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Geometric Properties and Neighborhood for Certain
Subclasses of Multivalent Functions

Hesam Mahzoon

Abstract—By using the two existing operators, we have defined
an operator, which is an extension for them. In this paper, first the
operator is introduced. Then, using this operator, the subclasses of
multivalent functions are defined. These subclasses of multivalent
functions are utilized in order to obtain coefficient inequalities,
extreme points, and integral means inequalities for functions
belonging to these classes.

Keywords—Coefficient inequalities, extreme points, integral
means, multivalent functions, Al-Oboudi operator, and Salagean
operator.

[. INTRODUCTION

E have defined the operator D, (4, q,n), which is an

extension of operators of Al-Oboudi Operator [1] and
Salagean Operator [9]. Also we define two subclasses
]\fr,’1 (m,n,a,B,b,q) and ]\71,’1 (m,n,a,B,b,q) using the above
mentioned operator. These operator’s subclasses mentioned
are extension of J\fp’l(m, n,a,f) and ]\Afl,’l(m, n, a, ), which
are introduced by Eker and Seker [5].

Let A, be the class of functions f of the form

(peN={123,....

f@=2"+37pa7, HEC)

which are analytic and p -valent in the open unit disc U = {z €

C:lz| < 1}.
Definition 1. Let 4, g€ R, 1 >0, ¢ =0, p, n €N and

f(2) =z + X5, a5 2%

Then, we define the operator as: D, (4, q,n): A, — A, by

Dy(4q,n)f(2) = 2P + {241 [1 + (];fq)l] aiz/, (zeW.(2)

Definition 2. The function f € A, is to be in the class
Np’l(m, n,a,B,b,q) if

1 |Dp(Aam)f(2)
ife )
ER{ * b [Dp(ﬂ,q.ﬂ)f(Z) >

1[DpRamf) 1”
b | Dp(Ram)f @)

for some 0<a<1 =0, 120, q=0 meN, ne
Ny, b€ C\ {0} and z € U.
Let T, be the subclass of A, consisting of
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f(z) = 2P — ¥;2p41 3 7, (3 =0, peN), (€))
which are p - valent in U. Let Q be the class of function w
analytic in U such that w(0) = 0, |w(z)| < 1.

For any two functions f and g in J,, f is said to be
subordinate to g denoted f < g if there exists an analytic
function w € Q such that f(z) = g(w(z)) [2]. Further, if

f(z) = zP - ] p+13j z), then we have :

o3} j—p)AT" j
Dp(h M) = 2% = T2y [1 + 2 ez, zew. (5)

For any function f€J, and 6=>0, the (8) -
neighborhood of fis defined s :
No() = {8() = 2P = 5211 by € Ty $%411 lag — byl < 8}.(6)

In particular, for the function e(z) = zP, we sce that :
Ny(@) = {g(2) = 2P = BZpu1 b2 € Tyt B2y jlbyl < 8}(7)

The concept of neighborhoods was first introduced by
Goodman [6] and then generalized by Ruscheweyh [8].
Definition 3. A function f € T, is said to be in the class
T(B, n,m,p,q,A BA)if

Dp(A,qm+n)f(z)
Dp(Aan)f(z)

1+vyz
1+Bz’

z €U, (®)

where, y=(1-BA+BB 0<B<1 gneNy, meN, A1>1
and - 1<B<A<L1.

I1. COEFFICIENT INEQUALITIES FOR THE CLASS
N} (m,n, a,B,b,q)
Theorem 1. If f € A, satisfies, then

;O=p+1¢p (A'm;n'j'a;ﬁ'b:Q)|aj| Szlbl(l_a) (9)

where,
ll’p@mnj,aﬁbq)—|(1+ba)[1+ [1+
C2| 4 (b - -1 [0+ 2 1+ 22]7)
2ﬁ|[1+0p>] [ (Jp)/l]|‘a‘>0

ptq

(117)]

II. RELATION FOR N, (m, n, a, B, b, q)

By Theorem 1 we introduce the class N;'(m,n, a, B, b, q)
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as the subclass of J\fp’l(m,n, a,B,b,q) consisting of f
satisfying

5% a1ty mnj,aB,b,9)a] < 21bl(1-a)  (10)
where,
l/)p(l!m'n'j!a .B b Q) =
|(1+ba) [1 +%]" [ (prq)’l] |
+ (- - 111+ L2 1+ 2"
+ap |1+ 22" - [1+ 22
for some a(0<a<1),B=0meN, neN, and
b e C\ {0}

Theorem 2. If f€A, then N}(mmn apB,bq)cC
]\71,’1 (m,n, a, B4, b, q) for some B; and f,, such that

0<pi<p,.

