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Postbuckling Analysis of End Supported Rods under
Self-Weight Using Intrinsic Coordinate Finite
Elements

C. Juntarasaid, T. Pulngern, S. Chucheepsakul

Abstract—A formulation of postbuckling analysis of end
supported rods under self-weight has been presented by the
variational method. The variational formulation involving the strain
energy due to bending and the potential energy of the self-weight, are
expressed in terms of the intrinsic coordinates. The variational
formulation is accomplished by introducing the Lagrange multiplier
technique to impose the boundary conditions. The finite element
method is used to derive a system of nonlinear equations resulting
from the stationary of the total potential energy and then Newton-
Raphson iterative procedure is applied to solve this system of
equations. The numerical results demonstrate the postbluckled
configurations of end supported rods under self-weight. This finite
element method based on variational formulation expressed in term
of intrinsic coordinate is highly recommended for postbuckling
analysis of end-supported rods under self-weight.

Keywords—Variational method, postbuckling, finite element
method, intrinsic coordinate.

I. INTRODUCTION

OSTBUCKLING analysis of rods is a fundamental
problem in elastic theory of structures. The classical
theory of elastic rods is presented widely in texts books, such
as those by Love [1], Timmoshenko and Goodier [2], Antman
[3], Wang [4] and Bigoni [S] which the buckling load has been
given in texts books [1]-[5]. For the past several years ago,
almost all research dealt with buckling loads of
columns/beams has attracted the attention of many
investigators such as cantilever columns loaded laterally by a
tip force [6], heavy columns with various support conditions
subjected to an axial load and restrained by internal supports
[71, [8], elastic columns of constant and variable cross-
sections [9], non-prismatic columns under self-weight and tip
force [10], the axially non-uniform elastically restrained
beams [11] and the buckling load of columns under self-
weight with various boundary conditions [12].
Nowadays, postbuckling analysis of rods is considered to be
a fundamental topic in elastica theory of structures, and an
interesting practical problem in structural stability. In case of
methods for solving the postbuckled configuration of
rods/columns, the most research focused on applying
numerical solution of shooting method to solve postbuckling
behavior of beam and rods/columns such as a standing
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sandwich beam under terminal force and self-weight [13], a
clamped-simply supported rod under axial force [14], slender
elastic rod subjected to axial terminal forces restrained by
hinged with a rotational spring [15], a cantilever column due
to self-weight [16], slender rods with double-hinged boundary
condition subjected to axial terminal forces and self-weight
[17], hinged-fixed beam under uniformly distributed follower
forces [18] and slender rod with two hinged ends under self-
weight [19]. In addition, the postbuckling behavior of rods/
columns under various loading and supporting conditions are
also analyzed by using the Runge-Kutta and Regula-Falsi
methods [20], Butcher’s fifth-order Runge-Kutta method [21],
Sturm-Liouville boundary value problem [22], Differential
quadrature method [23], Matched asymptotic perturbation
method [24], A canonical dual finite element method [25].

From the literature in the field of offshore engineering, the
analysis of buckling and postbuckling of vertical rods have
been investigated in several studies for example Huang and
Dareing [26], [27], Lubinski [28], Kokkinis and Bernitsas
[29], as well as Vaz and Patel [30], [31]. The previous
research related to offshore engineering application also
mentioned that self-weight of long submersed rod is main
factor cause to its buckle.

Although the model formulation of postbuckling rods/
columns has been presented by several scholars, their model
formulations have not yet used the intrinsic coordinates finite
elements. Therefore, the purpose of this study is to present
intrinsic coordinates finite elements based on variational
method for postbuckling analysis of rods under self-weight
with various end conditions. The variational formulation
developed in the present study involves strain energy due to
bending, and the potential energy of the self-weight. To
accomplish the formulation, the constraint of the boundary
condition in a Lagrange multiplier technique is employed. The
results obtained in this study are compared with those results
reported by Liu et al. [19]. Moreover, the obtained buckled
configurations of end supported rods under self-weight can be
used to predict the postbuckling behavior of rods and other
engineering structure.

