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Abstract—The Lens-Lens Beam Generator (LLBG) is a Fresnelbased optical concentrating technique which provides flexibility in
selecting the solar receiver location compared to conventional
techniques through generating a powerful concentrated collimated
solar beam. In order to achieve that, two successive lenses are used
and followed by a flat mirror. Hence the generated beam emerging
from the LLBG has a high power flux which impinges on the target
receiver, it is important to determine the precision of the system
output. In this present work, mathematical investigation of different
parameters affecting the precision of the output beam is carried out.
These parameters include: Deflection in sun-facing lens and its
holding arm, delay in updating the solar tracking system, and the flat
mirror surface flatness. Moreover, relationships that describe the
power lost due to the effect of each parameter are derived in this
study.

Keywords—Fresnel lens, LLBG, solar concentrator, solar
tracking.

I

I. INTRODUCTION

NCREASING mankind’s population led to growing energy
demand. This raised the load on the limited fossil-fuel
resources, as they supply nearly 80% of the current world
energy requirements [1]. This led to a rapid depletion of such
non-renewable energy sources as well as bad environmental
impact due to increasing greenhouse gas emissions levels.
With a large power availability in sunlight, ranging from about
500 W/m2 at 60N latitude to 1000 W/m2 at the equator
measured on a cloudless midsummer’s day at noon [2], solar
energy represents a reliable, inexhaustible and renewable
energy source [3]. Concentrated solar thermal power (CSP)
systems, in which direct beam component of solar power is
captured [4], can achieve higher conversion efficiencies than
photovoltaic systems (PV). Although CSP global market has
been expanded with an average rate of 35% per year during a
period ranging from 2010 to 2015 [5], more research is
required to reduce the cost of CSP systems [6].
Concentrating solar radiation incident on a large aperture
area is achieved by reflecting or refracting that flux onto a
smaller receiver/absorber area [7]. Typically, reﬂective solar
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concentrators are employed in CSP [8]. Linear Fresnel
reflectors (LFR) and parabolic troughs (PT) represent the
well-known single-axis reflective concentrating systems in
which solar radiation is focused onto a focal line where a tube
receiver is located [9]-[11]. Although using single-axis
tracking in such systems provides an advantage of low
structural and operation costs, it cannot allow collecting
maximum amount of solar radiation [12]. Accordingly, the
limited ability of these systems to track the sun leads to
achieving thermal efficiencies ranging from 18% to 59.45%
for LFR [13]-[15] and from 21% to71.3% for PT systems
[16]-[18]. However, LFR technology has lower capital costs
than PT systems despite their lower efficiency range [19],
[20]. Furthermore, solar power tower (SPT) and parabolic dish
(PD) systems are considered as the renowned forms of dualaxis reflective concentrating systems in which reflected solar
radiation is concentrated onto a point where a tube receiver is
located [21]-[23]. Dual-axis tracking in such systems provides
higher output power compared to single-axis tracking systems
[24]. This allows achieving higher efficiencies ranging from
57.3% to 88% for SPT [25]-[27] and from 38% to 80% for PD
systems [28]-[30]. On the other hand, refractive-based
concentrators use lenses to focus the solar radiation on either a
line or point receiver via single or dual-axis tracking
mechanisms, respectively [31]-[33]. For linear Fresnel lens
(LFL) systems with single-axis tracking, the reported thermal
efficiencies vary from 30% to 72.5% [34]-[36]. LFL systems
can also be used with dual-axis tracking mechanisms so that a
relatively high efficiency ranging from 65% to 69% was
achieved [37], [38]. However, theoretical studies dealt with
operating LFL with non-tracking mode for reducing costs of
such systems [39]-[41]. For the point-focus refractive systems,
the maximum theoretical efficiency was found to be 86.8%
[42], while the experimental values achieved falls between
27% to 65% [43]-[45].
By the start of 2010s, a point-focus refractive system was
introduced by Salem et al. [46], which is called lens-lens beam
generator (LLBG). The LLBG is a two-stage refractive
system in which a concentrated collimated solar beam is
generated and directed over a target receiver. It uses a system
of two lenses, followed by a flat mirror. An experimental
thermal efficiency of 82.65% was achieved on a small scale
LLBG prototype [46]. In order to produce large scale LLBG
concentrators, further studies need to be carried out.
Therefore, it was handled later through investigating some
parameters affecting the maximum allowed concentration ratio
of the LLBG under different operating conditions [47].
According to this study, high concentration ratios can be
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achieved by such type of concentrators. Large scale LLBG
concentrators with high concentration ratios can generate a
powerful beam which may cause damage if impinge off-target
area due imprecise estimation of its location over the daytime. However, there are different parameters that may cause
shifting or diverging of such generated beam, such as:
curvature of the sun-facing lens and deflection of its holding
arm, solar tracking system time lag, and the flat mirror surface
roughness. These parameters can affect the output beam as
well as the total system performance. In the present work, the
relationships between such parameters and output precision
and system efficiency are mathematically investigated.

