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Abstract—Developing mixed convection in circular and annular 
sector ducts is investigated numerically for steady laminar flow of an 
incompressible Newtonian fluid with Pr = 0.7 and a wide range of 
Grashof number (0  Gr  107). Investigation is limited to the case of 
heating in circular and annular sector ducts with apex angle of 2ϕ = 
π/4 for the thermal boundary condition of uniform wall temperature 
axially and peripherally. A numerical, finite control volume approach 
based on the SIMPLER algorithm is employed to solve the 3D 
governing equations. Numerical analysis is conducted using 
marching technique in the axial direction with axial conduction, axial 
mass diffusion, and viscous dissipation within the fluid are assumed 
negligible. The results include developing secondary flow patterns, 
developing temperature and axial velocity fields, local Nusselt 
number, local friction factor, and local apparent friction factor. 
Comparisons are made with the literature and satisfactory agreement 
is obtained. It is found that free convection enhances the local heat 
transfer in some cases by up to 2.5 times from predictions which 
account for forced convection only and the enhancement increases as 
Grashof number increases. Duct geometry and Grashof number 
strongly influence the heat transfer and pressure drop characteristics. 
 

Keywords—Mixed convection, annular and circular sector ducts, 
heat transfer enhancement, pressure drop.  

I. INTRODUCTION 

HE importance of convective heat transfer in annular and 
circular sector ducts in many industrial and engineering 

applications has motivated a significant amount of research. 
These ducts are encountered for example in multi passage 
internally finned tubes used in compact heat exchanger 
applications. Compact heat exchangers frequently involve 
short passages and hence the flow over the whole or a major 
part of the heat exchanger is in developing stage [1]. 
Furthermore, if the flow is laminar, free and forced convection 
effects are of comparable order of magnitude [2]. 
Consequently, natural convection and entrance region effects 
should be considered for better prediction of heat transfer and 
pressure drop in annular and circular sector duct. 

The theme of convective heat transfer in smooth pipe has 
been extensively studied both theoretically and experimentally 
for the three limiting thermal boundary conditions; uniform 
heat flux axially and uniform wall temperature peripherally 
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(H1-thermal boundary condition); uniform heat flux axially 
and peripherally (H2-thermal boundary condition) and 
uniform wall temperature axially and peripherally (T-thermal 
boundary condition). Different theoretical approaches were 
used to tackle the problem: assuming large Prandtl number, 
[3]-[5]; using numerical methods [6]-[8]. Experimental studies 
have also been used to investigate this flow configuration [9]-
[13]. Prakash and Liu [14] numerically investigated 
developing forced convection in internally finned tubes. 

Annular and circular sector ducts have received less 
attention compared to their smooth pipes counterpart. Closed 
form analytical solutions are rare and can only be obtained in a 
small number of cases. For flow in semicircular ducts, several 
studies have been conducted for different flow conditions; 
developing forced convection [15], fully developed forced 
convection [16], [17], fully developed mixed convection [18]-
[20], fully developed mixed convection in inclined ducts [21], 
[22] and developing mixed convection for the H1 boundary 
condition [23]. Experimental and numerical studies on the H1 
boundary condition in circular sector ducts of different apex 
angles have also been reported [24], [25]. Annular sector ducts 
have also attracted some research interest; forced convection 
for the friction factor [26] and heat transfer characteristics 
[27], and fully developed flow for both the Hl and H2 
boundary analytically [28] and numerically [29]. Radiation-
affected laminar natural convection in the cylindrical annuli 
[30] and developing mixed convection in horizontal concentric 
annulus [31] have been investigated as well. Some studies 
focused on the influence of other physics on heat transfer and 
pressure drop in annular and circular such as the presence of 
porous medium, [32]-[39]; nanofluids, [40]-[42] and non-
Newtonian effects [43], [44].  

The objective of this study is to investigate the developing 
steady laminar mixed convection in horizontal annular and 
circular sector ducts with constant wall temperature. The 
effect of duct geometry on heat transfer and pressure drop will 
be studied at different values of Grashof number using the 
SIMPLER algorithm which is a control volume finite 
difference based method for solving coupled partial 
differential equations. 

