െ 𝑀௬ା/𝑀௨ା൯൧
ଵ/ଶ

/ 6ቅ〉          (8) 
 

𝑊𝑖𝑡ℎ 𝐿ᇱ ൌ ൫1 െ 2𝑟௣ െ 2𝑟௣ା൯𝐿; 
The negative moment ultimate rotation in segment 1 of Fig. 

19 due to the plastic rotation from curvature ሺ𝜑௨ଵ 𝑡𝑜 𝜑௨ଶሻ: 
 

𝜃௨ଵ ൌ ሾሺ𝜑௨ଶ െ 𝜑௨ଵሻ𝑟௣/൫1 െ 2𝑟௣ െ 2𝑟௣ା൯ሿ𝐿′ 
 
The peak deflection due to the plastic rotation: 
 

∆௨ଵ/𝐿′ ൌ 𝜃௨ଵ൫1 െ 𝑟௣ െ 𝑟௣ା൯𝐿/2 →  

∆௨ଵൌ ሾሺ𝜑௨ଶ െ 𝜑௨ଵሻ𝑟௣൫1 െ 𝑟௣ െ 𝑟௣ା൯/൫1 െ 2𝑟௣ െ 2𝑟௣ା൯
ଶ

ሿ𝐿′/2   (9) 
 

 

Fig. 19 Plastic rotation of an internal span 
 

M- slopes in segments 2 to 5 of Fig. 18: 
 
ሺ𝑆𝑙𝑜𝑝𝑒ሻଶ ൌ ൫𝑀௫ ൅ 𝑀௬൯/൫𝜑௫ െ 𝜑௬൯ ∃  𝜑௫ ൌ 𝜑௨ → 𝑀௫ ൌ െ𝑀௨  

ሺ𝑆𝑙𝑜𝑝𝑒ሻଷ ൌ ሺ𝑀௫ሻ/ሺ𝜑௫ሻ ∃  𝜑௫ ൌ 𝜑௬ → 𝑀௫ ൌ െ𝑀௬ 
ሺ𝑆𝑙𝑜𝑝𝑒ሻସ ൌ ሺ𝑀௫ሻ/ሺ𝜑௫ሻ ∃  𝜑௫ ൌ 𝜑௬ା → 𝑀௫ ൌ െ𝑀௬ା 

ሺ𝑆𝑙𝑜𝑝𝑒ሻହ ൌ ൫𝑀௫ െ 𝑀௬ା൯/൫𝜑௫ െ 𝜑௬ା൯ ∃  𝜑௫ ൌ 𝜑௨ା → 𝑀௫ ൌ 𝑀௨ା  
𝑞 ൌ ൫𝜑௨ଵ/𝜑௬ െ 1൯/൫𝑀௨/𝑀௬ െ 1൯  &  𝑞ା ൌ ൫𝜑௨ଵା/𝜑௬ା െ 1൯/

൫𝑀௨ା/𝑀௬ା െ 1൯ (10) 
 

Support rotation and maximum in span deflection due to 
segment ‘i’ are: 

 
𝜃௨௜ ൌ ሺ𝜑௫ሻ𝜕𝑥׬  &  ∆௨௜ൌ ሺ𝜑௫ሻ𝜕𝑥׬ 𝜕𝑥 ∋  𝑖 ൌ 2 → 5  

 

M- slope in segment 2 with: 
 

𝑥 ∈ ൣ൫భ
మ

െ 𝑟௬൯𝐿′ → భ
మ
𝐿ᇱ൧

𝜑௫ ൌ ൛ሺ1 െ 𝑞ሻ െ ሾ𝑞/ሺ1 െ 𝛽ሻሿൣ൫భ
మ

൅ 𝛽൯ െ 6ሺ𝑥/𝐿′ሻଶ൧൫𝑀௨/𝑀௬൯ൟ𝜑௬
𝜃௨ଶ ൌ ൛ሺ1 െ 𝑞ሻ ൅ ሾ𝑞/ሺ1 െ 𝛽ሻሿൣሺ1 െ 𝛽ሻ െ 𝑟௬൫3 െ 2𝑟௬൯൧൫𝑀௨/

𝑀௬൯ൟ𝑟௬𝜑௬𝐿′
∆௨ଶ/𝐿′ ൌ ൛ሺ1 െ 𝑞ሻ െ ሾ𝑞/ሺ1 െ 𝛽ሻሿൣሺ𝛽ሻ ൅ 𝑟௬൫1 െ 𝑟௬൯൧൫𝑀௨/

𝑀௬൯ൟ𝑟௬൫1 െ 𝑟௬൯𝜑௬𝐿ᇱ/2   (11)
 

