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Abstract—In this paper, we proposed the notion of single valued
neutrosophic hesitant fuzzy rough set, by combining single valued
neutrosophic hesitant fuzzy set and rough set. The combination
of single valued neutrosophic hesitant fuzzy set and rough set
is a powerful tool for dealing with uncertainty, granularity and
incompleteness of knowledge in information systems. We presented
both definition and some basic properties of the proposed model.
Finally, we gave a general approach which is applied to a
decision making problem in disease diagnoses, and demonstrated the
effectiveness of the approach by a numerical example.

Keywords—Single valued neutrosophic hesitant set, single valued
neutrosophic hesitant relation, single valued neutrosophic hesitant
fuzzy rough set, decision making method.

I. INTRODUCTION

HE notion of rough set theory has been proposed by

Pawlak in 1982 [5] and the theory of fuzzy set proposed
by Zadeh in 1965 [13], they are generalizations of the classical
set theory. Rough set theory is a mathematical approach
concerning uncertainty that comes from noisy, inexact or
incomplete informations. In Zadeh’s fuzzy set theory and
the membership function play the important role, whereas in
Pawlak’s rough set theory and equivalence classes of a set are
the significant part for the upper and lower approximations of
the set.

As a generalization of fuzzy sets, intuitionistic fuzzy
set [1] and the concept of neutrosophic set (NS) were
introduced by Smarandache [6] in 1999. The concept
of neutrosophic set handles indeterminate data whereas
fuzzy set theory and intuitionistic fuzzy set theory failed
when the relation is indeterminate. Neutrosophic set is
described by three functions: true-membership function,
indeterminacy-membership function and falsity-membership
function that are connected independently. The neutrosophic
set theory has been very successful in several areas, such as
medical diagnosis, database, topology and decision making
problem [3], [12]. While the neutrosophic set is an important
tool for handing the indeterminate and inconsistent data, the
theory of rough set is a powerful mathematics tool to deal
with incompleteness.

Without a particular description, it is hard to use the NS
in real scientific and different domain. Therefore, researchers
presented the interval neutrosophic set (INS) [8], multi-valued
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neutrosophic set (MVNS) [4] and rough neutrosophic set
(RNS) [2].

Wang et al. [9] proposed single valued neutrosophic set
(SVNSs) by simplifying NSs. SVNSs can also be considered
as an extension of intuitionistic fuzzy sets, in which the three
membership functions are unrelated and their function values
belong to the unit closed interval.

As another generalization of fuzzy sets, the hesitant
fuzzy set (HF) was defined by Torra [7], which allows its
membership function to have a set of possible values. Hesitant
fuzzy set is also important concept used to deal with imperfect
information [10]. By combining the advantages of the SVNS
and HFS, Ye [12] introduced the notion of single valued
neutrosophic hesitant fuzzy set (SVNHFS) which allows its
membership function to have sets of possible values, which are
called truth, indeterminacy, and falsity membership hesitant
functions and discussed some properties of SVNHES to solve
multiple attribute decision making problems. In addition,
many researchers have studied hesitant fuzzy decision making
problems by utilizing plenty of classical decision making tools.
Among them, since the rough set approach owns advantages in
attribute selection, we aim to deal with the situation by virtue
the rough set theory.

In this paper, we apply rough set model to decision
making involving single valued neutrosophic hesitant fuzzy
sets. Moreover, we also propose an illustrative example to
interpret the basic principal and method of the application of
the rough set model in single valued neutrosophic hesitant
fuzzy decision making.

Section II recalls some basic concepts of rough sets, single
valued neutrosophic hesitant fuzzy sets. In Section III, we
present rough set model based on SVNHF relation over two
universes and examine some properties of this model. In
Section IV, we establish a general approach to decision making
based on SVNHF rough set over two universes. Section IV
illustrates the principal steps of the proposed decision method
by a numerical example. Finally, in Section VI we conclude
the paper with a summary and outlook for further research.

II. PRELIMINARIES

In this section we recall some basic notions and properties
which will be used in this paper.

A. Pawlak Rough Sets

Let U be a non-empty finite universe, R be an equivalence
relation on U. We use U/R to denote the family of all
equivalence classes of R (or classifications of U), and [z],
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to denote an equivalence class of IR containing the element
x € U. The pair (U, R) is called an approximation space. For
any X C U, we can define the lower and upper approximations
of X [5] as:

R(X) = {z € U fu], C X}
R(X)={zeU:[z]zNX # ¢}

The pair (R(X), R(X)) is referred to as the rough set of
X. The rough set (R(X), R(X)) gives rise to a description
of X under the present knowledge, i.e., the classification
of U. Furthermore, the positive region, negative region, and
boundary region of X about the approximation space (U, R)
are defined as follows, respectively,

pos(X) = =~
R(X) - R(X),

R(X) neg(X) R(X). bn(X) =

where ~ X stands for complementation of the set X.

B. Single Valued Neutrosophic Hesitant Fuzzy Sets

Wang et al. [7] proposed the concept of single valued

neutrosophic sets defined as follows:
Definition 1 [9]. Let U be a space of points (objects),
with a generic element in U denoted by x. A SVNS
A in U is characterized by three membership functions,
truth membership function 74, an indeterminacy membership
function 14 and falsity membership function F4 where Vo €
U ,TA(JI), IA((L‘), FA(I) S [0, ].].

Ye [10] defined the concept of single valued neutrosophic
hesitant fuzzy sets (SVNHFS), which is an extension of
hesitant fuzzy set.

Definition 2 [12]. Let X be a non-empty fixed set, a SVNHFS
on X is expressed by:

N:~{(x,t(x),i(x),f~(x)|xENX)}, N 5
where t(z) = {7y € t(2)}, i(x) = {8]6 € i(x)}.f(z) =
{n|n € f(x)} are three sets with value in [0, 1], representing
truth, indeterminacy and falsity membership hesitant degrees
of the element x € X, which satisfy limits: v € [0,1], § €
[0,1],n € [0,1] and O < sup v + sup J + sup > 3.