that aberration paraxial rays, denoted by P in Fig. 4, are
focused at a point P' while curvature, RC, of the lens surface at
the marginal rays, denoted by M in Fig. 4, are focused at a
point M'. The distance between P' and M', denoted by LA in
Fig. 4, represents longitudinal aberration.
(a)

Altitude angle
tracking
Main arm

α

Rear lens

II. LLBG DESIGN AND NOMENCLATURES
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Front lens

Control mirror

z

The LLBG system is consisting of two successive
converging lenses. This optical configuration is known as
telecentric lenses [48]. The front lens faces the incident solar
radiation and concentrates at its focal point which is
coincident with the rear lens focus. The two lenses are linked
via an arm, called main arm, which tracks the sun altitude, α,
and azimuth, φ, angles. In order to control the direction of the
generated beam over the day-time, a flat mirror, named
control mirror, is used during the tracking process to direct the
generated beam onto the required target. These main parts are
illustrated in Fig. 1.

To receiver
x
(b)

Control mirror
Rear lens

Azimuth angle
tracking

Front lens

III. PARAMETERS INFLUENCING LLBG OUTPUT

y

In this section, mathematical analysis of different
parameters affecting the precision of the LLBG output is
carried out. For each parameter a relation with the loss in
concentrated power is derived. These parameters include:
Main arm deflection, delay in sun tracking, front lens
curvature and control mirror surface flatness.
A. Front Lens Buckling
Building a large scale LLBG requires using a front lens
with a large area. Fresnel lenses are typically employed for
applications that require large aperture areas [49]. Plastic is
commonly used in fabricating such non-imaging Fresnel
optics [50]. Gravity, wind-load, thermal- or hydro-expansion,
and shrinkage can cause lens buckling [51]. Lens buckling
was found to shift its focal point [52]–[54].
In order to study the effect of the large Fresnel lens
bending, rays can be traced at one prism of the lens which lies
at a distance, r, from the lens centerline. The incident ray is
assumed to be parallel with the lens major axis with an
incidence angle, θ1, with the prism surface. The prism deflects
the ray to exit the lens with an angle of refraction, θ2, to be
directed to the focal point, as shown in Fig. 2.
Fig. 2 illustrates incidence and refraction angles of rays at a
certain prism in normal condition. Assuming lens in Fig. 2 has
been deflected with a radius of curvature, RC, and then the
studied prism will rotate by an angle of dθ, as shown in Fig. 3.
Based on geometry of Fig. 3, it seems to be analogous to
spherical aberration geometry shown in Fig. 4. Spherical
aberration is produced by rotationally symmetrical surfaces
centered and orthogonal in regard to the optical axis [55]. In
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φ
x

To receiver

Fig. 1 LLBG nomenclatures (a) Side view (x-z plan), (b) Top view
(x-y plan)

θ1
θ2
r

Optical
axis

θ2
f1

Fig. 2 Incidence and refraction angles on a Fresnel lens prism

The analogy between Figs. 3 and 4 arises from changing of
the incidence angle by dθ in case of Fig. 3 which corresponds
the angle Δ in Fig. 4. Therefore, the same effect of changing
the focal point location is achieved. Table I lists and describes
the analogous main parameters between Figs. 3 and 4.
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where n is the refractive index of the lens material and a is
wave aberration function and (da/dy) is the local curvature
which can be expressed as [57]:

dθ
dθ
θ1

da / dy  n 

(2)

where from geometry of Fig. 4:
  sin  1 h / R C 

(3)

