
 

  
Abstract—The paper enquires on the two methods of the wheeled 

robot braking torque control. Those two methods are applied when the 
adhesion coefficient under left side wheels is different from the 
adhesion coefficient under the right side wheels. In case of the select-
low (SL) method the braking torque on both wheels is controlled by 
the signals originating from the wheels on the side of the lower 
adhesion. In the select-high (SH) method the torque is controlled by 
the signals originating from the wheels on the side of the higher 
adhesion. The SL method is securing stable and secure robot behaviors 
during the braking process. However, the efficiency of this method is 
relatively low. The SH method is more efficient in terms of time and 
braking distance but in some situations may cause wheels blocking. It 
is important to monitor the velocity of all wheels and then take a 
decision about the braking torque distribution accordingly. In case of 
the SH method the braking torque slope may require significant 
decrease in order to avoid wheel blocking. 
 

Keywords—Select-high method, select-low method, torque 
distribution, wheeled robot. 

I. INTRODUCTION 

HE general movement equations in 3 dimensions can be 
derived from the Lagrange equations [2], [3]: 

 

𝑄           (1) 

 
where K: total kinetic energy, F: dissipation function, V: 
potential energy, Q: generalized forces, q ̇: generalized 
coordinates and velocities, 
 

𝐾 𝐾 𝐾 ,   
 
where K_r-kinetic energy of sprang mass, K_n-kinetic energy 
of unsprang mass. 
 

𝐾 𝑀 𝑥 𝑦 𝑧 𝐼 𝑝 𝐼 𝑞 𝐼 𝑟 𝑐 ∙ 𝑟 ∙ 𝑝, 

  
where Mr- sprang mass, Ixr, Iyr, Izr: sprang mass' moment of 
inertia relative to OX OY OZ, cxzr: deviation moment of inertia 
relative to XZ plane. The corresponding system of coordinates 
is shown on Fig. 1. 

II. LONGITUDINAL MODEL TORQUE CONTROL 

The suspension in a wheeled robot can be neglected. 
Assuming also symmetry of the robot, the equations can be 
simplified. 
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Fig. 1 System of Cartesian coordinates 
 

The following are the robot’s equations of motion while 
braking [4]: 
 

            𝑀𝑉 𝐹 - 𝐹  𝑁 𝜇  𝑁 𝜇   (2) 
 

where 𝑉 =   and M is a total mass of a robot, µf  and µr are the 

rear and front traction coefficients respectively. The dynamics 
of the front and rear wheels are described by:  
 

                 𝐼 𝜔  = 𝐹 𝑅 𝑇         (3) 
 

                𝐼 𝜔  = 𝐹 𝑅 𝑇         (4) 
 

where 𝜔 = , ω is a wheel’ rotational I is a wheel’ moment of 

inertia, F is a friction force, R is a wheel’ radius, T is a braking 
torque. 

In order to secure optimum traction coefficients, both front 
and rear traction coefficients should be equal, for given slip 
value. Therefore, the both angular velocities must be equal: If 
 𝜇  = 𝜇  µ then (2) becomes: 
 

                          𝑀𝑉 𝜇 𝑁  𝑁         (6) 
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And the slip value s, same for both – front and rear wheels, 
becomes 
 

                                s =            (7) 

 
From (6) we obtain: 

 

 𝜇             (8) 

 

where  𝑉= .  

From (8) we obtain: 
 

 𝜇 >0  ↔- 𝑉 > 0 (9) 
 
In order to secure µf = µr, we need ωf = ωr, therefore 𝜔f = 𝜔𝑟. 

It can be shown, that in order to obtain µf = µr we need to 
secure a correct value of Tf in function of Tr. Indeed, from (2)-
(4) and (6) it can be deduced that [1]: 

  

Tf = Tr -  R (Nf – Nr)        (9) 

 
Figs. 4 and 5 show the process of braking control assuming 

identical traction coefficient under all wheels. The robot model 

corresponding to such a symmetric traction coefficient is 
depicted on Fig. 2. This model allows for optimal (extremal) 
control of braking robot in aa variety of traction coefficients, as 
shown on Fig. 3. The friction coefficient graphs are 
symmetrical for braking and starting process. Figs. 4 and 5 
show that the wheel sleep and wheel rotational velocity of all 
wheels are identical. The correct braking torque distribution 
ensures that the all slips and, at the same time, all traction 
coefficients are the same, therefore all wheels may reach the 
traction maxima at the same time. The rear torque is changing 
independently, while the front torque value satisfies (9). 

 

 

Fig. 2 Flat longitudinal robot model 
 

 

 

Fig. 3 Friction coefficients 
 

III. SELECT-LOW AND SELECT-HIGH CONTROL  

In practice, the anti-skid systems secure efficient and safe 
braking of the wheeled robot. They also ensure sufficient 
(although not perfect) transversal stability of the braking and 

the starting robot. The braking robot and wheel-road interaction 
are strongly nonlinear with parameters varying in function of 
linear speed of the robot, adhesion coefficient, weight and 
geometry of the vehicle, state of tires and random road and 
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weather conditions. For these reasons, all existing systems are 
in fact quasi-optimal [8], [9]. On most road surfaces and under 
most weather conditions the road-wheel traction coefficient µ 
has its distinct maximum in function of the wheel slip s. The 
essence of the optimal and adaptive controller is to keep this 
adhesion near the maximum for all the wheels during the 
process of braking/starting. This simplified model is correct 
under all symmetry assumptions. When the asymmetry of 
traction coefficient between left and right wheels occurs, an 
anti-skid system should take a decision which friction 
coefficient will be taken as a reference: the lower or the higher 
one. In the first case we call it Select-Low method, in the second 
case we call it Select-High method, as suggested in [5].  