For any y € U, several special SVNHF sets 1,, 1y —y and
15 are defined, respectively, as follows: For z € U, M C U,

- 1 for z=y - 0 for z=y
by, () = 0 for z+#y n, (@) = { 1 for xz#y
z | 0 for z=y
fly(x)_{ 1 for xz#y
- ) _ 0 for z=y ~ .
tlU—y ('L.) - { 1 for =z 75 Yy Yy oy (%‘) -
1 for z=y
0 for z+#y
~ |1 for z=y
Fu@={ g 23"
~ 1 for zeM ~
ty (2) o { 0 for otherwise 11 () o
0 for zeM
1 for otherwise
~ 0 for zeM
fru (@) = { 1 for otherwise
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Let U be a discrete universe of discourse,
A and B be two SVNHF sets on U denoted
as A = {(z,talx),ia(z), fa(z)lz € U)}and
B = {(x,ta(x),is(x), falz)|lz € U)}, respectively. It

should be noted that the number of values in different
SVNHF elements may be different and the values of SVNHF
element are usually given in a disorder. Suppose that £(t4(z)),
(ia(x)) and £(fa(x)) stands for the number of values in
ta(x), ta(z) and t4(z), respectively.
Some basic operations of SVNHFEs are defined by Ye [10],
as
Definition 3 [12]. Let 11, = (£1,4,, f1) and 17y = (2,42, f2)
be two SVNHFEs, then:
1) 1 Uiy = {t1 Uty t1 Nia, T Nia};
2) Til ﬂﬁg = {tl ﬂtg,tl Utz,tl Utz};
3) m@ng = U'Yl €61,61€01,mEfiv2€L2,82€02,mEfo {m+r2-
Y1725 0102, 172}
4 m@ng = U71€t~1751€i~17771€f1“/2€{2752€i~27772€f72 {7172’51_‘_
02 = 0102, 1M1 + 72 — 172
5) Kil =Uensenmenil — (L —7)" ot}
~k k k
6) " k_ U716t~1,51€i~1,"]1€f~1{71’1 - <1 - 51) ’1 - (1 -
m)~}

III. SINGLE VALUED NEUTROSOPHIC HESITANT Fuzzy
ROUGH SETS

Yang et al. [9] proposed a hesitant fuzzy relation as:
Definition 4 [11]. Let U be a nonempty and finite universe. A
hesitant fuzzy relation R over U is a hesitant fuzzy subset such
that R € HF(U x U) where R = {(z,y), hr(z,y)|(z,y) €
U x U}For all (z,y) € U x U, hgr(z,y) is a set of the values
in [0, 1], which is used to denote the possible membership
degrees of the relationships between x and y.

Inspired by the concept of the hesitant fuzzy relation, we
will further extend the hesitant fuzzy relation into SVNHF
environment, and introduce the concept of SVNHF relation
over two universes which is used to construct SVNHF rough
approximation operators. Firstly, we present the concept of a
SVNHF relation as:

Definition 5. Let U, V be two nonempty and finite universes.
A SVNHF subset R of the universe U x V is called
a SVNHF relation from U to V, namely, R is given by
R = {~(x,~y),iR(%y),iR(x,y),fR(x,y)l(ﬂc,y) € U x V}
where tg,ig,fr : U x V — [0,1] are triple sets of
some values in [0, 1], denoting the possible truth-membership
hesitant degrees, indeterminacy-membership hesitant degrees,
and falsity-membership hesitant degrees of the relationships
between x and vy, respectively, with the conditions: 0 <
v,0,m > 1and 0 < T + 47 —i—q* > 3, where for all
(z,y) € U x Vy € tr(z,y), 6 € ir(z,y), n € frlz,y),
~T € t;(x,y) = Uweijz,y)max{V}v ot € i;(x,y) =
Usein(aymazid}, n™ € fh(z,y) = Uy (e maz{n}.

Definition 6. The SVNHF relation R from U to V is said
to be serial if for each x € U, there qxists ay € V such
that tz(z,y) = {l}andip(z,y) = fr(z,y) = 0, R is
said to be reflexive on U if {z(z,2) = {1}andig(z,z) =
fr(z,z) = 0 for all z € U, R is referred to as a symmetric
SVNHF relation on U if tg(x,y) = tr(y, ), ig(z,y) =
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%R(y,x)ande(x,y) = fR(yLa;)forallZl@,y € U, Ris said to
be transitive on U if \/ . {tr(z,y) A tr(y,2)} < tr(z,2).

Ayevlin(z.y) Vir(y, 2)} < ir(r,2) and A e {fr(z,y) v
fr(y,2)} < fr(z,2) for all z,z € U.

Alternatively, R is transitive if the following conditions are
satisfied:
Vyer (85" (@, y) ME (0, 2)} < T30 (2,2), 1 < s < ks
NveoAiR” @ y) Vg (v, 2)} <TF" (e 2) 1<t <m

Ao Fi @) v I (0.2} < FR (@2, 1< v <n.
where #9(¢) denote the sth 1~argest value in ¢, 17 denote the
tth largest value in 7 and f(*) denote the vth largest value
in f. k= mar{t(ir(e,y)), ey, 2). linlr.2))},
m = mar{l(ir(z,y)), {ir(y, =), (ir(z,z)} and
no = maz{t(fa(z,y)). ((fa(y, =), ((fr(z,2))} Based
on the above SVNHF relation, lower and upper SVNHF
approximation operators are defined as:

Definition 7. Let U and V be two nonempty and finite
universes and R be SVNHF relation from U to V. The triple
(U,VR) is called a SVNHF approximations space. For any
A € SVNHF(V) the lower and upper approximations of A
with respect to (U,V,R), denote by R(A) and R(A) are two
SVNHEF sets of U and are, respectively, defined as:
 R(A) = {2, < In(a),ir(@), fr(2) > o € U}

R(A) = {z, < I5(2), ig(x), fr(z) > |z € U}

where

) tr(a)(z) = Nyevifr(z,y) v ta(y)} .
ira) (@) = Vyey {ir(z,9) Nia()} =V yer {1 —tr(z,y) A
ia(y)}, ) 3

fray(@) =V, ev{tr(z.y) A faly)},

() = Vyer (o) Aa(0).
iﬁ(A)(x) = /\yev{i{%(% y) VvV ié(y)}’
fE(A)(x) = /\yEV{fR(x?y) V fa(y)},

The pair (R(A), R(A)) is called the SVNHF rough set of A
with respect to (U,V,R), and R(A), R(A) : SVNHF (V) —
SVNHF(U) are referred to as lower and upper SVNHF
rough approximation operators,respectively.