By substitution in (1) at (y=h), then spherical aberration can
be determined from:

r=0→R1

LA  s 2  h
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Optical
axis

F

Using analogy between spherical aberration and focal
length deviation, then equation (4) can be re-written in terms
of bent Fresnel lens case (Fig. 3) as follows:

F'

θ2

(4)

df

df  f 1 2 d   R1

f1

and

d   sin  1 R1 / R C 

(5)

Fig. 3 Geometry of a prim in a bended Fresnel lens

However, direction of focal point deviation depends on the
bending form of the front lens, as illustrated in Fig. 5. Convexand concave-shape bending of the front lens shifts the focal
point before or after the original focal point F generating a
pre- or post-focus, respectively.

M
Δ

(a)

(b)

y=0→h

P
Optical
axis

P'

L

M'
s

df

Fig. 4 Geometry describing spherical aberration [56]

Spherical Aberration (Fig. 4)
Symbol
Description
RC
Radius of curvature
y
Distance from optical axis
h
Lens radius
s
Paraxial focal length
Paraxial focus
P'
M'
Marginal focus
LA
Longitudinal aberration
Δ
Change in incidence angle

Applying the third order theory to a case similar to Fig. 4,
then the spherical aberration can be determined from [57]:
LA

yh

 s 2 da dy  n . y 

F

F'
df
f1

f1

Fig. 5 Focal point shifting (a) Convex bending (pre-focus),
(b) Concave bending (post-focus)

TABLE I
ANALOGY BETWEEN BENDED FRESNEL AND SPHERICAL ABERRATION
Bended Fresnel Lens (Fig. 3)
Symbol
Description
RC
Radius of curvature
r
Distance from optical axis
R1
Fresnel lens radius (width)
Focal length (unbent)
f1
F
Fresnel lens focus
F'
Shifted focus (bent lens)
df
Focus position deviation
dθ
Change in incidence angle

F'

F

(1)
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In order to determine the effect of front lens buckling on the
power lost form the generated beam, the combination with the
rear lens is required to be studied. Thick rear lens will absorb
much power of concentrated, leading to reduction in optical
efficiency and reaching rear lens critical temperature [47].
Therefore, it is recommended to use thin rear lens. Based on
that, assumption of using thin rear lens will be considered in
the ray tracing process, which is illustrated in Fig. 6. The thin
lens equation can be expressed as [58]:
f 2 1  s1 1  s 2 1

(6)

Hence the aim is to determine the distance s2, the previous
equation can be written in the following form:
(7)
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s 2   f 2 .s1  s1  f 2 

From the geometry of Fig. 6:
s 2   f 2 .df  f 22  df

(8)

where the (+) is for pre-focus case, while (–) is for the postfocus case.

D B ,o  2 R 2

(a)
s1
R2

s2
f2

D B , L  2 L  s 2 tan 

θ

D B , L D B ,o   L  s 2 tan   R 2

df
f1
s1

PL b  D B , L D B , o   1

(for DB,L > DB,o)

(14.a)

PL b  0

(for DB,L ≤ DB,o)

(14.b)

2

R2

R1
θ

δ

(13)

Hence the power collected is a function of beam area, then the
power loss due to lens buckling, PLb, can be determined as:

(b)

s2

(12)

Then the beam diameter ratio is:

f2

f2

(11)

The diverged beam diameter, DB,L, at distance L from the
rear lens center can be calculated from:

R1

δ
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form, boosts the beam deviation of the generated beam
compared to the pre-focus case.
Based on deviation angle calculated from (10) the original
beam diameter DB,o will increased to DB,L after travelling a
distance L, as illustrated in Fig. 7.
From geometry of Fig. 7, the original beam diameter, DB,o,
can be determined from:

Or it can be rewritten as follows:
df



PLb L , f 1 , R1 , f 2 , R2 , RC    L  s 2 tan   R2

f1

f2

Fig. 6 Front-Rear lenses configuration with bent front lens
(a) Convex bending (pre-focus), (b) Concave bending (post-focus)

2

1

(15.a)

(for DB,L > DB,o)
PL b L , f 1 , R1 , f 2 , R 2 , RC   0

(for DB,L ≤ DB,o)

L
s2

(15.b)

Input parameters of (15) can be determined from (5), (8)
and (10).

