
 

 

  
Abstract—Adapting to the flexibility of war, a large number of 

guided weapons launch from aircraft. Therefore, the inertial 
navigation system loaded in the weapon needs to undergo an 
alignment process in the air. This article proposes the following 
methods to the problem of inaccurate modeling of the system under 
large misalignment angles, the accuracy reduction of filtering caused 
by outliers, and the noise changes in GPS signals: first, considering the 
large misalignment errors of Strapdown Inertial Navigation System 
(SINS)/GPS, a more accurate model is made rather than to make a 
small-angle approximation, and the Unscented Kalman Filter (UKF) 
algorithms are used to estimate the state; then, taking into account the 
impact of GPS noise changes on the fine alignment algorithm, the 
innovation adaptive filtering algorithm is introduced to estimate the 
GPS’s noise in real-time; at the same time, in order to improve the 
anti-interference ability of the air fine alignment algorithm, a robust 
filtering algorithm based on outlier detection is combined with the air 
fine alignment algorithm to improve the robustness of the algorithm. 
The algorithm can improve the alignment accuracy and robustness 
under interference conditions, which is verified by simulation. 
 

Keywords—Air alignment, fine alignment, inertial navigation 
system, integrated navigation system, UKF. 

I. INTRODUCTION 

IR alignment is an alignment process under a moving 
base, which is adapt to the flexibility of modern warfare. 

The air alignment can be divided into coarse alignment and fine 
alignment. The coarse alignment algorithm is used to quickly 
and roughly determine the attitude matrix between the body 
coordinate system and the navigation coordinate system. And 
the fine alignment algorithm is used to further improve the 
accuracy of the matrix.  

For the fine alignment algorithm, the accuracy of the model 
determines the accuracy of the moving base alignment. An 
accurate model is a prerequisite for correct alignment results. In 
order to improve the alignment accuracy, Kong et al. [1] used 
the psi angle to establish a nonlinear error model. This method 
considers the case where the three misalignment angles are 
large misalignment angles, and they can be directly aligned 
precisely. Subsequently, Kong et al. continued to study the psi 
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angle error model, and proposed to use the quaternion for large 
misalignment angle modeling, but the principle of this method 
is the same as that of using the psi angle to establish a nonlinear 
error model, but only use the different filtering methods [2]. 
Wei et al. assume that the misalignment angle is no longer a 
small angle, and use the equivalent rotation vector to describe 
the misalignment angle between two coordinate systems, and 
derive a nonlinear error equation [3]. Scherzinger et al. [4]-[6] 
also studied the error model of SINS, and established a more 
accurate model.  

For the nonlinear systems model mentioned above, it is 
necessary to select robust and accurate nonlinear filtering for 
state estimation. Extended Kalman Filter (EKF) is a very 
classic and widely used nonlinear filtering algorithm, which 
uses the Taylor expansion to convert the nonlinear system into 
a linear system. But when the nonlinearity of the system is 
strong, EKF will produce large errors. In order to improve the 
accuracy of nonlinear filtering, Julier et al. proposed the UKF 
algorithm. Compared with EKF, The UKF uses sigma points to 
sample system state variables to avoid truncation errors due to 
linearization. Therefore, the accuracy of UKF is higher than the 
EKF [7]. 

In the process of aligning the moving base, the maneuver of 
the carrier and the interference of other external environments 
may affect the noise distribution characteristic of SINS and 
other external auxiliary sensors. The adaptive filtering 
algorithm is currently the main method to solve such problems. 
Zhong et al. [8] used an adaptive filter algorithm with 
adjustable window to estimate the noise covariance matrix of 
INS for the problem of INS noise change, which improved the 
accuracy of air alignment. In view of the uncertainty of 
measurement noise, Bing et al. proposed a robust adaptive 
filtering algorithm based on projection statistics. This method 
can estimate the covariance of measurement noise when the 
measurement is disturbed, which improves the stability of the 
alignment algorithm [9]. In view of the instability of the filter 
caused by the uncertain system noise and the inaccurate 
modeling of system, Cheng et al. used the H∞ robust filtering 
algorithm to filter the system, which improved the robustness 
of the navigation system [10]. When there are outliers in GPS, 
Wang et al. used robust Kalman filtering based on innovation to 
deal with the interference of GPS outliers and improved the 
stability of air alignment [11]. 