Clearly, the above definition implies equivalences of the
following form:

frn(@) = Aoy 2@y v @I < s <
maz{((fr(z.y)), ((a(v))}. ~

in(@) = Vyer {1 = i@y A i@ < ¢ <
maa{((1 = in(w. ), (@)},

Fra(@) vyev{ﬂ (@) A F0W < v <
maar{{(n(,y)). ((fa) - ]

Frn@ = Vol B @) A B < s <

maz{{(ir(z,y)), {(Ta(y)}, i

@ = Aedin@y v WL <t <
maz{{(ir(z,y)),{(ia(y)},

fan@ = Nerlf2"@y) v A7 < o <
maz{¢(fr(z.)), ((f1()}.

where the ¢(.) stands for the number of values in hesitant fuzzy
elements.
Definition 8. Let U be a nonempty and finite universe
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of discourse. Denote k = maz{l(ta(x), {(tp(x)}, m =
maz{0(ia(z)), ((ip(x))} and n = maz{f(fa(z), ((f5(x)}
VA, B € SVNHF(V), A is said to be a SVNHF subset of
B, if ta(y) <tp(y), ia(y) > ip(y) and fa(y) > fu(y) hold
for any x € U; such that
tA(y) <tp(y). ialy) > ip (y) nd ~A( ) > foy) <=
Uiy < B, 5O > W) ma FOG) >
U(v(y)w1th1<s<k1§ t<mand 1 <v <n we
denote it by A C B.
Theorem 1. Let (U,V, R) be a single valued neutrosophic
hesitant fuzzy approximation space over two universes. Then
the lower and upper SVNHF rough approximation operators
induced from (U, V, R) satisfy the following properties for all
A, Be SVNHF(V)

1) (SVNHFLy)R(A°) = (R(A))®
2) (SVNHFU,)R(A®) = (R(A°))°
3) (SVNHFLy;)AC B = R(A) C R(B)
4) (SVNHFU,)A C B = R(A) C R(B)
5) (SVNHFL3)R(AN B) = R(A) N E(B)
6) (SVNHFU;)R(AU B) = R(A)UR(B)
7) (SVNHFL4)R(V)=U
8) (SVNHFU,)R(¢) = ¢

Proof.

1) (SVNHFLy) For all x € U, we have,
traey (@) = Ayev (R, 9) Viac(y)}
= Nyevifrla,y) vV fa(y)}
= Ayerv{fot >R(96 Y)V £, (y)}

= faa) (@) = I (@)

ingaey (@) = Vyer{l -

i g(x,y) A ZU(t)AC(y)}
= iz (@)

Frae) (@) = Vyey {Tr(2,9) A fac(y)}
= \/yev{tR(fB y) A tA(y)}

= Ve (17O r(, ) A7) 4 (y)}

ir(z,y) Niac(y)}=V, e {1 -

trea) () = f@(ay- (@)
From above discussions, it follows that R(A¢) =
(R(A))

2) (SVNHFLs) Since A C B then, by Definition 8, we
have
Z(S)(y) < U( )(y) Zz(t)( ) > 0'()(y) and

7y > fa(”)(y) with 1 < s <k, 1 <t <m and
1 <wv <nforall y € U. So it follows that
Npev Fi0 @) vV D@ < Ayer 2@ w) v
i3 ()

i (1)
ver{l_ZR (z,y)\i
’Ta(t)
W ©) 7o (v)
Vyer {7 (@, m) A F27 W) = Ve {677 (@,9) A
ro(v)

B (v)
hence, for each =« € U, we cpnclude that
treay(z) < trp) (@), igay(z) = igm)(r) and

Fra)(@) = frs) ().
Consequently, R(A) C R(B)

) > Ve (1= (@, y)A
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3) (SVNHFL3) For all z € U, we have
tg(AmB)() = ~/\yev{fR(37 y) vV tans(y)}
= Nyev{fr(z,y) Vv (taly) NtB(y))}
= Aer (27 @) v @ W) A W)y

1,2,....,

e (2, 0) v EZD () A
Ayer FE @) VIR W) b s =1,2, 0k

= tr(a)(x) Ntges) (z) = tR(AﬂB)(x) ~

irans) () =V, yevil — in(,y) A ians()}
= Vyer {1~ n(e,9) A () Vin()}

yev{l — 3@y A P Vg )t =

Lo
Voo (0~ 550 a,) A O N} v
Vye (7D (2,4) v 5 (y))} —1,2,.m

ir(a)(2) Vigm)(T) = ip(ans)(2)

fg(AmB)(ﬂf) = ~\/yev{fR(x,y) A fane(y)}
=V, evitr(@,y) A (faly) vV fB(y))}

=V, ev{t“”)( y) A W)} v =
1,2,.

vyev@% (@, y) A FT () v
V,er (i@ ) v @) o =1,2,.0m
= fr) (@) V frp) (2)

so(v a(v)
(73 v ify

= franp)(z)

Where k = max{{(tr(z,y)), (ta(y)), ﬁ(tB(x )},
m = maw{f(l — in(z,y)), Lia(y)), ((ip(y))} and
n = maz{0(fa(z, ), £ Fa(), (5 ()}
Hence, it follows that (SV N HFL4) holds.

4) (SVNHFL,) 1t is easy to prove.

Theorem 2. Let U, V' be two nonempty and finite universes.
Suppose that R; and Ry are two SVNHEF relations from U to
V, if Ry C R, then the following holds:

1) Ri(A) D Ry(A),YAe SVNHF(V)

2) Ri(A) C Ry(A),YA€ SVNHF(V)

Proof.