II. MATHEMATICAL FORMULATION 

The current focus is the developing mixed convection in 
isothermal annular and circular sector ducts. The flow is 
steady and laminar with negligible axial conduction and 
viscous dissipation. The fluid is Newtonian and 
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incompressible with constant properties except for density 
which is assumed to be temperature dependent (Boussinesq 
approximation) in formulating the body force terms. The 
geometry under consideration and the coordinate system is 
shown in Fig. 1. The duct has an inner radius of ri, an outer 
radius of ro, and an opening angle of 2ϕ and is orientated at an 
angle of γ from the vertical axis and inclined by an angle 
equals to α to the horizontal axis. The fluid enters the duct 
with a uniform velocity and temperature of ub and te, 
respectively. The temperature of the wall of the duct is 
assumed constant at any cross section of the duct and equals 

to, tw. The fluid pressure decomposition [45] is used to 
parabolize the elliptic Navier-Stokes equations. This step 
enables the use of the marching technique to advance the 
solution in the axial direction. The pressure is divided into two 
parts, the first is a function of the axial location only and it is 
the driving force of the main flow while the second is a 
function of angular and radial coordinates only and it is the 
driving force of the secondary flow. The two parts are 
independent of each other and can be written as: 

 
𝑝ሺ𝑥, 𝑟, 𝜃ሻ ൌ 𝑝̅ሺ𝑥ሻ ൅ 𝑝ᇱሺ𝑟, 𝜃ሻ (1)

 

ro

r

x
g

γ


θ

r1

 

 Fig. 1 Geometry and coordinates under consideration 
 

The governing Navier-Stokes equations and the energy 
equation in cylindrical coordinates can be written in a non-
dimensional form using the following set of non-dimensional 
parameters: 
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The non-dimensional governing equations become: 
Continuity equation 
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Axial momentum equation: 
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Radial momentum equation: 
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Angular momentum equation: 
 

𝑉 డௐ

డோ
൅ ௐ

ோ

డௐ

డఏ
൅ ଵ

ଶ௉௥
𝑈 డௐ

డ௑
ൌ

െ డ௉ᇲ

డఏ
൅ 2 ቂ

డ

డோ
ቀଵ

ோ

డሺோௐሻ

డோ
ቁ ൅ ଵ

ோమ

డమௐ

డఏమ െ ௏ௐ

ோ
൅ ଶ

ோమ

డ௏

డఏ
ቃ ൅

ீ௥

ଶ
𝑇 cos 𝛼 sinሺ𝜃 ൅ 𝛾 െ 𝜑ሻ  

(6)

 
Energy equation: 
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U(X,R,θ), V(X,R,θ), W(X,R,θ) are the non-dimensional 

velocity components in the X-, R- and θ-directions, 
respectively, T(X,R,θ) is the dimensionless fluid temperature. 

The applicable initial and boundary conditions are: 
 
For X = 0: 
  U = T = 0              at all solid boundaries 
  U= T= 1, 𝑃ത ൌ 𝑃ത௢  for   R1 < R < 1 and  0 < θ < 2∅ 
 V = W  P'  = 0       for   R1   R  1 and 0  θ   2∅ 
For X  > 0: 
  U= V = W = T= 0   at all solid boundaries, 
where R1 = ri/ro ⎭

⎪
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 (8)
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Some important parameters are calculated after solving the 
governing equations, such as Nusselt number, the product fRe, 
and the product fappRe. 

Local friction factor is calculated from the peripherally 
averaged shear stress as: 
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The product fRe is then calculated from: 
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In the entrance region of the duct, the pressure drop is 

attributed to two effects; the surface shear forces and the 
increase in the total fluid momentum flux resulting from the 
development of the velocity profile. A single apparent mean 
friction factor, fapp which combines both effects [46] is 
calculated for horizontal ducts from:  
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Then the product fappRe is given by: 
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The circumferentially averaged Nusselt number, (𝑁𝑢 ൌ

 ℎ𝑑௛ 𝑘⁄ ), is calculated as: 
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The bulk temperature is calculated from: 
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III. SOLUTION PROCEDURE AND ACCURACY ASSESSMENT 

A. Solution Procedure 

The governing equations, subject to the attendant boundary 
conditions, are solved numerically using a control volume 
based finite difference method. The governing equations are 
discretized on a staggered grid and the power law scheme [47] 
is used for the treatment of convection and diffusion terms. 
The mesh has uniform divisions in the radial and angular 
directions and non-uniform divisions in the axial direction. 
The control volumes adjacent to solid walls are subdivided 
into two subdivisions in order to capture the steep gradient in 
the velocity and temperature, while in the axial direction, 
small values of increment, ΔX, are used near the duct inlet, 
increasing gradually in the main flow direction up to a 
maximum value which is then kept constant. Fig. 2 shows the 
mesh used in this study.  