R2 Optical
axis

δ

DB,L DB,o



B. Main Arm Deflection
x1=LMA

Exit
pupil

Rear
lens

x2
Rear lens
optical axis

Fig. 7 Beam divergence

In order to determine the amount of lost power from the
generated beam, it is essential to determine the beam deviation
angle, δ, which can be determined as:
  tan  1 R 2 s 2 

O

(9)

 f

2

.df  f 22 

x

(10)

In the last equation, when (df →0), then (δ→0) which
means that precise focusing from the front lens leads to
minimum beam deviation. Equation (10) also shows that postfocus case, in which the front lens is buckled in a concave
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ζ1

ζ2

W

y(LMA)

z

From (8) in (9) then:
  tan  1 R 2 .df

f1+ f2
Front lens
optical axis

Rear
lens

Front
lens
Fig. 8 Main arm deflection

The main arm and the front lens weights represent major
sources of its deflection. If point O is the axis of rotation, the
main arm with a total length of Lma can be considered as a
cantilever fixed at point O and subjected to a total weight
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force, W, at its end, as illustrated in Fig. 8.
Assuming the cantilever deflection case due to force, W,
acting at LMA, then the general form of deflection, y, at any
distance, x, measured from the point O can be described by
[59]:
y x   W x 3  3 L MA x 2  6 EI



illustrated in Fig. 10.

(16)

z

where E is the modulus of elasticity and I is the moment of
inertia. According to Fig. 8 geometry, deflection tilts the
optical axes of both front and rear lenses by angles ζ1 and ζ2,
respectively. These angles can be determined from:
tan  1  dy dx x  L   WL 2MA  2 EI
MA

(17)



tan  2  dy dx x  x  W x 22  2 L MA x 2  2 EI
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2



 tan  1

  W L 

 W  x

2
MA

2
2



ζ

dy

Fig. 10 Off-axis light source at a secondary focal point [60], [61]

In order to determine the amount of power lost due to main
arm deflection, PLMA at a distance, L, from the rear lens center,
geometry in Fig. 11 can be considered.

(18)

 2 EI  

 2 L MA x 2 

Rear lens
optical
axis
x

Area of
gain power

f2
dB

dB

DB

z

(19)

 2 EI  

L

Area of
lost power

Then, a relative position between the front and rear optical
axes can be considered, as illustrated in Fig. 9. For that
position, the relative angle between front and rear lenses
optical axes, ζ, can be expressed as:

   1   2  tan  1

Rear lens
secondary
focal
plane

f2

Original
spot

ζ

z

y

x
Fig. 11 Shifted beam and lost power

From geometry, main arm deflection leads to shifting the
generated spot by dB, which can be determined from:
d B  L tan 

Rear lens
optical
axis
z
x

dy
ζ
f2

f1

Fig. 9 Relative position between front and rear lenses optical axes

Assuming that the ideal dual axis tracking system is in use,
then mechanical deflection of the main arm, due to the front
lens and its own weight, by a relative angle ζ shifts the front
lens’s focal point by dy, is shown in Fig. 9.
The shifted focal point can be considered as a light source at
an off-axis secondary focal point of the rear lens. This will
lead to generate a beam with rays parallel to each other, but
not necessarily to the rear lens optical axis [60]. Assuming that
the front lens optical axis passes through the rear lens center,
then:
dy  f 2 tan 

(20)

When rays emerging from the shifted focal point are
encountered by the rear lens, a tilted beam with an angle ζ can
be generated at the leaving surface of rear lens [61], as
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(21)

Hence the power collected from input solar flux is directly
proportional to the surface area, the beam area can be used as
an indication of amount gained or lost from collected power.
Assuming the shifted beam is circular with diameter, DB, then
the gain area of the beam, Ag, which is the intersection area
between the two circles of original and shifted beams, can be
determined as follows [62]:
 D B2 cos 1 d B D B 