1) Since Ry C Ry, then for any (z,y) € U x V we have

Ltff(é) < tfr( 5) a(t) > d

R, (,9) (2,y), i5 (x,9) = i3 (@,y) an

‘va)(m y)>fa(”)( )w1th1§s§k:,1§t§m
and1<v<nforallyEU

try () (@) = Ayev{fr (@, y) VEa(y)}
—/\yev{f;“)(w VI W)s = 1,2, k)

> Ay 2 @y VBT W)ls = 1,2k} =
tRy () (7) ) i

iR, (4)(7) Vyer{l — ir,(z,y) A ia(y)lt
1,2, om} = VoAl — i (@,y) A iD=
1,2,m} < Ve {1 - za(t)(r,y) A
1,2,.....,m} =ig (A)(x)
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) (@) = Vyey {tr, (2,9) A faly)lo = 1,2,...,n}
= Voot @y A Bl = 1,20}
< Ve 0@,y A B = 1,2,.0,0)

fry(a)(@)
Hence, it follows that Ri(A) O Ry(A) holds.

2) It follows immediately from the above result (1).

Theorem 3. Let (U,V.Ry) and (U,V,R) be two
single valued neutrosophic hesitant fuzzy approximation
space over two universes and R = R; U Ry then for any
Ae SVNHF(V)

1) R(A) = Ri(A)URy(A)

2) R(A) = Ri(A) N Ry(A)

Proof.

1) Vx € U, we have
tra) (@) = Vyey {trz,y) Aaly)},
éﬁ(A) (z) = \/yev{t{%luRz (xay)~A ta(y)}s R
tra) (@) = Vyev {Er (2.9) ViR, (2,9)) Ataly)},
(Vyer G5 @ m) A IR ) v (Vyer ) (2,) A
2O )))s =1,2, ..., k}
= ’}:RT(A)(JU) v 7’5}27(,4)(1‘)

= tF]UFQ(A) (l‘

?ﬁ(A)(m) /\yEV{]‘ ir(z,y) Via(y)}.

fE(A)( T) = /\yev{lftfuRg (ac7y)~\/ ia(y)} )
iy (@) = Nyey{lirs (z,9) Nrg(z,y)) Via(y)},

Ayev (7@ 9) Vi @) A (Ayey (7 (@, 9) v
It =12, k)
= 17 (a) (@) At ) (@)

) = Nyeviin(e9) v Faw)},
T (@ = Ayerlimon@u) v i)},
Fron (@) = Ayey L (@) Afra(@,9) V Faly)},
<</\yev<t”‘”> (@, 9) VL @) A (Ayer (T (@, 9) v

AWl =1,2,...k})

= I (@) A (@)

= fruma (@)

2) It follows immediately from the above conclusion.
Definition 9. Let G; = (U,V,Ry) and Go(U, W, Ry) be
two SVNHF approximation spaces over two universes. The
composition of SVNHF relations Ry and R; is a SVNHF
relation from U to W, denoted by R = R o R, and is defined
as follows: for all (z,2) € U x V.

R = {(x,y),tr(x, 2),ir(z, 2), fr(zx, 2)|(z,2) € U x V},
where

ER(x Z) V{ER1(xay) A ERz(yvz)} =
VIR (@, y) AR (y,2) ] = 1,2, k)
ir(z,2) = Mir,(z,9) V ir,(y,2)} =
Mg (@y) ViR (g, 2)lt = 1,2, ..}
fr(z,2) = AMfr(2,9) V fr,(y,2)} =

fR(A)(x

15 (2,2) =

17 (2,2) =

F20(x,2)
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M @) v w2l = 1,2,
UxVand( z) eV xW.

The SVNHF approximation space G = (U, V, R) is referred

to as the composition of G; = (U, V, Ry) and G2(U, W, Rs),
denoted by G = G o G.
Theorem 4. Let Gy = (U,V,R;) and G2(U,W, Rs) be
two SVNHF approximation spaces over two universes, and
G = G o G2 be the composition of G and Go. Then, for
any A€ SVNHF(W),

..n}, for all (z,y) €

1) R(A) = (Ryo Ry)(A) = Ri(Ra(A)),
2) R(A) = (Rio Rp)(A) = Ri(Rz(A)).
Proof.
1) YxEU, we have :
thl(ITz(A))(x) Vyev{tRl (z,y) A tRz(A)( y)}

Vyer {ir @.9) A (Vacow{tra(y,2) A ta(2)})}
= Vyev Vaeo 057 (@9) AR (g,2) A0 ()]s =
1,2,..k = Vzew[Vyev(tZ(f)(I»y) A T (y,2))] A
20@)s = 1,2,k = V.oew@ P (@,2) A

59 (2))]s = 1,2, .k = T ) (2)

ZRl(Rz(A))( x) /\yev{%m(m y) vV %g(A)(y)} =
Ayervlim@y) V (Acwlin.(y,2) V ia(2)})}
Aver Acw G (2,y) Vv i) (y,2) v i3 ()t
1,2,..m = /\Zew[/\yevuzﬁ% y) ViR (y,2)))

<

EZ(?(Z)“ = 1,2,. = /\zEw(Z(lg(t)( Z, ) v
DY@ =1.2,.. k—ZR(A>( 7
PRy (@) Noevifm(e.9) v Fryn ()}

Ayer Ufr @9) V (Ascwlfra(v.2) V fa(2)})}
= Nyev Moo (PR @, m) V IR (g, 2) v FL 0 ()l =
1,2,..n = /\zew[/\yewf““)(x,y) vV R (y,2) v
AR = 1L2.m = A 7@z v
R =1,2,...k = fz (@)

2) It follows immediately from the above result.