II. VARIATIONAL FORMULATION

According to the elastica theory, the exact curvature is used
to obtain postbuckling behavior of end supported rods. The
model formulation is developed by elastica theory based on
the assumption that the deflection of rods can be large, but
strain is small. Then, torsional and shear rigidities are
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neglected. An energy functional of rods expressed in the
intrinsic coordinates ( €, S) can be written as:

Ll Ls
7=|=El& *ds—w. 1—cos @]dsds 1
{2 H[ ] ()

The first term in (1) is the strain energy due to bending and
the second term is the potential energy of the self-weight

(W,). In the constrained boundary condition of the end

supported rods, a Lagrange multiplier technique [32] is
introduced; thus, the constrained boundary condition can be
given as:

g:y(L)—jsinedszo ©)

0

where Yy(L) is the lateral displacement of the end supported

rods at position L. The multiplier A is added to the system in
accordance with the Lagrange multiplier technique. The
modified total potential energy function of the system can be
expressed as:

L
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The rotation angle () and the Lagrange multipliers (1) in

the variational formulation in (3) are determined
simultaneously using finite element method and Newton-
Raphson iteration. The boundary conditions in this study (Fig.
1) are as follows:

Simply supported,

y(©0)=0, y(L)=0, M(0)=0, M(L)=0 “4)
Clamped-pinned;

y(0)=0, y(L)=0, 8(0)=0, M(L)=0 ®)
Clamped-clamped;

y(0)=0, y(L)=0, 8(0)=0, 6(L)=0 (6)

III. FINITE ELEMENT METHOD

The total arc-length of rods is divided into a number of k™
elements in the finite element procedure. The rotation function
6(s) within the k™ element can be approximated by using

Lagrange interpolation functions as:
0(s) =[N]{q} @)

where [N] is the shape function components consisting of:
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Fig. 1 Deformed configurations of end supported rods under self-
weight: (a) simply supported, (b) clamped-pinned, (c) clamped-

clamped
2 3 2 3
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The vector {q} denotes the local degrees of freedom
representing the value of 6(s) and | is the element length of

arod for each discretized k™ element.

Gaussian quadrature integration for a line element is
L

performed for single integration, If(s) ds, in (3). This
0

integral can be transformed to an integration having limits

¢ =-1and ¢ =1 by substitution $ :%(1+§) , becomes:

JL'f(s)ds:J]'f(s)(S—Z)dg“:%Zn:Wif(%(Héﬂ)) 9)
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The double integration, f(s)dsds, in (3), can be

O —y
ct—

Ls
changed in the form of II f (t)dtds . The Gaussian quadrature
00

integration formula can be applied to any arbitrary interval [0,

s] with transformation t = %(1 +¢), yields:
S 1 dt n
! f (t)dt =£ f(t)[@jdf =%Z]:W f (%(H;)) (10)

Ls
Then, the double integration J- I f(t)dtds can be given as:

00

S —y

s 1 1 dt d
_([f(t)dtds::[lu f(t)Edg‘j%dcj

1(L
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(11)
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where the Gauss points &; and ¢ are the value of

coordinates at a specific point in the line element, and the W,
and W, are the weight appropriate to &; and ¢j, respectively.
Following the wvirtual work-energy principle, the

equilibrium equations are obtained by taking the variation of
the modified total potential energy in (3). The energy

functional of the k™ element can be expressed in terms of its
local degrees of freedom as:

* *
sm =] 5 s5q +[ 5 ) 51— 0 (12)
oq, oA
% *
Since &¢ and o4 are arbitrary, agk and 67:2 in (12)
O

are approximation to the solution. Taylor’s series expansion
E3
about

om * and o,
oq, oA

) el
. oq J, (09;\ aqa )],
*
+]0 | o7 AJ, =0
oal aa,

by truncating the second-order terms,

yields

(13)

International Scholarly and Scientific Research & Innovation 13(11) 2019

(14

where {Aq} ={q} . —-{a},, M, =4.—4, and n =

number of iterations. Then, (13) and (14) can be arranged into
a matrix form as:

[ el S

The integer value N is the number of nodal rotations of the
rod system.