In order to improve the precision and robustness of air fine 
alignment, the following methods are adopted in this paper. 
First, the errors of the coarse alignment are modeled more 
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accurately, instead of the approximation of small angle 
misalignment angles, and the nonlinear UKF filter algorithm is 
used for filtering estimation. Then, in order to achieve the 
robustness of the nonlinear filtering algorithm under the 
conditions of outliers and the variable noise, an innovation 
adaptive filtering algorithm is introduced to estimate the GPS 
measurement noise in real time and improve the suppression of 
changing noise. At the same time, the robust filtering algorithm 
and the air precision alignment algorithm are combined to 
improve the ability of suppressing GPS outliers.  

II. THE IMPROVED ERROR MODEL 

A. Nonlinear Attitude Error Equation 

The SINS system’s attitude differential equations are: 
 

 n n b
b b nb C C   (1) 

 

As =b b b
nb ib in   , then: 

 

    =n n b n n
b b ib in b  C C C   (2) 

 
Considering the effect of error, (2) can be written as: 
 

    n n b n n
b b ib in b
       C C C   (3) 

 
According to (2) and (3), the following results can be 

obtained: 
 

  n n n n
b b n b
 

  C C I C C  (4) 

 
Differentiate the both sides of the equal sign, then the result 

is: 
 

 
   

 

n n b n n n n n
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C C C C C C

C C 0
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By multiplying the matrix on the right of the both sides, the 

result is: 
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n b ib n n in n
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C C C C C
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as 

    n n n n
n ib ib n 
   C C   (7) 

 
Then, (6) can be written as:  

 

      n n n n n n n
ib n n in n in n          C C C C 0    (8) 

 
as 

  n n n
n n nn


   C C   (9) 

 

We substitute (9) into (8), and multiply the matrix n
n
C on the 

right side on both sides of the equal sign: 
 

        + +n n n n n n n n
n ib n in nn n in n  

       C C C C 0     (10) 

 
By simplifying (10), the result is: 
 

 n n n n
ib in nn in   

    0     (11) 
 
By changing the coordinates, we can get the relationship 

between n
nn

  and  . 

 

 

cos 0 sin cos

0 1 sin

sin 0 cos cos

y y x
n
nn x

y y x

  


  




 
   
  

   (12) 

 

Defining the matrix

cos 0 sin cos

0 1 sin

sin 0 cos cos

y y x

x

y y x

  


  

 
 
 
  

 as C  , 

then formula can be written as: 
 

 1 n
nn

 C   (13) 

 
We substitute (13) into (11), the nonlinear attitude error 

equation can be written as:  
 

  1 n n n n b
n in in b ib         

 C I C C     (14) 

B. Nonlinear Velocity Error Equation 

The specific force equation can be written as: 
 

 (2 )n n b n n n n
b ie en    v C f v g   (15) 

 
The specific force equation with errors is written as follows: 
 

  2n n b n n n n
b ie en
         v C f v g   (16) 

 
By subtracting (15) from (16), the nonlinear velocity 

equation can be written as: 
 

 
   

 

n n n b n b n n
n b b ie in

n n n n n
ie in

f  

 

      

   

v C I C C

v v g

  

 
 (17) 

C. Nonlinear Position Error Equation 

Under nonlinear conditions, the position error equation is the 
same as which under linear conditions, and will not be derived 
here. The equations are written as follows: 
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  (18) 

D. System State Equation 

The state vector is built as follows: 
 

        
TT T TTT n b b     

X v p    (19) 

 

Among them,   is the Misalignment angle, n v  is the error 

of velocity,  p  is the error of position, b  is the gyroscope’s 

constant drift, and b  is the constant drift of accelerometer. 