Theorem 5. Let R be a SVNHF relation from U to V.
Suppose that 1,,1y — y and 17 are three special SVNHF
sets; then Vo € U, (z,y) € U x V, M C U, we have

1) Eg(m)(?) = /\y;erR(fE»Z/), 5@(11\4)(@ =
\/y;éMZCR(‘T7y -
and fp(1,,)(2) = \/y;éjw(tR(x7y)

) @ = Vientr@y). g, @

/\UEM ir(z,y) and fR(lM)(I) /\yEM fr(z,y)

3) tRu— (@) = [r(2,9). ROy () (@) = Cr(2,Y)
and fr(1,—{y}) () = tr(z,y)

4Ht R(l )(‘L') _tR(x y) ZR(1 )( ) gR(:Ly)

and fr, (@) = Fr(z,y)

Proof.
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1) lfor all x € U, we haye R
tﬁ(lm)(m) = /\ye\f{fR(xvy) \ flM (y)}
= {1 (Aypas Frlaw)
= /\y;é]u fr(z,y) ~ ~
iE(lM)(I) = Ver{iCR(xv y) A ill\/j (y)}
= {0}V (Vo r(a )
f \/y;éM iCR($7y) 5 B
.fE(lM)(I) = \/yev{tR(xvy) A flM (y)}
={0}v (_\/y;ﬁM fR(:c,y))
= \/y;eM tr(z,y)

2) It follows immediately from (1)

3) For all z € U, we have
tray 1w (@) = Ny {R(2,2) V iy o)}
= fr(z,y) A{1}
= fR(xvy) - N
ir(1u—{y} (@) = Voev{ir(@,2) Niry —yy0)}
= ifR(xa y) \ {0}
= iCR(xay) ~ -
fE(}U—{y}(‘/E) =V.ev{tr(z,2) A fiy— (3}
= éR(x7y) v {0}
= tr(z,y).

4) Tt follows immediately from (3)

Theorem 6. Let R be a SVNHF relation from U to V.
Suppose that R and R are the lower and upper SVNHF rough
approximation operators given in definition, then R is serial
iff one of the following properties hold:

1) (SVNHFL)R(6) = ¢

2) (SVNHFU,)R(V)=U

3) (SVNHFLU,)R(A) C R(A),YA € SVNHF(U)

Proof.

1) It is easy to prove.

2) First we prove that R is serial < (SVNHFU;)
suppose that R is serial. For any x € U, there
exists a z_ € V such that fp(z,2) = 1 and
in(v,2) = fale,2) =0,
Faon @ = AV, ey B,
1,2

g Ly eenn N

y) A FP)s =

= (Ve (5 (@,9) AD)|s = 1,2, ..k},

= ({59 (2, 2) v (\/y# £;<S>(x,y)) s =1,2, ...k},
{Ayev (3 (@, y) v 0 )l

= {/\yev(%;;(“(z,y) VOt =1,2,...m},

= {zg(t)( (/\y;ﬁz z;( )(:x,y)) [t=1,2,...m},
=0= EU(.T)
qnd
Fron@ = Ayev(FZ @y v BV W)
1,2,...n},
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= (7@ A 90 v
( Ve (57 (@ y)AtU(s)( )) ls=1,2, ...k},

0 v (Vo @ @) AT @) 15 =

={Ayev(fr Fol) (z,y) VO)|lv=1,2,...m},

= {77 @) A (A T2 ) ) o = 1,2, m),

=0=fu(z) _ 1,2, ...k},

Thus, we conclude that R(V) = U. Conversely, if

(SVNHFU,) holds, then Vo € U, fry (@) = 1 S () ()]s = 1,2, ok} = Ea(2),

and iﬁ(v)(x) = fﬁ(m( x) = 0. If R is not serial, EE(A)(@ = {/\yEV(ER('r’y)\/EA(y))}

then Vy € V, dz € U such that tp(z,y) # 1 and _ {Auev(g;(t)(x’y)\/gz(t)(ymt: 1,2,...m},

zR(x y) = frlz,y) # O then we have fx(x,y) N

iv(y) f(ma)c y) #(1 )z (z,y) %w) >;m<x ) #0 _ (7@ v G A
and fr(xz,y) U f = fr(z,y 0. That is, ~o(t) a'() .

tpz(v)(R) # 1 and ;/R (@) = ]}E(V)(l‘) =0 ( v (0 (@, y) VI (y)) t=1.2m}

which contradict the assumption. I0)) o (t) 210) _
3) Second we prove that R is serial <= (SVNHFLU,). = Ua(@ A (/\y#z(lR (@) Vig (y)) it =
Suppose that R is serial. For any = € U, there 1,2,...m},
exists a z € V such that fp(z,2) = 1 and o (t) .
ir(z,2) = fr(x,2) = 0, by definition we have <{ia (It =1,2,...m} = ia(2)
tra)(x) = {{\yev(fR(x %J))\/tA(y))} ind
= 7(3) (2 \/tas s=1,2,....k}, z z P
ey (T (@ y) Vi W) ) Fren @) = {Ayev (Fale, ) v Fa)}
_ (D@2 v B9 A = {Ayev (FZ @y v IV W) = 1,2, ..n},
0(5 ;o(s)
t - 1 2 .k ro(v ro(v
(y;ez (z,y) Viy (y)>|s 12, k]S _ (){( <>(() y <>(Z) A
= {f% U(S (2) A (/\y#z( NE(S)(x,y) v fz(s)(y)) ls = < y¢z(f; e, y) v (7/)) lv =1, 2 n},
1, 2, k}, ro(v ro(v ro(v
(759 A (N @) v W) o =
<{I ()]s = 1,2,..k} = Ta(2) 1,2, n},
L4 1°r(z,y) A1 ~ .
2 (") U{V”G‘”( ) Afyi)}g < (@l = 1,2,0on) = fal2)
={Vyev (ir () Ay (W)t =1,2,...m}, From the above discussions, we can conclude that
= Gl W T W @) = TRy @), (@) 2 iRy @) and
(\/ (rcg(t)( YA 70(,5)( )) =12 ) Treay(z) > fR(A)( x) which means that R(A) C R(A).
y£z\UR DY) Ag ) ) L= 4,2, Conversely, if (SVN(A)TFLUl)(holds, then V(ac) e U, we
B _ ;o(s) < jols t) > ~o(t
= 000V (V@ e niOw) e = e tR<A><$>J(;) (- () 2 Ty () and
1,2,...m}, fﬁ,&(?)( x) > {IT(A ( ). Thus(lt) follows that t(Rg(b)( z) <
: : B0 @), @) 2 B @) wd i) 2
> [FTOG)E=1,2,.m) = ia(2) Ry @) o) A
4 77 (2). On the other hand, we have
and " R(¢) _ ' 2o (s)
Freay(@) = {Vyev(tR(I y) A fa(y))} t@(@(x) = Nyev (Ur(@,9) = {\yev (Fr (2, y)ls =
=V, (7 @) AP )l = 1,2, ..}, kY and tg, (2) = 0. Meanwhile, in@) (@) =