The matrix [K , ] is obtained as an assemblage of the local
Zﬂ_k %

09,00

{K,} represents the assembling of the element vectors

stiffness matrices I: } from all elements, and the vector

o’r *
T\ The vector {R,} is the assemblage of element
040q,

*
97

. orm, *
and the parameter R, is the value of —*

v b

vectors
1
respectively.

In order to find the solution of system in (15), the Newton-
Raphson iterative procedure is employed to obtain the
numerical solutions. The numerical procedure can be
summarized in the following as:

1. Specify the initial values {q}=0and A= 0.

2. Determine the matrix [K NL] , the vector {K 1} , the vector
{R,} and the parameter R, .

3. Apply
. 1AG) and A4

4. Addthe {Aq} to {g} and AZ to A, which give the new
values of {q,} and 4.

the boundary conditions and solve for

5. Repeat steps 2 through 5 until {Aqi} and A1 are
converged.

The resulting solutions are the rotation angle (&) at each
node and 4.

IV. RESULTS AND DISCUSSION

As found in the literature review, research studies on
postbuckling behavior of a rod under self-weight are mostly
concerned with simply supported rods. Therefore, the
comparison numerical solution for postbuckling load (W, ) of
the simply supported rods under self-weight obtained in this
work and previous researches are presented first, as shown in
Table I. For Table I, the value of the shortening (I =u/L) and
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the maximum lateral displacement (Y, /L) between the 10

results of the finite element method (FEM) and other research
studies undertaken by Liu et al. [19], in which the problem has
been solved numerically by the shooting method (SM) are
compared. The obtained numerical results show that FEM and
SM from previous work [19] are in very good agreement for

08

lower value of W, . However, small difference with a less than

5 percentage point were obtained in case of the shortening
(@=u/L) for higher value of W,. The increased difference

06

arises from the fact that the difference formulation technique
is used. Moreover, the buckled configurations are obtained
from FEM results are shown in Figs. 2-4. The buckled
configurations of simply supported rod in Fig. 2 show the
relationship between the axial displacements and lateral
displacements which similar to the behavior of a double-
hinged rod under self-weight, as presented in the work of Liu
et al. [19]. In addition, Figs. 3 and 4 also display the
postbuckle configurations of clamped-pinned and clamped-
clamped rod under self-weight. In offshore engineering 0.0
applications, the buckling of rods often occurs for long

submersed rods used as drilling bars or oil sucker rods and

marine risers in offshore oil/gas exploitation. The self-weight

04

02 -

Non-dimensional axial displacements (x/L)

of the rod becomes the main factor to cause the buckling. The 02 o 0'0 0'1 0'2 0'3 0'4 0s
postbuckling behavior of rods is typically analyzed on the - ’ ’ ' ’ ’ ’
deformed rod after buckling and losing its stability. The Non-dimensional lateral displacements (/L)

presented analysis method can be used to predict the
postbuckling behavior of rods and will be beneficial for the
design of other engineering structures.

Fig. 3 Postbuckling configurations of a clamped-pinned rod under
self-weight
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Fig. 4 Postbuckling configurations of a clamped-clamped rod under

Fig. 2 Postbuckling configurations of a simply supported rod under :
self-weight

self-weight
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TABLEI
COMPARISON OF NUMERICAL RESULTS FOR POSTBUCKLING LOAD OF SIMPLY-
SUPPORTED RODS UNDER SELF-WEIGHT