As b  and b  are constant, so the differential equations 
about them are as: 

 

 
b

b

 








0

0




 (20) 

 
From (14), (17), (18) and (21), we can get the nonlinear 

system equations as:  
 

         t f t t t X X G w  (21) 

 

where  tG  is the system noise allocation matrix and  tw  is 

the system noise. 

III. ADAPTIVE UKF ALGORITHM 

During the air fine alignment, the aircraft's maneuver and 
electromagnetic interference will change the GPS measurement 
noise. Therefore, the innovation adaptive filtering algorithm is 
used to estimate the GPS measurement noise. 

In the case where the measurement equation is linear and the 
measurement noise covariance matrix R is unchanged, the 
theoretical innovation covariance is: 

 

 T T
ZZ / 1 / 1 / 1k k k k k k k kE       

 P Z Z H P H R  (22) 

 

For the innovation covariance matrix ZZP , we can use the 

following formula to achieve the estimation in time: 
 

 
0

T
/ 1 / 1

1ˆ
k

Z i i i i
i iN  


   C Z Z  (23) 

 
where N is width of sliding window and can be set according to 

the actual situation, ˆ
ZC  is the estimated value of ZZP . 

If the estimated ˆ
ZC  is not consistent with the theoretical 

ZZP , then the statistical characteristics of the measurement 

noise have changed. And the difference between ˆ
ZC  and ZZP  

can be used to estimate the measurement noise variance matrix 

R. The calculation formula of the real-time estimated value ˆ
kR  

of the measurement noise variance matrix is: 
 

 T
/ 1

ˆˆ
k Z k k k k R C H P H  (24) 

 
Formula (24) can realize the adaptive estimation of the 

measurement noise variance matrix. 

IV. ALGORITHM TO SUPPRESS GPS OUTLIERS 

For the nonlinear system, the innovation is: 
 

 / 1 / 1
ˆ

k k k k k k  Z Z H X  (25) 
 
which can be used to detect the outliers of GPS. When the 
outliers exist, the value of kZ  will have a big difference from 

the truth which cause the value of / 1k k 
Z  too large. And then it 

will pollute the measurement update process of the filter.  
In theory, the innovation sequence satisfies the normal 

distribution with mean 0 and variance ZZP and that is: 
 

 
 

/ 1

T

/ 1 / 1

  ,   k k

k k k k ZZ kj

E k

E 



 

     


     



 

Z 0

Z Z P
 (26) 

 
where kj  is the Kronecker function. If (26) is not valid in the 

filtering process, there may be abnormal values in the system. 
In the SINS/GPS integrated system, the method of hypothesis 
test is used to detect whether there are abnormal values in the 
system. 

In the hypothesis test, assuming that the innovation sequence 
follows a normal distribution and that is  / 1 ~ ,k k ZZN

Z 0 P  . As 

a judgment condition for GPS outlier detection, the test 
statistics k  are constructed as: 

 

 2 T 1
/ 1 / 1k k k k ZZ k kM 
    Z P Z  (27) 

 

where 1
/ 1 / 1

T
k k k ZZ k kM 

   Z P Z  is the value of Mahalanobis 

distance. If the assumption holds, the test statistics k  will 

satisfy the distribution of 2  with N degrees of freedom. If the 

calculated k  is greater than the quantile  2 n  

corresponding to the significant level   of the chi-square 
distribution, then there is an abnormal value in the GPS 
information, which can be described as: 

 

   2Pr k n     (28) 
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where Pr{ }  describes the probability of an event, and 

 2
k n   is a little probability event. If that happened, there 

must be an abnormal value in GPS information. 
The chi-square test can only detect the existence of outliers. 

In order to prevent the filtering algorithm from being affected 
by outliers, we construct scale factor k  to enlarge the 

innovation covariance matrix. 
 