M- slope in segment 3 with: 
 

𝑥 ∈ ൣ൫భ
మ

െ 𝑟௖൯𝐿′ → ൫భ
మ

െ 𝑟௬൯𝐿′൧
𝜑௫ ൌ െ൛ൣ൫భ

మ
൅ 𝛽൯ െ 6ሺ𝑥/𝐿′ሻଶ൧/ሺ1 െ 𝛽ሻൟ൫𝑀௨/𝑀௬൯𝜑௬

𝜃௨ଷ ൌ ൛ൣሺ1 െ 𝛽ሻ െ 𝑟௬൫3 െ 2𝑟௬൯ െ 𝑟௖ሺ3 െ 2𝑟௖ሻ ൅ 2𝑟௬𝑟௖൧/ሺ1 െ

𝛽ሻൟ൫𝑀௨/𝑀௬൯൫𝑟௖ െ 𝑟௬൯𝜑௬𝐿′
∆௨ଷ/𝐿′ ൌ െ൛ൣ𝛽 ൅ 𝑟௬൫1 െ 𝑟௬൯ ൅ 𝑟௖ሺ1 െ 𝑟௖ሻ൧/ሺ1 െ 𝛽ሻൟ൫𝑀௨/

𝑀௬൯൫𝑟௖ െ 𝑟௬൯൫1 െ 𝑟௖ െ 𝑟௬൯𝜑௬𝐿ᇱ/2    (12)
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M- slope in segment 4 with: 
 

𝑥 ∈ ൣ൫భ
మ

െ 𝑟௬ା൯𝐿′ → ൫భ
మ

െ 𝑟௖൯𝐿′൧
𝜑௫ ൌ െ൛ൣ൫భ

మ
൅ 𝛽൯ െ 6ሺ𝑥/𝐿′ሻଶ൧/൫భ

మ
൅ 𝛽൯ൟ൫𝑀௨ା/𝑀௬ା൯𝜑௬ା

𝜃௨ସ ൌ ൛ൣെሺ1 െ 𝛽ሻ ൅ 𝑟௖ሺ3 െ 2𝑟௖ሻ ൅ 𝑟௬ା൫3 െ 2𝑟௬ା൯ ൅ 2𝑟௖𝑟௬ା൧/൫భ
మ

൅

𝛽൯ൟ൫𝑀௨ା/𝑀௬ା൯൫𝑟௬ା െ 𝑟௖൯𝜑௬𝐿′

∆௨ସ/𝐿′ ൌ െ൛ൣ𝛽 ൅ 𝑟௖ሺ1 െ 𝑟௖ሻ ൅ 𝑟௬ା൫1 െ 𝑟௬ା൯൧൫భ
మ

൅ 𝛽൯ൟ ൬
ெೠశ

ெ೤శ
൰ ൫𝑟௬ା െ

𝑟௖൯ ൫1 െ 𝑟௖ െ 𝑟௬ା൯𝜑௬ା𝐿ᇱ/2  (13)
 

M- slope in segment 5 with: 
 

𝑥 ∈ ൣ0 → ൫భ
మ

െ 𝑟௬ା൯𝐿′൧
𝜑௫ ൌ ൛ሺ1 െ 𝑞ାሻ ൅ ൣ𝑞ା/൫భ

మ
൅ 𝛽൯൧ൣ൫భ

మ
൅ 𝛽൯ െ 6ሺ𝑥/𝐿′ሻଶ൧൫𝑀௨ା/

𝑀௬ା൯ൟ𝜑௬ା
𝜃௨ହ ൌ ቄሺ1 െ 𝑞ାሻ ൅ ൣ𝑞ା/൫భ

మ
൅ 𝛽൯൧ ቂ൫భ

మ
൅ 𝛽൯ െ 2൫భ

మ
െ 𝑟௬ା൯

ଶ
ቃ ൫𝑀௨ା/

𝑀௬ା൯ቅ ൫భ
మ

െ 𝑟௬ା൯𝜑௬ା𝐿′

∆௨ହ/𝐿′ ൌ ቄሺ1 െ 𝑞ାሻ ൅ ൣ𝑞ା/൫భ
మ

൅ 𝛽൯൧ ቂ൫భ
మ

൅ 𝛽൯ െ ൫భ
మ

െ 𝑟௬ା൯
ଶ

ቃ ൫𝑀௨ା/

𝑀௬ା൯ቅ ൫భ
మ

െ 𝑟௬ା൯
ଶ

𝐿ᇱ/2      (14)
 