_ {(i‘o’(v)( ) A Z(v)( ) V \/ydeV(Z R('Z‘ y) L {\/dyev(lc (l‘ y)lt = ;,2,...,7’7’1_}
( th)(x y)/\fa(v)(y)) v =1,2,..n}, an ZR(¢~)G((U2 = 1. an fR(qﬁ)(Z') = \/yey( r(7,y) =
yts %{yeg(%f (z,y)|v :Ul,}?,...,n} and fﬁ(‘a;)(x)h:hl
o 7o(t) 7o (v) 7o (v) _ erefore, for any x € U there exists a y € such that
;2 {f,jl} (Z) \ (\/y#Z(t (Ivy) A fA (y)) |’U - Ea(s) ($ y) — 1 and ZR( )(.Z’ y) frr(v ($ y) — 0 which
” ’ 1mphes that {r(z,y) = 1 and ig(z,y) = fr(z,y) =0
so R is serial.
Theorem 7. Let R be a SVNHF relation on U. For all
A e SVNHF(U), then

> {3 =1,2,...m} = fa(2)

On the other hand, we have

ril _ n 7 1) R is reflexive <= (SVNHFL1)R(A) C A,
t T tr(xz,y) Nt
R(A)( ) {j(\s/)yev( R(to(ysg A(y))i - < (SVNHFL1)A C R(A)
{vyGV( R (@) AL ()]s 2,k 2) R is symmetric <= (SVNHFLQ){R(lUﬂ)(y) =
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tR(p- ) (@) iRy (¥) = i1y, (@) SRy () =
fray_,) (@)

(SVNHFUQ) R )( y)
Z§(1y)(1’)’f§(1m)(y)

= Nﬁ(ly)(x)jﬁuz)(y) =
).

R is transitive <= (SVNHFL3)R(A) C R(R(A)),
<= (SVNHFU3)R(R(A)) C R(A).

Fra (@

Proof.

1y

Due to the duality of SVNHF rough approximation
operators, it is only to prove that R is reflexive R(A) C
A.

If R is reflexive, for all € Uthen tr(z,r) = 1
and ig(z,x) fr(z,z) = 0, we have

tray (@) = {A\yev (Frl(z,y) VEa(y))}

= {Ayev( 76 (s )V 5O ()]s = 1,2, k],
= (@) v 0@ A
(Ao 2@ VI ) s = 1,2,

= @ A (Al D @) VBT ) I
1,2,...k},

< {19 ()]s = 1,2, ...k} = La(2),

ina () = {vgeU r(r,y) Nia(y)}

=V, e @5 () NGO @)t = 1,2, ...m},

— {(%;“%x ) A i@ v
( et (i " (z,y) A zg(t)(y)) |t=1,2,...m},

= {570 v (VG5 @) A0 W) I
1,2,...m},

> {7 (@)t =1,2,...m} = ia(x)
and
Friay(z) = ={Vyev(trlz,y) A Fa(y))}

—{vyeUu”‘”)(x,y)A ) =1,2,...n},

{(f}'%(v) (z,2) A fz(v) (z) v
(\/y#(fﬂ(v)(:c,y) A f’j(”)(y)) v =1,2,..n,

(79 v (VG @) A F ) o
1,2,...n},

> {7 (@) v =1,2,...m} = fa(z).
From the above discussions, we conclude that
R(A) C A. Conversely, if (SVNHFLI1) holds, for any

v € U then i) (@) < 85 (@), T30 (@) 2 5" (@)
and 2"

(z) > fa(v)(x). So take A = 1y7_, we have,

R(A)
B @ < HO@ = 0 i) @) =
i (2) =1 and f"(”) @) = BV @ = L

From which we conclude that 7 R(1v_.)(®) = {0} and
zﬁ(lUﬂ)(z) fE(lUfm)( x) = {1}. On the other hand,
we have
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2)

3)

tr(1y_)(2) = {/\yev(fR(l‘ y) Vi . (9)}
Nyer (FR2 @) VED (y)]s = 1,2, ...k},
{(F7@,2) v ti’ﬁ,i(rc) A

( | U(s) (z,y)V fi(i)T(y)) ls =1,2,...k},

= i) A (A @y v)ls =
1,2,...k},

= {5 (@, 2))s =1,2, ...

k} = fr(z,2)

2R(lU m)( ) {\/yev({R(‘T y)/\glU ¢(y))}
= (Vyer R () NTTD )]t = 1,2,.m),

= (@ @) A ;’ffw) v
( v R (2, y)/\z(fl(f)z(y)) t=1,2,..m},

(5 @) v (V@ @y A0) 1
1,2,....m},

— {Zc

Frav-(@) = {V,er Erle,9) A f,_, (1))}
=V, ev GF (@, y) A7 ()l = 1,2, ...m},

— {(fo(v)( ) A f{fév)L( ) v
( Voo G5 () A F7 (y )) lv=1,2,..n},

= {G @) v (V,u@ @y ao)l =
1,2,...n},

= {5 (2, z) v =1,2, ...

(x )t =1,2,...m} =i°gr(z,z)

m} = tr(z, ).

Thus it follows that tr(z,y) = {1} and
ir(r,y) = fr(z,y) = {0}.

Hence, R is reflexive.

It follows immediately from Theorem 5.