 

 

Fig. 4 Asymmetric traction coefficient 
 

In case of asymmetric traction coefficient, the external forces 
applied to the tires are also asymmetric, i.e., the left front and 
rear braking forces Ffl and Frl are different from right side 
forces: Ffr and Frr. As a result, a rotational torque Tr is being 
generated. The rotational torque tends to rotate the robot. When 
the active transversal forces on a tire are bigger than the 
transversal friction forces, the tire tends to deform, and then to 
move transversally. The current model is not analyzing the 
transversal robot movement. When the active transversal force 

on any tire is bigger than then the transversal traction force, the 
braking moment is released.  

In this paper a simplifying assumption has been introduced: 
it has been assumed that the left wheels are in the same road 
conditions, i.e., that the left front traction coefficient is equal 
the left rear: traction coefficient: 

 
µfl(sl)=µrl (sl), ‘    

 
where sl is a left wheels’ slip: 
 

sl == 
ωl∗

 

 
where ωl is the left wheels (both of them) rotational velocity. 

The same relation is true for the right wheels: 
 

µfr(sr)=µrr(sr), ‘  

 
where sr is a right wheels’ slip: 
 

sr= 
∗
 

 
and ωr is a right wheels (both of them) rotational velocity. In all 
formulas the v is a robot’s linear velocity. In result, the active 
braking forces are:  
 

Ffl=Nf µfl 
Frl=Nr µrl 
Ffr=Nf µfr 

Frr=Nr µrr 

 

 

Fig. 5 Pacejka curves for transversal tire forces. 
 

On Fig. 5 [7], [10] the black line indicates Fx (longitudinal, a result from slip ratio), the red is Fy (lateral) and the green line 
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is Mz (aligning moment). 
When the left and right side traction coefficients are not the 

same, there are two options of braking control: we may refer to 
either a lower fraction coefficient or to the higher traction 
coefficient while producing a braking (or driving) torque 
control [6]. When we refer to the lower traction coefficient (and 
corresponding wheel), we call this control Select-Low (SL) 
control, while in the other case we call it Select-High control. 

Numerical models of both controls have been created. Two 
types of the traction coefficients have been considered:  
1. slippery road conditions, where a maximum traction 

coefficient µm = 0.1appears at slip sm = 0.2 and the µb = 0.05 
at the slip sb = 1 (wheels blocked) 

2. good road conditions, where a maximum traction 
coefficient µm = 1appears at slip sm = 0.2 and the µb = 0.4 at 
the slip sb = 1. 

Fig. 6 shows an experiment of sudden traction coefficient 
change from good to slippery at a random, 2.5 seconds of 
braking. The robot control has been switched to the wheels of 
the lower traction coefficient (application of the SL method). 
As the braking torque rising and falling slopes have not been 

changed, the wheels at the lower µ have been suddenly blocked 
(s = 1).  

Fig. 7 shows similar switch from good road conditions to 
slippery conditions, however at the moment of this switch the 
braking torque has been instantly lowered to 0 for 0.01 second. 
Thanks to this torque change the further braking continued 
successfully without wheel blocking. The braking torque 
applied to the left rear and the right rear wheels was the same. 
The low µ wheels (red graph) have been circulating around its 
maximum value µm =0.2, while the slip of the wheels at the 
bigger µ circulated around small values of s. The front wheels’ 
torque has been calculated using (9).  

Fig. 8 shows a sudden switch from the low traction 
coefficient to a high one at 2.5 seconds of braking. The higher 
traction coefficient wheels adjust to the change of traction 
(application of the SH method), but the low traction wheels 
become blocked after around 0.5 second. If we adjust the 
braking torque on both wheels to the significant lower value, 
the lower traction wheels get blocked after some short time 
(here after around 6 seconds. 

 

 

Fig. 6 Symmetric traction c, slippery road conditions 
 

 

Fig. 7 Symmetric traction c, good road conditions 
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Fig. 8 Switch to SL control no torque adjustment 
 

 

Fig. 9 Switch to SL zeroing torque 
 

 

Fig. 10 Switch to SH 
 

On Fig. 9 intermediate lowering the torque to zero (as on Fig. 
10) does not help. The wheels still get blocked. The only 
solution is a significand decrease of a torque slope (from 10k 
Nm/s to 500 Nm/s) as on Fig. 10. 

 

IV. CONCLUSION 

The SL and SH methods of braking allow for a relatively 
efficient control of the braking robot. The SL method secures a 
safe also not very efficient braking. In this method it is 
important to decrease braking torque in a moment of the switch 
to the SL. Switch to an SH method may introduce sudden wheel 

World Academy of Science, Engineering and Technology
International Journal of Mechanical and Mechatronics Engineering

 Vol:15, No:6, 2021 

276International Scholarly and Scientific Research & Innovation 15(6) 2021 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
ec

ha
ni

ca
l a

nd
 M

ec
ha

tr
on

ic
s 

E
ng

in
ee

ri
ng

 V
ol

:1
5,

 N
o:

6,
 2

02
1 

pu
bl

ic
at

io
ns

.w
as

et
.o

rg
/1

00
12

08
1.

pd
f



 

blocks. Especially in the wheel with significantly low traction 
coefficient. It is possible to avoid the wheels blocking by a 

dramatic decrease of the braking torque slope. 
 

 

 

Fig. 11 Switch to SH with torque adjustment 
 

 

Fig. 12 Switch to SH torque slope decrease 
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