Proof. For 0 < f8; < f3,, we have

X pr ¥ Amnj,a By, b,@)lay] <
Yitpr1¥Pp A mnj,a, By, b, Q)|af|'

Therefore, if
f € Nj(m,n, a, 1, b, q).

f € j\/;)/l(m‘ na, BZ! b’ q), then

IV. EXTREME POINTS

The determination of extreme points of a family F of
univalent functions enables us to solve many external
problems for F.

Theorem 3. Let f,(z) = zP and

2|b|(1-a)e;

_IBIATDY i GG=p+Lp 2.
vpammiaphn . U=PHLPF

fi(@) =27 +

Then, fEJ\Tp’l(m,n,a,ﬁ,b,q) if and only if it can be
expressed in the form

f(@) =

where, 4; > 0and 1, =
Proof. Suppose that

Mofp(@) + XjZp1 4 £i (),

1- Zﬁp+1 Aj'

2|b|(1-a)e;

P Sl Y |
Yp(Amn,j,a,B,b,q)

f@) = /(D) + Eipia 4 f;(2) = 2P + X701 4

Then,
;?O=p+1 l/)p (/11 m, nrj: a, ,B; b; q)

2|b|(1—a)£j
YpAmn,japbqg) I
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= Xlp+1 2 [bI(1 = )4
=2/b|(1 - ) Xfpir 4

=2|b|(1-a)(1—4p)
< 2|b|(1 - ).

Thus, f € N,(m,n,a,B,b).
f € N}(m,n,a,B,b,q). Since

Conversely, let

2|b|(1-a)

[ (G- N I [
|aJ| - ll)p(ﬁ,m,n,j,a,/?,b,q) (] 4 + 4 + )

we put _
= e (gl=1)
and
Ap=1-3Y201 4
Then,

(@) = Apofp(2) + XiZps1 4 f5(2)

Corollary 1. The extreme points of ]\~fp)‘(m, n, o, B,b,q) are the
functions f,(z) = zP and

2|b|(1—a)£i

} =zP + ————
fi(z) =z +¢p(;\,m,n.j,a,8,b.q)

2, G=p+1p+2..; |£j| =1).

V.DISTORTION AND COVERING THEOREMS
Theorem 4. If f € T(S,n,m, p,q, A,B, 1), then

reo— r-B r'r <l ()<
1+ ! /1)”{(1—8)(1+ ! A" =1-yp)
p+q p+q
reo+ r=B r'*P3em0<|zl=r<1),
1+ ! ﬂ,)n{(l—B)(l-F ! A" =1-yp)
p+q p+q

with equality for
y—-B

f(z2)=2" -
i)”{(l—B)(lJr !
p+

r'*? 3cm(z = 4r)

1+ " —(l—y)}
p+ q

(In

Proof. In Theorem 1, we have

-3.5em(1+ !
p+q

< i [H
k=1+p

Hence

n 1 m <
A) {(I—B)(IJr p+qﬂ~) —(1—7)} 2%

k=1+p

("’—p”} {(18)[“(""”} (m)}akSyB-
p+q p+q
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-3 Tem| f@)ISr7+ D art<rt At 3 a,

k=1+p k=1+p

y—B
1
A" (1-B)(1+—A)" —(1-
){( )(+p+q) ( 7)}

lem<r? + r'+e

1

(1+
p+q

and

=37em| f(2)2rP = D ar >r’—r*P » a

k=1+p k=1+p

y—B
ﬁ)”{(l— B)(1+

Iem>rP —

1
p+q

1
p+q

(1+

A)" —(1—7)}

This completes the proof.
Theorem 5. Any function f € T(£,n,m, p,q,A,B,1) maps

the disk | Z|<1 on to a domain that contains the disk

wi<1- r-8

(1+jﬂ)"{(1—8)(1+j/1)m —(1—7)}
p+q p+q

Proof. The proof follows upon letting I —> 1 in Theorem 4.