Because of the the duality of SVNHF rough

approximation operators, it is only to prove that
R is transitive then (SVNHFL3) holds.

If R is transitive, then tg%(s (x, y) AT (y,2) <
to(s)(x 2), 1 U() (z,y) V zU y z) < th)(q:,z) and
U(U)(ac y) vV fa v)( z) < fR )(z, z), we have
gR(R(A (r) = /\yeU(fR(xay) N LTR(A)(Z/))
Nev (FR (@) v

( Aecv T, 2) VLS (2 )) ls=1,2, ...k
2 VI @)ls =

/\yEU /\zeU( G(S)(w y) Vv fU(S)(
1,2,k
> {Auer T @ 2 VI ()8
=tpea(a) .
ir(r(a) () =

1,2,....k}

Vyeo (€r(,y) Aigay(y))
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=V, ev (1 —ir(z,) Nigay(®)) i
= Vier(@ - z';“’@a,y)) A
(Voew 0 =50 ) AT () 1t =1,2,.

= Voo (1= Ay 7 @)

= ip(a)(7)

(A)
= Vyeo Vaeo (1 = i@ y) A (1 -7 <S><y,z>>
N 2))]) A
W@l =12..m
and

7@ =12.m
<V (=i, ) AT ()t = 1,2

— VzeU R (A y Ly
~o(t) -
= yZGU(lcR ($7Z) /\Z(Igt))( )|t = 1,2,

freray (@) = V,eo Er(@,v) A fria)(v))
= {Vyeo T @) A (Ve T2 2) A
= Vyer Veer (77 @, 9) AR (5, 2) AT ()0 =
1,2,...n

< V@@ @l = 1.2, )
= frea)(x)

Hence, we conclude that (SVNHFL3) holds. anversely,
for all A € SVNHF(U)tR(R(A))( ) > tR(A)(CC),
inra) (@) < ig (@) fra@a) (@) < fra) (@)

then iRy, (@) > Ry, (@)
RO ) (@) S 1ROy () (@ FREROG () (@) <

Fray_ ) (@)
On the other hand, we see that

tR(R(lU {y}))( z) = /\zeU{(fR(gJaz) vgﬁ(luf{y})(z))}
= Neev{(fr(z,2) Vir(zy))}

ZR(R(lU {y}))( ):VZEU{(i~R( z,
= V.co{lir(x, 2) AiR(2,9))}

and
frBOy -1y (@) = VZGU{(tR(l 2) A Ry ) (2)}

=V.col(tr(z,2) A fr(z,9))}

2) Nig(iy_g,)(2))}

f (@, 9), %R(lU_{y})(iU) =
ig(z,y) and fre, o (@) =tr(z,y).

Hence, we conclude that \/ . {% (s)( z) A
(7 (2, 9)) <137 (2, )

/\ZeU{z"% Vg (zy)} 2 17 @, y),

Aoc A5 0, 2) V£ )} 2 Fo(0,9)

By the definition of transitivity, we conclude that R is
transitive.

Note that ZR<1U m)( z) =

IV. THE APPLICATION OF SINGLE VALUED
NEUTROSOPHIC HESITANT FUzZY ROUGH SET MODEL IN
MEDICAL DIAGNOSEIS

Rough set theory was developed by Pawlak [5] as a
mathematical approach to handle imprecision, vagueness, and
uncertainty. It has a wide application in many practical
problems, especially the use of rough sets in decision making.
The concept of single-valued neutrosophic hesitant fuzzy
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which is a generalization of the fuzzy set first introduced by
Jun Ye [12] into the decision-making problems.
In [3] the definition of score function of SVNHF elements was
introduced as follows:
Definition 10 [3). Let n =< £,7, f > be a SVNHFE, then the
score function can be fined as:

Sn) = 5z v+ 20 =0)+7, X (1 =)}, where s, ;
and [y are the numbers of vales of t i and f, respectively in
n.

By Definition 3, we can define the sum of R and R as
follows:
Definition 11. Let R and R be two SVNHFS

in U ;. we define the sum of R and R as
R o R = {< yisly) @ fHy), ZR(UJ) ®
ZN (y;) fR(y]) D fR(y]) yi €V} = {[ r(y ) (yj) -

Lr{yy) Rc,g} Jin(U;)ig(Y)), fR<yj>fR<yj>]?

In this séction, we will apply SVNHF rough set model on
two universes to medical diagnosis problems. Suppose that
the universe U = {z1,xa, ........ , T} denotes a disease set.
Let R € SVNHFR(U x V) be an SVNHF relation from
U to V. For any (z;,y;) € U x V, tg(z;,y;) represents
the true membership degree of the relationships between the
symptom z;(z; € U) and the disease y;(y; € V), ir(z;,vi)
represents the true membership degree of the relationships
between the symptom x;(z; € U) and the disease y;(y; € V)
and fr(z;,y;) represents the true membership degree of the
relationships between the symptom x;(x; € U) and the disease
yi(y; € V), which are evaluated by several doctors in advance.
In clinical practice, a patient can see different doctors and my
get different diagnoses. To decrease the risk of misdiagnosis,
we should carefully consider all the doctors’ comments. In
that case, for any a patient set A who has some symptoms in
universe U, patient set A is an SVNHF set on symptom set
U. That is, A = {< z,fa(xi),14(xs), fa(zi) > |z € U},
now the problem is that a decision maker needs to make
a reasonable decision about how to judge what kind of the
disease y; patient A is suffering from.

In the following, we present an approach to the decision
making for this kind of problem by using the SVNHF rough
set theory over two universes.

Algorithm

Step 1. by Definition 7, we calculate the lower and upper
approximations R(A) and R(A)ofA.
Step 2. from Definition 11, we can obtain R & R
Step 3. on the basis of Definition 10, the score function of
SVNHF elements are obtained by us.

