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Abstract—The aim of this paper is to introduce the concepts of the
(A, w-intuitionistic fuzzy subgroups and (A, p)-intuitionistic fuzzy
normal subgroups of groups with operators, and to investigate their
properties and characterizations based on M-group homomorphism.
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I. INTRODUCTION

HE fuzzy set is an effective generalization of the classical

set. In 1965, Zadeh [1] first raised the fuzzy set. In 1986,
the Bulgarian Scholar K. Atannassov [2] introduced the
intuitionistic fuzzy sets (IFS). After that, the two theories were
extensively applied to many mathematical fields. Based on the
two theories, W. X. Gu [3] raised the definition of fuzzy group
with operators; [4]-[6] researched intuitionistic fuzzy relations,
martingale theory and topological spaces; [7]-[10] studied
intuitionistic fuzzy subgroups and some properties are
discussed; [11] gave the definition of (A, &) — intuitionistic

fuzzy subgroups; [12] defined the (A, x) — intuitionistic fuzzy

implicative ideals of BCI-algebras.

At first, this paper gives the concepts of the (A&,
W)-intuitionistic fuzzy subgroups and (A, p)-intuitionistic fuzzy
normal subgroups of groups with operators. Secondly, it is
proven that A is a (A, p)-intuitionistic fuzzy subgroup or (A,
W)-intuitionistic fuzzy normal subgroup of a group G with
operators if and only if cut sets of A are subgroup or normal
subgroup of G. Thirdly, some properties are discussed. Finally,
in the sense of M-group homomorphism between two classical
groups, the image and the preimage of the (A, p)-intuitionistic
fuzzy subgroups and (A, p)-intuitionistic fuzzy normal
subgroups of groups with operators are studied, which enriches
and expands the theory of the IFS and group.

II. PRELIMINARIES

In this paper, we always assume 0 <A<y <1.
Let IFG[G] and IFNG[G] be the intuitionistic fuzzy
subgroups and intuitionistic fuzzy normal subgroups of G .
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Definition 1. [13] Let A: X —[0,1] be a mapping. If there
exist a € (0,1] and X € A such that

y=Xx
y # X.

a,
AY) =1,

Then A is called a fuzzy point, and denoted by X, .

Definition 2. [2] Let X be any nonempty set. An intuitionistic
fuzzy subset A of X is an object of the following form

A={{% 1, (X),va (¥))[x e X].

where 4, :x —»[0,1] and v, :X —[0,1] define the degree of

membership and the degree of non-membership of the element
x € X respectively and for every x € X,

OS/JA(X)+VA(X)S1.

Let IFS[X] be the IFS of X .
Definition 3. [2] Let X be any nonempty set, A,B € IFS[X]

and

A= {<x,yA(x),vA(x)>|x € X},

B= {<x,yB (x),vB (x)>|x € X}.

The rules and operations are as follows:

1 A B = {{x 1y (6) n g (). (x) v vg (1)) x < X
2. AUB = {(x a1y (¥)v st (). (X) nve () e X
oy {0, (0, ()l s

4 oA ={<x, vy tn, (X)s v (X)>|Xe x}

where A, ={<x,ij (%).v, (x)>|x6 x} e IFS[X],

j=1,2,---, J is the index sets.
Definition 4. [8] Let X, Y be any two nonempty sets and
f:X —>Y beamapping. Let Ae IFS[X] and

A= {<x,,uA (x),vA(x)>|x € X}.
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Then Fy : IFS[X]— IFS[Y]and F; (A) arc also the IFS of  Definition 9. [11] Let A={(x. s, (x).v4 (

Y, and
P (A)={{v.F (1) (). Fe (v) () y e v}
where )
e
Ff(VA)(y)z{inf{vA(fo<z)—vyxeX}s :Egz

Definition 5. [8] Let X, Y be any two nonempty sets and
f:X =Y beamapping. Let B € IFS[Y] and

- {<y’:“B (y),vB y)>|y eY}.

Then F; ' : IFS[Y] - IFS[X] and F" (B) are also the IFS

of X, and

F () = (0 (1) (0. Fy () () e )

Definitions 4 and 5 are called the extension principle of IFS.
Denote (1) = {(a.b) a,be[0,1]}.