The SIMPLER algorithm [47] is used in handling the 
resulting system of equations. The continuity equation is used 
to construct pressure and pressure correction equations. The 
pressure equation is employed to generate a pressure 
distribution which is used to solve radial and angular 
momentum equations. The pressure correction equation, on 
the other hand, is used to correct the computed radial and 
angular velocities to satisfy continuity equation and 
eventually, axial momentum equation and energy equation are 
solved. 

The solution is carried out in the developing region using 
the marching technique in the axial direction starting at the 
entrance and progressing in the direction of main flow until 
the flow is fully developed. 

R
/2

R
1

I =
 M R

/2

R

J = N

 

Fig. 2 Grid map and computational domain 
 

The discretized equations are solved for each radial line 
using the tri-diagonal matrix algorithm (TDMA), and the 

solution domain was covered by double sweeping line by line 
in the angular direction. Iterations continue until the relative 
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change of U, V, W and T is within  10-3% and the absolute 
value of the continuity equation residual is less than 10-5. A 
computer code is written in FORTRAN programming 
language to perform these computations.  

The selection of the mesh size in the radial and angular 
directions is guided by the accuracy of the results of the fully 
developing fRe and Nu at zero Grashof number for the 
semicircular duct geometry, Table I. Based on these results, a 
mesh of 30×40 (Radial × Angular) subdivisions is selected as 
a reasonable compromise between computer time and 
accuracy. 

 
TABLE I 

SELECTION OF MESH SIZE 
Mesh Size 

(R×θ) 
30×20 30×30 30×40 30×50 30×60 40×40 50×40

Nu 3.335 3.325 3.323 3.322 3.321 3.320 3.320 

f Re 15.651 15.717 15.739 15.750 15.755 15.754 15.761

 

Several numerical experimentations are conducted in order 
to determine the appropriate axial step size. Based on the 
accuracy of the results in the developing region for the forced 
convection in semicircular duct, the following scenario is 
adopted for ΔX: the first axial step equals to 10-5 increasing 
gradually by a factor of 5% to a maximum ΔX = 10-3, then it is 
kept constant up to X = 0.20 which is far enough to be 
considered fully developed 

B. Validation of Accuracy 

The computer program developed in this study has been 
successfully validated by comparing the predicted results with 
those from previous analytical and numerical studies for 
limiting cases available in the literature. Table II shows 
comparisons of the present results to previous results of pure 
forced convection for different combinations of the 
geometrical parameters R1 and 2ϕ. These comparisons 
indicate good agreement between the present and previous 
results. 

 
TABLE II 

RESULTS VALIDATION FOR Pr = 0.7, Gr = 0 

Geometry 
R1 = 0, 

2 =  
R1 = 0, 

2 =  
R1 = 0, 
2  =   

R1 = 0.5, 
2 =  

R1 = 0.5, 
2 = 2 

f Re 
present 

previous 
% deviation 

13.744 
13.660 

0.61 

14.171 
14.200* 
-0.20 

15.739 
15.790* 
-0.32 

16.091 
16.163* 
-0.45 

17.188 
17.273* 
-0.49 

Nu 
present 

previous 
% deviation 

2.626 
2.643 
-0.64 

2.801 
2.822* 
-0.74 

3.323 
3.316* 
0.21 

3.572 
3.562* 
0.28 

3.988 
3.966* 
0.55 

(:Ref. [14], *: Ref. [29]) 

IV. RESULTS AND DISCUSSION 

The results are obtained in the developing region of flow in 
circular ducts having apex angle of π/4 for Pr = 0.7 and 0 ≤ 
Gr ≤ 107. Comparisons are made between circular sector duct 
(R1= 0) and annular sector duct of R1= 0.5 in terms of the 
secondary flow, axial velocity field and temperature 
distribution as well as local averaged variable such as fRe, 
fappRe, and Nu. Although, duct orientation and inclination are 
included in the formulation and computer code, it is decided 
to limit results to horizontal ducts with zero orientation in the 

current study. The hydrodynamic and thermal development of 
the flow is presented in terms of velocity and temperature 
contour lines as well as secondary flow pattern at the highest 
value of Grashof number (Gr =107) where the effect of free 
convection is more pronounced. Finally, the local averaged 
parameters, fRe, fappRe, and Nu are presented for different Gr 
values. 