Theorem 6. If f € T(B,n,m, p,q,A,B, 1), then

. (y—B)

1+ L /1)”’1{(1— B)(1+
p+q

1 r<|f(z)<

p+q

ﬂ)m—(1—7)}

y—B
/1)"’1{(1— B)(1+

1 +

. r'3em0</z|=r<1),

p+q

1
p+q

(1+

ﬂ)m—(l—ﬂf)}

with the equality for

pP+q

r1+

[1+(k_p)/1} —.1cm{(1—B)[1+W} —.18cm——.18cm(1—y)}(p—p)

(12)
r-8 2P 3cm(z = +r)

f(z)=2z"-
(1+L1)"f‘{(1—3)(1+
p+q

/1)”—(1—7)}
P+

Proof. We have

| f'(2) <1+ D kalz['<1+r > Ka,.

k=1+p k=1+p
In Theorem 5, we have
o > ka, < 1 r=8 1
ke (1+/1)"1{(1—B)(1+ Z)m—(l—y)}
p+q p+q
Thus
()< 1+ r—8B 1 r.
I+—— )" (1-B)(1+ A" -1~
( P ) {( X . )= ( 7)}
On the other hand,
| f'(2)| ZI—ikak|z|k’p21—rikak
k=1+p k=1+p
>1- r=B r.
1 1
(1+ﬂ,)”'l{(1—B)(1+ ﬂ,)m—(l—y)}
p p+q

This completes the proof.
VI. NEW SUBCLASSES OF RADII OF STARLIKENESS AND
CONVEXITY

We calculate the radius of starlikeness of order £ and the

radius of convexity of order £  for functions

T(ﬂ’ n’ m’ p’ q’ A’ B’ﬂ') .
Theorem 7. Let f € T(B,n,m, p,q,A,B, 1), then we have

f as  starlike  of  order p,(0< p<p) in

| z ‘< r](ﬂanams p9q5 A: Baﬂ’sp) Where

r(g.,n,m,p,q,A B, A, p) = infx

Proof. We show that Z@_

for
<p-p0<Lp<
f2) p-p(0<p<p)

p

|z[<r(B.n,m,p,q,AB,4,p)
We have
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1
k-p
—.lcm
(k-p)(r-B)
, D (k-pa|z[P
Z..ff(z)_pgk1+p —
z _
@) =Y a2
k=1+p
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Thus or if
z fI(Z)—pS p-p {1 M}"—lcm (1-B (G —P)Hp- k+p
f(2) el { ){H T } 18cm——.18cm(1- ) {(p—p)
2 k=p)r-B) —em
if
- (k—pla |z[" _, (k=1+p), (14)
e (P=p) (4 Theorem 8. Let f €T(5,n,m,p,q,A,B,1), we proof that
Then by Theorem 1, will be true if f is convex of  order p,(0< p<p) in
i ) |z[<n(8.,n,m,p,q,AB,4,0) where
{H(k_p);t} {(I—B)[H(k_p)ﬂ —(1—7)}
k-plz}* L P+ p+d
(P=p) (r-B)

{14—('(_”1 —.lcm{(l—B){HW} —.18cm——.18cm(1—7)}(p—p) P

p+q
—.lem

ERRCRLLEN c Ry F} B’/l’ =i
L(A.n.m,p.g, A B, 4 p) =inf k(k—p)(7-B)

Proof. We show that [+ 7~ (&) _ ol < n_ »(0< p< p) for (k=>1+p)
f'(2)

VII. NEIGHBORHOODS FOR THE CLASS

|Z|<n,(B.n,m. p,4,A.B,2.9) we have T(B,n,m, p,q,A B, 1)

Zw:k(k )a \Z|k_p Theorem 9 A function €T belongs to the class
f"(2) k=1+p D% T(4,n,m, p,q,A,B, 1) if and only if
1+z £ -p|< —
LI <[ G-pa] G-pAT
ke Z[H } (1—8){1+ } ~(1=y)3;<y-B
j=p+l p+q p+q
Thus (16)
fN(Z)
I+z——=-p|<p-p
f'(2) where,
y=(1-pA+B,0<p<1,0,neN,,meN,A>1
if
= kk-p)a|z|" and
<lI. (15) _
k:ZH-:p (p_p) 1<B<ALI.
Then by Theorem 1, will be true if Proof. Let | € 1(4:0.M, p,0,AB,A). pep
n m D (1,q,m+n)f(z
[H(k_m} (1—3){”(k_p)ﬂ ~(1-7) L URIDACIDELS ST
k(k_p)‘z|kfp< pP+q p+q Dp(ﬂ,q,n)f(z) 1+ Bz (17)
(p-p) (y-B)
» Therefore, there exists an analytic function @ such that
ori
1
] n P D (4,q,n)f(2)-D_(A,q,m+n)f(z
[1+(k_7p)q —.lcm{(l—B){Hw} —.18cm——A18cm(l—7)}(p—p) k=p w(2)= (46N (1)~ D,(4, )@
7)< P+a p+a _.lem BDp(ﬂ'aqam"—n)f(z)_pr(laqan)f(z) (18)
k(k - p)(» - B)