Ag  0 .5 







d
D
d
D
d

B
B
B
B 
 B

(22)

Then the area of lost power, AL, can be determined from:
AL  Ao  Ag

(23)

where, Ao is the original beam surface area. Then, the lost
power is PLMA:
PL MA  1  A g Ao 

(24)
Or
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 2  cos 1 d B D B  


PL MA L , D B , L MA , E , I   1    2 d B  D B2  *






D
d

D
d


B
B
B
B 

Shifted
spot
(at t=Δtα)

Area of
lost power

Area of
gain power

δz

DB

z
y

Original
spot
(at t=0)

L
f2
δz

1) Altitude Angle Error
When the control system is delayed by a time interval Δtα,
the altitude angle, α, will be changed with an angle Δα. This
means that the rays from the shifted focal point will leave the
rear lens surface with an angle Δα which shifts the generated
beam with, δz, as illustrated in Fig. 12.
From geometry of Fig. 12, the amount of spot shift at a
distance L from the rear lens center can be determined by:
 z  L tan  

Δα

(25)

Then, the amount of power lost due to altitude angle
tracking error, PLα at a distance, L, from the rear lens center
can be evaluated as:

z
x

 2  cos 1  z D B  


PL  L , D B ,  t    1    2 z  D B2  *






D

z

D

z

B
B



Fig. 12 Altitude angle error
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C. Delay in Tracking System
There are two major methods to track the sun: time-based
and sensor-based methods [63]. The time-based method,
which is also known as the astronomical method, acts as an
open-loop control system [64]. In such sensorless technique,
data obtained from different sun path charts or solar angles
equations are used to identify and follow the sun position [65].
The sensor-based, which is known as the optical method, acts
as a closed-loop control system in which several feedback
sensors are used to track the sun [66]. The time-based method
is much simpler and cheaper compared to the sensor-based
method [67]. Moreover, time-based method is less sensitive to
weather conditions [63]. However, tracking accuracy cannot
be guaranteed in case of employing time-based method as a
result of installation and the time errors [68]. Therefore,
minimizing tracking errors requires using a hybrid strategy
combining both methods [63]. Many researchers have been
concerned with evaluating the tracking error of their systems
[63], [64], [66], [69]-[71]. In this section, a mathematical
study is carried out to evaluate the tracking error effect on
LLBG performance. This evaluation can be used in defining
the accepted tolerance and suitable tracking method in carried
out designs. Hence, the LLBG requires a dual-axis tracking,
errors in both altitude and azimuth angles require
investigation. In both cases, delay in control system
interaction with its input data, i.e. time or feedback sensors
signals, inclines the incident solar rays with respect to the
front lens optical axis. This delay can be divided into two
major ones: (1) Δtα, which represents the time interval delay in
tracking the altitude angle, α, (2) Δtφ, which represents the
delay in tracking the azimuth angle, φ. Both leads to
converging the rays at an off-axis secondary focal point of the
rear lens [60]. When rays emerging from that secondary focal
point come across the rear lens, a tilted beam with an angle
can be generated at the leaving surface of rear lens [61]. This
case seems to be similar to the case discussed before in section
B. In the following subsections, analogy with deflected main
arm’s case will be applied to evaluate the effect of tracking
error in both altitude and azimuth angles.
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(26)

2) Azimuth Angle Error
Delaying the control system by a time interval Δtφ, leads to
changing the azimuth angle, φ, with an angle Δφ. This means
that the emerged rays from the shifted focal point will make an
angle Δφ with the optical axis of the rear lens. This shifts the
generated beam with, δy, as illustrated in Fig. 13.
Shifted
spot
(at t=Δtφ)
Area of
gain
power

f2
δy

δy

DB

y

L

Area of
lost
power

z

Original
spot
(at t=0)

Δφ

y
x

Fig. 13 Azimuth angle error

From geometry of Fig. 13, the amount of spot shift at a
distance L from the rear lens center can be determined by:
 y  L tan   

(27)