Definition 6. [12] Let A:{<X,,L1A(X),VA(X)>:XES} be an IFS

(a.p) (1), the
A,y =1x€S 1, (x)2 @ v, (x) < B} is called a cut set of A
Definition 7. [8] Let G be a group and

A= {<X’IUA(X)’VA(X)

If for VX,y e G,
Lopag (1) 2 11 (%) A ()5 va () v () v (v),
2. ,uA(Xfl) > ,uA(X), VA(Xfl) < VA(X).
Then A is called the intuitionistic fuzzy subgroup of G.
Definition 8. [11] Let A={(x, s, (x).v, (x))|x < G} be the
intuitionistic fuzzy subgroup of G. If for Vx,y € G,
1. ,uA(xy)v/i > (,uA(X)/\,uA(y))/\/J,
VA(Xy)/\'US(VA (X)V"A(y))v’l’
2. yA(x’l)vﬂz;zA(x)/\y, vA(x’l)/\ysVA(x)v/l.

Then A is called the (A, u)—
G.

in a set S. For set

)xex} e IFs[c].

intuitionistic fuzzy subgroup of
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X)>|X € G} be the
(A, 1)~
,uA(XyX_l)vl > yA(y)Ay, VA(XyX_l)/\,u < VA(y)vﬂ.

Then A is called the (A, u)— intuitionistic fuzzy normal

intuitionistic fuzzy subgroup of G. If for Vx,y € G,

subgroup of G.

Definition 10. [3] A group with operators in an algebraic
system consisting of a group, aset M and a function defined in
the product set M xG and having values in G such that, if
ma denotes the element in G determined by the element a of
G and the element m of M , then

m (ab) = (ma)(mb),

Holds for any a,b in G, m in M . We shall usually use the
phrase “Gisan M — group” to a group with operators.
Definition 11. [14] A subgroup A of M — group is said to be
an M — subgroup if mx in A for every m in M and X in
A.

Definition 12.[14] Let G, and G, bothbe M — groups, f be

a homomorphism from G, onto G,
f (mx)z mf (x),m eM,xeG,

Then f iscalleda M — homomorphism.
Proposition 1. [10] Let G be a M — group, e be the identity
element of G, and Ae IFG [G] Then for VX € G,

,uA(X) < Hp (e), VA(X) 2V, (e).

Proposition 2. [11] Let A={(x.z,(x).v,(x))|x G} be

the (A, 1) -
identity element. Then

intuitionistic fuzzy subgroup of G and e be the

,uA(e)v}tZ,uA(x)/\y, VA(e)/\,uSvA(X)V/l.

Proposition 3. [11] Let A be the intuitionistic fuzzy subset.
Then A isa (A, i) — intuitionistic fuzzy subgroup of G iff for

VX, y € G,

s (X)) v 22 (0 (¥) A s () A
VA(X_ly)/\,u < (VA(X)VVA(y))vl.

Proposition 4. [11] Let A be the intuitionistic fuzzy subset.
Then A isa (4, u)— intuitionistic fuzzy subgroup of G iff for

Ya,p e (4, ), QM) is the subgroup when '%a,ﬂ)
{@.p) ().

+ &, where
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Proposition 5. [11] Let

homomorphism of groups. If A be a (4, u)—

f:G -G, be a surjective
intuitionistic
fuzzy subgroup of G,, then f (A) is a (4, u)— intuitionistic
fuzzy subgroup of G, .

Proposition 6. [11] Let f : G, - G, be a homomorphism of
groups. If B bea (4, 1) — intuitionistic fuzzy subgroup of G,,
then ' (B) isa (A, u) — intuitionistic fuzzy subgroup of G, .
Proposition 7. [11] Let A be a (4, u)—
subgroup of G .Then A is a (A, u)— intuitionistic fuzzy

intuitionistic fuzzy
normal subgroup of G iff for VX,y € G,

,uA(Xy)vﬂZ,uA(yx)/\,u, VA(Xy)/\,uSVA(yX)vﬂ

Proposition 8. [11] Let f:G, -G, be a surjective

homomorphism of groups. If A be a (A, ) — intuitionistic
fuzzy normal subgroup of G,, then f(A) is a (4, u)—
intuitionistic fuzzy normal subgroup of G, .