 ˆ
ZZ k ZZP P  (29) 

 
where the scale factor k  is constructed as: 
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 (30) 

 

Substituting the amplified ˆ
ZZP  into the filter gain formula, 

we can get: 
 

 1 11ˆ ˆ
k XZ ZZ XZ ZZ k

k
   K P P P P K  (31) 

 

Because of the matrix inversion, the filter gain matrix ˆ
kK  

obtained by (31) becomes smaller, and when updating the 

status, using ˆ
kK  to calculate ˆ

kX  will reduce the proportion of 

external measurements thereby reducing the influence of 
outliers and improving the robustness of the filtering algorithm. 

V. SIMULATION AND ANALYSIS 

A. Simulation Settings 

The system simulation parameters are set as follows: SINS/ 
GPS system parameter settings: the constant offset and random 
drift of gyroscope are 1°/h and 0.1°/h, the constant offset and 
random drift of accelerometer are 100 ug and 50 ug. The 
frequencies of the gyroscope and accelerometer are 100 Hz; the 
speed error of the GPS system is 0.05 m/s, the position error is 5 
m, and the frequency of the GPS system is 10 Hz. The initial 
state of the SINS system is set as follows: the initial position of 
the SINS system is north latitude 45° and longitude 126°, initial 
attitude: heading angle 45°, pitch angle 0° and roll angle 0°, 
initial velocity: east velocity 0 m/s, north velocity 0 m/s and sky 
velocity 0 m/s. The state of the SINS system changes as 
follows: acceleration movement at a forward acceleration of 1 
m/s2 for 10 s, and then uniform movement for 500 s. 

B. Simulation Results and Analysis 

In order to verify the adaptive ability of the improved 
algorithm when the GPS measurement noise changes, the 
measurement noise within 200 s to 260 s is amplified in the 
GPS simulation data. Figs. 1 and 2 show the added noise of 
speed and position. Figs. 3 and 4 are the speed and position 
error graphs of the algorithm after adding abnormal noise, and 

Fig. 5 is the attitude error graphs of the algorithm after adding 
abnormal noise. The red line is the alignment effect of the 
improved air fine alignment algorithm, and the blue line is the 
UKF fine alignment algorithm without adaptive algorithm. 

It can be seen Figs. 1 and 2 that when abnormal noise appears 
in the GPS data, the algorithm in this paper is more stable and 
will not fluctuate due to the change of measurement noise. And, 
there is no singular value phenomenon in the improved air 
precision alignment algorithm during the operation of the 
algorithm. 

 

 

Fig. 1 Speed noise 
 

 

Fig. 2 Position nose 
 

 

Fig. 3 Comparison of speed error  
 

In order to verify the robustness of the air precision 
alignment algorithm when there are outliers in the GPS output, 
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on the basis of the above simulation parameter settings, three 
outliers are added to the GPS speed and position, and then the 
air precision alignment is performed.  

 

 

Fig. 4 Comparison of position 
 

 

Fig. 5 Comparison of attitude 
 

 

Fig. 6 Comparison of speed 
 
Figs. 6 and 7 are the speed and position error graphs of the 

algorithm after adding GPS outliers, and Fig. 8 is the attitude 
error graphs after adding GPS outliers. It can be seen from the 
results that for the UKF fine alignment algorithm, no matter the 
speed, position or attitude, it will be affected by GPS outliers 
and produce large fluctuations, while the algorithm in this 
paper will not be affected by outliers. Even if there are outliers 
in the system, it can still converge normally and have good 

robustness. 
 

 

Fig. 7 Comparison of position 
 

 

Fig. 8 Comparison of attitude 

VI. CONCLUSION 

In order to improve the accuracy and robustness of the SINS/ 
GPS system air precision alignment algorithm, this paper 
proposes an improved air fine alignment algorithm. Firstly, the 
system error is accurately modeled to establish a nonlinear error 
model; then, the UKF is studied to make it adaptive to the 
changeable measurement noise; and at the same time, 
considering the influence of GPS outliers on the fine alignment 
results, the algorithm based on outlier detection improves the 
robustness of the algorithm. Through simulation experiments, 
the effectiveness of the proposed algorithm is verified. 
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