Then, the amount of power lost due to azimuth angle
tracking error, PLφ at a distance, L, from the rear lens center
can be evaluated as:
 2  cos 1  y D B  


PL  L , D B ,  t    1    2 y  D B2  *



 D B   y D B   y  

(28)

D. Control Mirror Flatness
Mirror flatness/roughness is used as a measure of mirror
surface deviation from a perfectly flat surface [72]. Mirror
surface roughness scatters the incident light. The diffused
scattering increases with roughness increase. For slight rough
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surfaces, the reflected light is diffused in the specular
direction. As roughness increases, the reflected light is
diffused in more directions until a uniform scattering in all
directions occurs at the case with maximum roughness, as
illustrated in Fig. 14 [73], [74]. The diffused light represents
power loss.

 0.1353 Rt - 6.7311

2750

Diffuse
Scattering

Specular direction
Forward
Scattering

(a) Smooth Surface

(b) Extremely Rough Surface
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Fig. 14 Light scattering from: (a) smooth surface (b) extremely rough
surface

Mirror surface roughness can be defined as the absolute
difference between the highest (peaks) and lowest points
(valleys) on the mirror surface [75]. Such deviation is
typically measured in fractions of a wavelength of 632.8 nm
light per inch of optical surface. Mirror surface roughness can
also be expressed in terms of the root mean square (RMS)
flatness, in which the standard deviation of the optical surface
from the ideal surface is calculated [76]. The difference
between both methods is illustrated in Fig. 15.
P-V

Fig. 15 Peaks to Valleys vs RMS flatness expressing methods

In order to determine the power loss due to mirror surface
roughness, it is important to calculate the diffusely scattered
portion of the incident light. It can be expressed in terms of
total integrated scattering (TIS), which is defined as the ratio
between the diffusely scattered radiant power by the surface
(diffuse reflectance) and the total reflected power (specular
plus diffuse reflectance [77]:
(29)

By applying the scalar scattering theory, which is based on
the Kirchhoff diffraction integral, the TIS and the amount of
power lost due to mirror surface roughness, PLsr, can be
determined as [77]–[80]:
PL sr  TIS  1  exp[  ( 4 * RMS cos  i /  ) 2 ]

Convertingdata
data
Converting
Polinom. (Converting
Polynomial trend line
data)

2500
2250
2000
1750
1500
1250
1000
750
500
250
0
0

2500

5000

7500

10000

12500

15000

Total Roughness Hight (Rt), nm
Fig. 16 Converting total roughness (Rt) into RMS [81]

IV. CONCLUSION

RMS

TIS = Diffused reflectance / Total reflectance

(31)

Equation (31) can be used to get an approximate value of
RMS to be applied in (30).

Root Mean Squar Roughness (RMS), nm

Incident ray

RMS  8E - 14 Rt4 - 1E - 09 Rt3  5E - 06 Rt2

(30)

where, RMS is the root mean square of surface roughness in
(nm), θi is the incidence angle and λ is wavelength of the
incident radiation in (nm). However, commercial
specifications of mirror surface roughness are usually
expressed in terms of the absolute difference between peaks
and valleys which is known as total roughness, Rt. In such
cases, there are tables to convert surface roughness between
such industrial expressions. Data available to convert Rt into
RMS are plotted in Fig. 16 [81]. The plotted data were found
to conform to a 4th order polynomial fit with:
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The LLBG is a Fresnel-based configuration which can
generate a concentrated beam of solar radiation. It employs
two-stage refracting optical system followed by a flat mirror.
The present study investigated mathematically different
parameters influencing the output beam precision and power
lost due to each parameter. These parameters included: front
lens buckling, deflection of the main arm, solar tracking
system delay, and the flat mirror surface roughness.
For the deflection in the front lens, it is found to be
responsible of shifting its actual focal backwards or forward
depending on the radius of curvature of the bended lens. Both
of holding arm deflection and delay in updating the solar
tracking system were found to shift the generated beam away
from its target area according to the amount of
deflection/delay and the length between the LLBG and the
target plan. The mirror surface flatness is found to be affecting
the amount of scattered reflected light. The more roughness,
the more power lost due diffusive scattering on the mirror
surface.
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