W o=u/L i v /L i

s FEM SM Difference FEM SM Difference
19  0.0549 0.0550 0.1821 0.1460 0.1459 0.0685
20  0.1767  0.1770 0.1698 0.2505 0.2510 0.1996
21 0.2951  0.2980 0.9827 0.3082 0.3097 0.4867
22 0.4202 0.4320 2.8082 0.3456 0.3493 1.0706
23 0.6284  0.5990 4.6785 0.3648 0.3653 0.1370

Note: FEM = finite element method; SM = shooting method [19]

V.CONCLUSIONS

A variational method for postbuckling analysis of end
supported rods under self-weight is presented. The strain
energy due to bending and the potential energy of the self-
weight are the complement of a variational formulation.
Lagrange multiplier technique is included by identified the
Lagrange multiplier as the reaction at the end support. FEM
with Newton-Raphson iteration procedure are used for
numerical solution. The variational method presented here is
highly recommended to analyze the postbuckling behavior of
end supported rods under self-weight.

ACKNOWLEDGMENT

The authors would like to acknowledge the Institutional
Research Capability Development Grant from the Thailand
Research Fund (TRF) and King Mongkut's University of
Technology Thonburi (KMUTT).

REFERENCES

A. E. H. Love, Treatise on the mathematical theory of elasticity.
Cambridge University Press: London, 1944.

S. P. Timoshenko, J. N. Goodier, Theory of elasticity. McGraw-Hill:
Singapore, 1982.

S. S. Antman, Nonlinear problems of elasticity. Applied Mathematical
Sciences 107. Springer Verlag. New York. USA, 1991.

C. M. Wang, C. Y. Wang, J.N. Reddy, Exact solutions for buckling of
structural members. CRC Press: boca Raton. Florida, 2005.

D. Bigoni, Extremely deformable structures. Ed. Springer: Wien-New
York, 2015.

R. Haftka, W. Nachbar, “Post-buckling analysis of an elastically-
restrained column,” Int. J. Solids Stuct., vol. 6, no. 11, pp. 1433-1449,
Nov. 1970.

C. M. Wang, K. K. Ang “Buckling capacities of braced heavy columns
under an axial load,” Comput. Struc., vol. 28, no. 5, pp. 563-571, 1988.
Y. H. Chai, C. M. Wang, “An application of differential transformation
to stability analysis of heavy columns,” Int. J. Struc. Stab. Dyn., vol. 6,
no. 3, pp. 317-332, 2006.

S. B. Coskun, M. T. Atay, “Determination of critical buckling load for
elastic columns of constant and variable cross-sections using variational
iteration method,” Comput. Math. Appl., vol. 58, no. 11-12, pp. 2260-
2266, Dec. 2009.

D. J. Wei, S. X. Yan, Z. P. Zhang, X. F. Li, “Critical load for buckling
of non-prismatic columns under self-weight and tip force,” Mech. Res.
Commun., vol. 37, no. 6, pp. 554-558, Sep. 2010.

Y. Huang, Q. Z. Luo, “A simple method to determine the critical
buckling loads for axially inhomogeneous beams with elastic restraint,”
Comput. Math. Appl., vol. 61, no. 9, pp. 2510-2517, May 2011.

W. H. Duan, C. M. Wang, “Exact solution for buckling of columns
including self-weight,” J. Eng. Mech., vol. 134, no. 1, pp. 116-119, Jan.
2008.

B. Han, F. Li, C. Ni, Q. Zhang, C. Chen, T. Lu, “Stability and initial
post-buckling of a standing sandwich beam under terminal force and
self-weight,” Arch. Appl. Mech., vol. 86, no. 6, pp. 1063-1082, June

(1]
(2]
[3]
[4]
[5]
[6]

[7]
[8]

9]

[10]

[11]

[12]

[13]

International Scholarly and Scientific Research & Innovation 13(11) 2019

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]
(27]
(28]

(29]

[30]

(31]

[32]

686

2016.

C. Y. Wang, “Post-buckling of a clamped-simply supported elastic,” Int.
J. Non-Linear Mech., vol. 32, no. 6, pp. 1115-1122, Nov. 1997.