Denote
\; = s(ROR) = s(tr(y;) 5 (), ir(v;) Oig(y;), fr(y;)®
fR)

Step 4. the optimal decision is to
A =maz);,j=1,2,....V
we conclude that patient A is suffering from the disease yy.

select gy, if
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TABLE I
SYMPTOMS CHARACTERISTIC FOR THE CONSIDERD DIAGNOSES

R Y1

T {(0.6,0.2,0.1),(0.2,0.1,0.3),(0.2,0.6,0.1) }
T { (0.5,0.2),(0.2,0.1),(0.4,0.3) }

T3 { (0.4,0.2,0.5),(0.1),(0.3,0.4) }

T4 {(0.3,0.4,0.5),(0.1,0.5),(0.3,0.2) }

x5 {(0.1,0.1,0.3),(0.4,0.6,0.2),(0.8,0.3,0.1) }

Y2
{(0.2,0.3),(0.1,0.3),(0.4) }
{(0.6),(0.2,0.4),(0.4) }
{(0.5,0.1),(0.2,0.1,0.4),(0.2,0.1,0.6) }
{(0.5,0.7),(0.2,0.3),(0.8,0.4) }

{ (0.4,0.1,0.3),(0.6,0.5),(0.5,0.1,0.2) }

TABLE II
SYMPTOMS CHARACTERISTIC FOR THE CONSIDERED DIAGNOSES

R Y3

1 {(0.1,0.7),(0.5,0.2), (0.3.02)}
22 {(02,0.6),0.1,0.6),(03.0.1,0.5) }
zs  {(0.2,0.8),(0.1,0.9),(0.5,0.6) }
za {(0.2,0.3,0.6),(0.1,0.2),(04,0.2) }
x5 {(0.9.0.10.4),(0.1),(0.4,03) }

Ya
1(0.2,0.7,0.0),(0.1,0.6),0.2)}
£(0.3,0.1,0.4),0.4,0.2,0.4),(0.8,.2,0.1)}
{(0.8,0.3,0.1),(0.4,0.1,0.3),(0.6,0.4)
{ (0.5,0.4,0.3),(0.4),0.8,0.1) }
£(0.1,0.2),(0.1,0.5,03),(0.1,0.4)}

V. A NUMERICAL EXAMPLE

In this section, we will apply the decision approach
proposed in Section IV to a medical diagnose problem.

Let U = {z1,%2,%3, 74,25} be five symptoms in clinic,
where x; stands for ” Headache,” “Nausea”, “stomach
pain”, ”Vomiting”, “temperature”, and the universe V =
{Y1,Y2,y3,y2} be four diseases, where y,; stand for ”
Hepatitis,” “peptic ulcer”, “malaria”, “typhoid”, respectively.
Let R be SVNHEF relation from U to V. Where R is a medical
knowledge statistic data of the relationship of the symptom
zi(z; € U) and the disease y;(y; € V). The statistic data
are given in Tables I and II. In this example, we assume
that A represent a patient, and the symptoms of patient A
are described by SVNHF set on the universe U. Let
A ={(x1,(0.2,0.3),(0.2,0.1,0.4), (0.1)),

(22, (0.1,0.4), (0.5),(0.1,0.6)),
(z3,(0.1,0.3,0.8),(0.2,0.5), (0.6,0.2)),
((x4,(0.2,0.1,0.4),(0.1,0.5,0.1),(0.4,0.3)) }

For example A(z3), doctors cannot present the precise the
memberships degree of how pain the stomach of patient A is,
but they have certain hesitancy in providing the memberships
degrees of how pain the stomach of patient A is. In what
follows, we give the decision making process by using the
four steps given in Section VI in details.

First, by definition, we calculate the lower and upper
approximations R(A) and R(A) of A. as follows

R(A) = {(11,{0.2,0.2,0.1},{0.5,0.5,0.6} , {0.4,0.3,0.3}),
(y2,{0.2,0.2,0.2} ,{0.5,0.5,0.5} ,{0.5,0.6,0.6}),
(ys,{0.3,0.2,0.3},{0.5,0.6,0.6} ,{0.2,0.6,0.6}),
(ys,{0.2,0.1,0.3},{0.5,0.5,0.6} ,{0.6,0.3,0.4})}

R(A) = {(y1,{0.2,0.2,0.5},{0.1,0.1,0.4} , {0.2,0.3,0.1}),
(y2,{0.3,0.4,0.4} ,{0.2,0.3,0.3} ,{0.4,0.2,0.4}),
(ys,{0.3,0.4,0.8},{0.1,0.2,0.2} ,{0.3,0.2,0.2}),
(y4,{0.2,0.3,0.4},{0.2,0.2,0.4} ,{0.2,0.2,0.2})}

Then, we have
R(A) ® R(A) = {(y1,{0.3,0.3,0.5}, {0.05,0.05,0.2} ,

{0.08,0.09,0.03}), (32, {0.4,0.5,0.5} ,{0.1,0.1,0.1} ,
{0.2,0.1,0.2}), (y3, {0.5,0.5,0.9} , {0.05,0.1,0.1},
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{0.06,0.1,0.1}), (y4,{0.4,0.4,0.6},{0.1,0.1,0.2} ,
{0.1,0.06,0.08})}

By definition, we obtain the score functions of SVNHF
R(A) + R(A) as follows:

S((B(A) & E(A))(y1)) = 0.73
S((B(A) @ R(A))(y2)) = 0.72
S((B(A) & R(A))(ys)) = 0.81
S((B(A) & R(A))(ya)) = 0.74
It is clear that the maximum score function is A3 = .81.

Hence, the optimal decision is to select y3. That is, we can
conclude that patient A is suffering from the disease malaria

VI. CONCLUSION

In this paper, we have presented the concept single valued
neutrosophic hesitant fuzzy rough sets which is a combination
of three powerful topics: neutrosophic, hesitant and rough sets.
We defined SVNHF rough approximation operators in term
of SVNHF relations. Properties of upper and lower SVNHF
rough approximation operators are also investigated. Finally,
we develop a general framework for dealing with uncertainty
decision-making by using the SVNHF rough sets over two
universes. A medical diagnosis problem is also shown to
indicate the principle steps of the decision methodology. In
the future, we will mainly focus on investigating uncertain
measures and knowledge reductions of the SVNHF rough sets.
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