A. Secondary Flow Pattern 

 

Fig. 3 Development of secondary flow pattern (Gr =107, R1 = 0) 
 

The growth and decay of secondary flow along the duct 
axis for circular sector duct are shown in Fig. 3. Four axial 
location corresponding to X = 10-4, 10-3, 1.93 ×10-3 (the 
location where Nu is peak) and 10-2 are presented. In 
developing mixed convection flow through isothermal ducts, a 
secondary flow field is generated due to two effects, the 
boundary layer mass displacement effect and the buoyancy 
effect. Entrance effect dominates the flow in the region near 
the duct inlet making the secondary flow field resembles that 
of pure forced convection. Thus, the flow moves the fluid 
from the retarding areas near the walls to the accelerating 
areas in the duct core. Further downstream, the buoyancy 
effect appears and becomes dominant which makes the 
warmer fluid near the solid walls moves upward generating 
two rotating secondary flow cells. 

Hot fluid moves up along the flat walls, deflected by the 
curved wall towards the middle of the curved wall and then 
descends in the central part of the duct. Further downstream, 
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the intensity of secondary flow increases to a maximum value 
and then decreases until it diminishes in the fully developed 
region as the bulk temperature approaches the wall 
temperature.   

The overall trend of growing and then decaying secondary 
flow is observed for the flow in annular sector ducts as well. 
However, different behavior is noticed, the upward curvature 
of the inner curved wall trigger the formation of two 

additional secondary flow cells as shown in Fig. 4. Two large 
counter rotating cells appear in the upper part with upward 
flow along the flat walls and outer curved wall and another 
two smaller counter rotating cells emerge in the lower part 
with upward flow along the lower curved wall. As the flow 
proceeds, the intensity of the secondary flow increases to 
maximum and then decreases gradually until it disappears in 
the fully developed region. 

 

 

Fig. 4 Development of secondary flow pattern (Gr= 107, R1 = 0.5) 
 

B. Axial Velocity Field 

The disparity between the secondary flow patterns of 
circular and annular sector ducts is reflected in their axial 
velocity and temperature distributions.  Fig. 5 shows the axial 
velocity distributions for flow in the circular sector duct at the 
axial locations stated above in addition to the fully developed 
case (X = 0.2). Near duct inlet where buoyancy effects are 
negligible, velocity contours are less disturbed and steep 
velocity changes take place in the proximity of solid walls 
with the velocity is constant in most of duct cross section. As 
the flow proceeds, distortion to the velocity contours due to 
free convection effect is noticed mainly in the top region of 
the cross-section and the maximum velocity is observed in 
single location. The maximum velocity increases in 
magnitude and shifts downward along the symmetry line 
compressing the contours at the lower region. Finally, as the 
flow reaches fully developed region, the location of maximum 

axial velocity moves up towards the middle of the duct cross 
section and its value increases to Umax = 2.193. On the other 
hand, the development of axial velocity for the flow in annular 
sector ducts reveals the formation of two maximum velocity 
regions near the bottom curved wall as shown in Fig. 6. At the 
duct entrance the maximum velocity noticed at single 
location. As the fluid moves away from the inlet, the axial 
contours are distorted by the buoyancy effect. The distortion 
first appears in the top region of the cross-section whereas a 
slight distortion is noticed in the bottom region. Further 
downstream, the distortions are noticed in the top and bottom 
regions with two maximum velocity regions in the cooler fluid 
core near the bottom curved wall due to the presence of four 
secondary flow cells. As the fluid proceeds, the distortions of 
the axial velocity contours disappear and finally these 
contours tend to attain the fully developed situation. In the 
fully developed region entrance and buoyancy effects 

Max = 211.4

Scale:     = 450.0

Max = 436.6

Scale:     = 450.0

Max = 279.7

Scale:     = 450.0

Max = 84.2

Scale:     = 450.0

World Academy of Science, Engineering and Technology
International Journal of Mechanical and Mechatronics Engineering

 Vol:15, No:3, 2021 

162International Scholarly and Scientific Research & Innovation 15(3) 2021 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
ec

ha
ni

ca
l a

nd
 M

ec
ha

tr
on

ic
s 

E
ng

in
ee

ri
ng

 V
ol

:1
5,

 N
o:

3,
 2

02
1 

pu
bl

ic
at

io
ns

.w
as

et
.o

rg
/1

00
11

91
8/

pd
f



 

 

diminish and then the axial velocity distribution is similar to 
that of fully developed forced convection which consists of 
symmetric closed loops (along the duct symmetry line) and 

single maximum axial velocity existed at the middle of the 
duct (Umax = 2.085).  

 

 

Fig. 5 Development of axial velocity, (Gr=107, R1 =0) 
 

 

Fig. 6 Development of axial velocity (Gr = 107, R1 = 0.5) 
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C. Temperature Distribution 

The development of temperature field in terms of contours 
of (T/Tb) for the considered geometries at Gr = 107 are 
presented in Figs. 7 and 8. Near the duct entrance, the 
isotherms are represented by concentric closed loops 
approximately equally spaced near the wall except at corners. 
Further downstream, the isotherms are distorted as a result of 
buoyancy effects.  