M. A. Vaz, D. F. C. Silva, “Post-buckling analysis of slender elastic rods
subjected to terminal forces,” Int. J. Non-Linear Mech., vol. 38, no. 4,
pp. 483-492, June 2003.

L. N. Virgin, R. H. Plaut, “Postbuckling and vibration of linearly elastic
and softening columns under self-weight,” Int. J. Solids Struct., vol. 41,
no. 18-19, pp. 4989-5001, Sep. 2004.

M. A. Vaz, G. H. W. Mascaro, “Post-buckling analysis of slender elastic
vertical rods subjected to terminal forces and self-weight,” Int. J. Non-
Linear Mech., vol. 40, no. 7, pp. 1049-1056, Sep. 2005.

S. Li, Y. Zhou, “Post-buckling of a hinged-fixed beam under uniformly
distributed follower forces,” Mech. Res. Commun., vol. 32, no. 4, pp.
359-367, July-Aug. 2005.

J. Liu, Y. Mei, X. Dong “Post-buckling behavior of a double-hinged rod
under self-weight,” Acta Mech. Solida Sinica., vol. 26, no. 2, pp. 197-
204, Apr. 2013.

B. K. Lee, S. J. Oh, “Elastica and buckling of simple tapered columns
with constant volume,” Int. J. Non-Linear Mech., vol. 37, no. 18, pp.
2507-2518, May. 2000.

K. Lee, “Post-buckling of uniform cantilever column under a combined
load,” Int. J. Non-Linear Mech., vol. 36, no. 5, pp. 813-816, July 2001.
V. V. Kuznetsov, S. V. Levyakov “Complete solution of the stability
problem for elastica of Euler’s column.” Int. J. Non-Linear Mech., vol.
37, 1n0.6, pp. 1003-1009, Sep. 2002.

O. Sepahi, M. R. Forouzan, P. Malekzadeh “Differential quadrature
application in post-buckling analysis of a hinged-fixed elastica under
terminal forces and self-weight,” J. Mech. Sci. Technol., vol. 24, no. 1,
pp. 331-336, Jan. 2010.

C. Y. Wang, “Large post-buckling of heavy tapered elastica cantilevers
and its asymptotic analysis,” Arch. Mech., vol. 64, no. 2, pp. 207-220,
Jan. 2012.

K. Cai, D. Y. Gao, Q. H. Qin, “Postbuckling analysis of a nonlinear
beam with axial functionally graded material,” J. Eng. Math., vol. 88,
no. 1, pp. 121-136, Oct. 2014.

T. Huang, D. W. Dareing, “Buckling and lateral vibration of drill pipe,”
J. Eng. Ind., vol. 90, no. 4, pp. 613-619, Nov. 1968.

T. Huang, D. W. Dareing, “Buckling and frequencies of long vertical
pipes,” J. Eng. Mech. Div., vol. 95, no. 1, pp. 167-182, 1969.

A. Lubinski, “A study of the buckling of rotary drilling stings,” API
Drilling and Production Practice., pp. 178-214, 1950.

T. Kokkinis, M. M. Bernitsas, “Post-buckling analysis of heavy columns
with application to marine risers,” SNAME J. Ship Res., vol. 29, no. 3,
pp. 162-169, Sep. 1985.

M. A. Vaz, M. H. Patel, “Analysis of drill strings in vertical and
deviated holes using the Galerkin technique,” Eng. Struct. vol. 17, no. 6,
pp. 437-442, July 1995.

M. A. Vaz, M. H. Patel, “Initial post-buckling of submerged slender
vertical structures subjected to distributed axial tension,” Appl. Ocean
Res. vol. 20, no. 6, pp. 325-335, Dec. 1998.

H. L. Langhaar, Energy methods in applied mechanics. New York: John
Wiley & Sons, 1962.

1SN1:0000000091950263