Hence,
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o) = 2AEND-D,AGMNI) |
BDp(/l,q,m+n)f(z)—;Dp(;L,q,n)f(z)‘
o[ G-pal[, . G-pA] L. .
) J_%{H " }{{H p+q} 1}.3]21 .
|, (-4 L(-pa 1
_B p 1 i
(r-B)z +j%1|:+ oeg }{{ " } y}ajz
Thus,
Z{H(J_W} {{HU_W} _1}31_21
P N N
o j=pH P+q p+q m »
(B2’ +Z[1+(J p)ﬂ 1+(J—P)/1 ez
el P p+q
(19)

Taking | Z = T, for sufficiently small T with 0<r <1, the
denominator of (19) is positive and so it is positive for all I

with 0<Tr <1, since @(2) is analytic for | ZI<1. Then, the
inequality (19) yields

P)

Zf_pﬂ{l NS P)

ﬂj| {|:1+u —
p+q

p+q
—y i[H(J — W} ar.

J=pH p+q

B{H(j_p)ﬂ —(l—y)}qrj <(-By
p+q

r—1.

<(y-Br°+B i{H(j—p)/l} ar’

J=pH| p+q

Equivalently,

. (-pa]
| B -
ijiJr p+q H(

and (16) follows upon letting
|Z=r,0<r <1, wehave r’ <r®. Thatis,

G-pA]] . of, 0=pA]
Z:P“{qu H(l B){l+p+q } (1 y)}ajn

Z{ (- pﬂH(l B){l -] 7)}§rps(y_3)rp.
&L pe p+q

From (16) we have

(j—p)z}" [1
p+q

Conversely, for

> [l+ +(J_p)l} —l}ajzj
e p+q
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[ G-pal [, G-pAT L
< 1+ 1+ —lar
,Zp:[ p+q M p+q } }’

2 (-pA|
<(y-B)r® 1+~ 1
(r-B) +J_Zp:,{ — } y}[+

g (G-pAl
<|(y-B)z° 1+ —y{1
(r-B)z +j§l{ —— } 7}{ +

This proves that

G-PA]
p+q

(,-_p)ﬂ a7l
P+q

D,(4,q,m+n)f(2)
D,(4,9,n) f(2)

=< 1+7/z’ zeU
1+ Bz

and hence | € T(B:n.m, p.q. A, B, 2).
Theorem 10. If

(y-B)

S=
A" '[(1 B)(1+
p+

ar b (- y)} 0)

then T(ﬂ: n,m, ps q, A: Ba/l) c Na‘(e)'
Proof. It follows from

fe T(ﬂa n,m, paqua Bzﬂ‘) N then

(16)  that  if

(+ /1)“{(1 B)(Hfft) (1—7)}218] <(r-B)2D

j=p+l

which implies,

ija]- = = 1 -
e (1+z)”-l{(l—B)(Hﬂ)”‘—(l—ﬂ} (22)
p+q p+q

Solving (22) we get the result.

VIII. CONCLUSION

The following are the of the class

Np’l(m,n, a,B,b,q) :

L. N}(mmn,a,pB,1,0) = N,(m,n,apB), the class introduced by
Eker and Seker [5].

2. M(m,n,a,pB,1,0) =
Eker and Owa [3].

3. MN(1,0,a,8,1,0) = SD(a,B) and N1(2,1,a,B,1,0) =
KD(a, B), the classes studied by Shams et al.[10].

4. M(1,0,a,0,1,0)=8*(@) and N!(21,@,0,1,0) =
K (), the classes suggested by Robertson [7].

5. N (m,n,a,01,0) = K, (), the class studied by Eker

special cases

Nnan(a, ), the class studied by
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