The positive moment ultimate rotation in segment 6 from 
curvature ሺ𝜑௨ଵା 𝑡𝑜 𝜑௨ଶାሻ: 

 

𝜃௨଺ ൌ ሾሺ𝜑௨ଶ െ 𝜑௨ଵሻ𝑟௣ା/൫1 െ 2𝑟௣ െ 2𝑟௣ା൯ሿ𝐿′ 

∆௨଺/𝐿′ ൌ ሾሺ𝜑௨ଶା െ 𝜑௨ଵሻ𝑟௣ା൫1 െ 𝑟௣ െ 𝑟௣ା൯/൫1 െ 2𝑟௣ െ 2𝑟௣ା൯
ଶ

ሿ𝐿′/
2                   (15) 

       
The analytical total ultimate support rotation and midspan 

deflection are the sums of segments 1 to 6 from (9)-(15) with 
(24) for a and a+; 

 
𝜃௨ ൌ ∑ሺ𝑎/𝑎ାሻ𝜃௨௜  &   ∆௨ൌ ∑ሺ𝑎/𝑎ାሻ∆௨௜ ;  𝑖 ൌ 1 → 6    (16)

 
Equations (17)-(20) relate ku to k & ku+ and Mu/My to 

Mu+/My+. 
Negative and positive moment region reinforcement ratios:  
  

𝑝 ൌ ൣሺ𝛼ଶ𝑓௖′ሻ/൫𝜂𝑓௦௬൯൧𝑘௨  &   𝑝ା ൌ ൣሺ𝛼ଶ𝑓௖′ሻ/൫𝜂𝑓௦௬൯൧𝑘௨ା  (17) 
 
Negative and positive moment region yield neutral axis 

parameters are: 
 

𝑘௬ ൌ ሾሺ𝑛𝑝ሻଶ ൅ ሺ2𝑛𝑝ሻሿଵ/ଶ െ ሺ𝑛𝑝ሻ  &  𝑘௬ା ൌ ሾሺ𝑛𝑝ାሻଶ ൅
ሺ2𝑛𝑝ାሻሿଵ/ଶ െ ሺ𝑛𝑝ାሻ(18) 

 
Ultimate and yield moment capacities at the support (and 

similar at mid-span);  
 

𝑀௨ ൌ 𝑝𝑏𝜂𝑓௦௬𝑑ଶሺ1 െ 𝛾𝑘௨/2ሻ  &  𝑀௬ ൌ 𝑝𝑏𝑓௦௬𝑑ଶ൫1 െ 𝑘௬/3൯ 
𝑀௨/𝑀௬ ൌ 𝜂ሺ1 െ 𝛾𝑘௨/2ሻ/൫1 െ 𝑘௬/3൯  &  𝑀௨ା/𝑀௬ା ൌ 𝜂ሺ1 െ 𝛾𝑘௨ା/2ሻ/൫1 െ

𝑘௬ା/3൯(19) 
 

The ultimate positive to negative moment ratios: 
 

𝑀௨ା/𝑀௨ ൌ ሺ𝑘௨ା/𝑘௨ሻሺ1 െ 𝛾𝑘௨ା/2ሻ/ሺ1 െ 𝛾𝑘௨/2ሻ →  

𝑘௨ା ൌ ቄ1 െ ൣ2𝛾𝑘௨ሺ1 െ 𝛾𝑘௨/2ሻ൫భ
మ

൅ 𝛽൯/ሺ1 െ 𝛽ሻ൧
ଵ/ଶ

ቅ /𝛾   (20) 
 

 

Fig. 20 Strain diagram 
 

The concrete ultimate crushing strain cu1, the ultimate 
concrete spalling strain cu2 and the ultimate steel strain su are 
summarized with their respective depths in Fig. 20. 