For the circular sector duct, Fig. 7, the isotherms are 
distorted at the top region and the maximum (T/Tb) is shifted 
downwards resulting in closely spaced contours at the lower 
region and sparsely spaced contours at the upper region. The 

maximum (T/Tb) is observed only in one location in the duct 
cross-section on its symmetry line. As the flow proceeds, the 
distortion of the temperature contours is reduced and the 
maximum (T/Tb) is shifted upward along the symmetry line 
towards the duct center with (T/Tb)max = 1.944 in the fully 
developed region. Similar trend is observed in Fig. 8 for the 
flow in annular sector ducts. However, two maxima are 
noticed as a result of four-cell secondary flow shown in Fig. 4. 
As the flow advances, the value (T/Tb)max first increases and 
then decreases to (T/Tb)max = 1.854 in the fully developed 
region. 

 

 

Fig. 7 Development of temperature distribution (Gr = 107, R1 = 0) 
 

 

Fig. 8 Development of temperature distribution (Gr = 107, R1 = 0.5) 
 

D. Local Nusselt Number and Friction Factor 

Fig. 9 shows effect of Grashof number on the local 
parameters Nu, fRe, NU/fRe and fappRe for circular sector. 

Near the inlet, since the free convection effects are 
insignificant, all the curves follow the pure forced convection 
curve. As the flow proceeds downstream, the buoyancy forces 
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become significant and mixed convection curves rise above 
the pure forced convection curves. The increase in Nu 
becomes appreciable at Gr  106 owing to the strong 
buoyancy effect. Increasing Grashof number decreases the 
entrance length prior to onset of marked free convection and 
increases Numax and shifts its location toward the duct inlet. It 

should be noted that this location roughly corresponds to the 
axial location where the secondary flow most vigorous. 
Nusselt number then gradually decreases until reaches a 
practically constant value of 2.6256 which corresponds to the 
fully developed forced convection value, Fig. 9 (a). 
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Fig. 9 Effect of Gr on the local heat transfer and flow parameters for circular sector duct mixed convection flow: (a) Nu, (b) fRe, (c) Nu/fRe, (d) 
fappRe 
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Fig. 10 Effect of Gr on the local heat transfer and flow parameters for annular sector duct mixed convection flow: (a) Nu, (b) fRe, (c) Nu/fRe, 
(d) fappRe 

 

For the product fRe as shown in Fig. 9 (b) when Gr  106 
fRe curve deviates from its forced convection counterpart in 

the developing region and rejoins it at a value of 13.7442 in 
the fully developed region. This indicates that the increased 
Nu in simultaneously developing mixed convection does not 

World Academy of Science, Engineering and Technology
International Journal of Mechanical and Mechatronics Engineering

 Vol:15, No:3, 2021 

168International Scholarly and Scientific Research & Innovation 15(3) 2021 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
ec

ha
ni

ca
l a

nd
 M

ec
ha

tr
on

ic
s 

E
ng

in
ee

ri
ng

 V
ol

:1
5,

 N
o:

3,
 2

02
1 

pu
bl

ic
at

io
ns

.w
as

et
.o

rg
/1

00
11

91
8/

pd
f



 

 

come without penalty. However, Fig. 9 (c) shows that the ratio 
Nu/fRe increases as well and it is also important to note that 
the increase in the value of fappRe is substantially smaller 
than the corresponding increase in Nu as it can be seen from 
Fig. 9 (d). Similar behavior is observed for the annular sector 
duct case as shown in Fig. 10, however, the asymptotic values 
of Nu and fRe in the fully developed region are higher at 
3.0168 and 14.3468, respectively.   

V. CONCLUSION 

This numerical study is conducted on simultaneously 
developing combined free and forced convection for laminar 
flow in horizontal isothermal circular and annular sector ducts 
with 2ϕ = π/4. Results were limited to only one duct 
orientation and a Prandtl number of  Pr = 0.7. Results show 
that the flow domain can be divided axially into three main 
regions, a near region where secondary flow is negligible, an 
intermediate region with mixed convection, and a far region 
with fully developed forced convection. The secondary flow 
in the intermediate region causes a significant change of the 
temperature and velocity profiles from those of pure forced 
convection which enhances the local heat transfer in some 
cases by up to 2.5 times from forced convection predictions 
and the enhancement increases as Grashof number increases. 
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