The negative and positive yield curvatures: 
 

𝜑௬ ൌ 𝜀௦௬/ൣ൫1 െ 𝑘௬൯൧𝑑   &  𝜑௬ା ൌ 𝜀௦௬ା/ൣ൫1 െ 𝑘௬ା൯൧ 𝑑    (21)


The negative and positive moment curvatures at the onset of 
plasticity with concrete crushing: 

 

𝜑௨ଵ ൌ 𝑀𝑖𝑛ሼ 𝜀௖௨ଵ/ሺ𝑘௨𝑑ሻ, 𝜂𝜀௦௬ൣ൫1 െ 𝑘௬൯൧𝑑ሽ  & 

𝜑௨ଵା ൌ 𝑀𝑖𝑛ሼ 𝜀௖௨ଵ/ሺ𝑘௨ା𝑑ሻ, 𝜂𝜀௦௬ା/ൣ൫1 െ 𝑘௬ା൯𝑑൧ሽ     (22) 
 

The negative and positive moment curvatures at the ultimate 
limit state with reinforcement rupture or concrete spalling with 
concrete crushing occurring at the mid-depth of the rectangular 
concrete stress block of ሺ1 െ 𝛾/2ሻ𝑘௨𝑑: 

 
𝜑௨ଶ ൌ 𝑀𝑖𝑛ሼ𝜀௦௨/ሾሺ1 െ 𝑘௨ሻሿ,   𝜀௖௨ଶ/ሾሺ1 െ 𝛾/2ሻ𝑘௨𝑑ሿሽ  &   

𝜑௨ଶା ൌ 𝑀𝑖𝑛ሼ𝜀௦௨ା/ሾሺ1 െ 𝑘௨ାሻሿ,   𝜀௖௨ଶ/ሾሺ1 െ 𝛾/2ሻ𝑘௨ା𝑑ሿሽ  (23) 
 

The empirical support rotation capacity available given by 
[7]: 

 

𝜃ோ ൌ 𝑎ൣሺ𝜑௨ଶ െ 𝜑௨ଵሻ𝑟௣𝐿 ൅ 𝑘ଷ൧ 
𝜃ோ ൌ 𝑎൛ሺ𝜑௨ଶ െ 𝜑௨ଵሻ𝑟௣𝐿ൣ1 െ 0.5𝑟௣ሺ𝐿/𝐿௦ሻ൧ ൅ 𝜑௨ଵ𝐿௦/3ൟ     (24) 

 
k3 = 0.005 and 0.0025 for Class N and Class L reinforcement 
respectively. Similar for R+.  

a & a+ are defined as 1 for the rupture of the reinforcement at 
the negative and positive moment regions to occur after the 
onset of concrete crushing:  

 
𝜀௖௨ଵ ൌ 𝜀௖௖  𝑤ℎ𝑒𝑛  𝜀௦௨ ൑ 𝜀௦௧   →   𝑎 ൌ 1  &   𝑎

ൌ 0.75 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝜀௖௨ଵା ൌ 𝜀௖௖  𝑤ℎ𝑒𝑛  𝜀௦௨ା ൑ 𝜀௦௧   →   𝑎ା ൌ 1  &   𝑎ା ൌ

0.75 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (25)
 

where, cc = 0.003 in AS3600. 
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a and a+ are 1 for ductile 0.75 for brittle conditions. The 
proportion of the brittle (Class L) to ductile (Class N) capacity 
reduction factors in the AS Code [1] is 0.65/0.85 = 0.75.  

The total empirical support rotation and deflection R and R 
with the reduction factor cr applied to the deflection capacity: 

 

𝜃ோ௘ ൌ 𝑐௥ሺ𝑎𝜃ோ ൅ 𝑎ା𝜃ோାሻ  𝑎𝑛𝑑 ∆ோ௘/𝐿 ൌ 𝜃ோ௘൫1 െ 𝑟௣ െ 𝑟௣ା൯/2  
(26) 

 
Equation (26) is the equivalents of the analytical rotation and 

deflection from (16). 
The degree of moment redistribution () in cl.6.2.7.2 of 

AS3600 [1] is summarized as: 
 

𝐶𝑙𝑎𝑠𝑠 𝑁:  𝑘௨ ൑ 0.2 → 𝛽 ൌ 0.3, 0.2 ൏ 𝑘௨ ൏ 0.4 → 𝛽
ൌ 0.75ሺ0.4 െ 𝑘௨ሻ & 𝑘௨ ൌ 0.4 → 𝛽 ൌ 0 

𝐶𝑙𝑎𝑠𝑠 𝐿: 𝛽 ൌ 0       (27) 
 

The moment redistribution in cl.8.4 of ACI 318 [2] is 
summarized as: 

 
𝜀௦௨ ൏ 0.0075 → 𝛽 ൌ 0  𝑎𝑛𝑑  𝛽 ൌ 𝑀𝑎𝑥𝑖𝑚𝑢𝑚ሺ10𝜀௦௨, 0.02ሻ 

(28) 
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