Proposition 9. [11] Let f : G, - G, be a homomorphism of
groups. If B be a (A4,u)— intuitionistic fuzzy normal
subgroup of G, , then f~'(B) is a (4,u)- intuitionistic

fuzzy normal subgroup of G, .

II. (A, ) — INTUITIONISTIC FUZZY SUBGROUPS OF GROUPS
WITH OPERATORS

Definition 13. Let G be a M — group and A be a (4, x)—
intuitionistic fuzzy subgroup. If for Vx e G, me M,

,uA(mX)v/lz,uA(X)A,u, vA(mx)/\,uSVA(X)v/l.

Then A is called a (4, ) —
group G with operators, and denoted by a (1,u)— M —

intuitionistic fuzzy subgroup of a

intuitionistic fuzzy subgroup.

Let (4, 1) — IFMG[G] be the (4, x)— M — intuitionistic
fuzzy subgroups of M — group G.
Proposition 10. Let G be a M — group, Ae (A, u)—

IFMG[G] and e be the identity element of G . Then

,uA(me)V/IZ,uA(X)/\,u, VA(me)/\,uSvA(X)vl.

Proof. For Vxe G, me M,

,uA(me)vﬁZ,uA(e)/\,uZ,uA(X)/\,u,
vA(me)/\ySVA(e)\/lSVA(X)\/l.
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Proposition 11. Let A be a (A4, u)— intuitionistic fuzzy
subgroup of M — group G. Then A€ (4, x)—- IFMG[G] iff
for Vx,y e G, me M,

/—\
r®
>
—_
3
><
>
x
)>
3
<
~—
~—
>
b

Conversely, for Vxe G, me M, lety =e,

s (m(xe))v a= (,u e))vﬂ)vl
> (1 (mx ") s (me)) o se) v 2
:(,uA(me vﬂ) (ﬂA(mX”)Aﬂ)
> (15 (e) A (,uA : )
> (45 (8) A )/\(/’A )

= Hp X)/\,ua
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VA(m(Xe))/\,u:(VA(m((X*I)*l e))/\,u)/\,u Then
ANB= {<X,/¢A (X)/\,uB (X),VA (X)VVB (X)>|X € G}.
S((VA(mx’l)/\vA(me))v/l)/\,u Lot
= (VA (me)/\,u)v(vA (mxfl)v /1) Harp (x) = ,uA(x)/\,uB (X), VanB (X) =V, (X)VVB (X)
< (VA (e) v /1) v (VA (Xil)v l) First, we provide that AN B is (A, i) — intuitionistic fuzzy
<(v, (e) v ﬂ)v (VA (x)v ,1) subgroup of M — group G. For VX, y € G, on the one hand,
=va(x)v s () 2= (11 (x9) 115 (x9)) v 2
Thus, Ae (4, u)— IFMG[G]. = ((aa () g () v 2) v 2
Proposition 12. Let A be a (A, u)— intuitionistic fuzzy :( pa (Xy) v /1) ( s () v )
subgroup of M — group G. Then A e (4, x)— IFMG[G] iff
for Va,p e (4,wu), A<U[,ﬁ> is M — subgroup of G when Z((yA AlUA A#)A((#B (X)A#B (y))/\#)
A p # D, where (a.p) (1). :(ﬂA( AﬂB )A(ﬂA(y)A#B(y))Aﬂ
Proof. For Va,f e (A, 1), Xe Aw.p) when A, , =D . - (yA“B X) N Ence (y))/\ "
Therefore, i, (X) 2 , v, (X) < . Then, Similarty, V- (X9) A2 (Varg (X)V Vas (¥))V 2
On the other hand,
,uA(mX)\//iz,uA(X)/\,uza>/1
Va (mx)/\y <V, (x)vﬂ, <p<pu Hanp (Xil)vl = (,uA (Xﬁl)/\,uB (Xil))v A
We have u, (mX) 2a, v, (mx) < . Therefore, mx A<a’ﬂ>. = ((,u (x’l) A Hp (x’l)) % l)v A
Thus, AXa,/f> is M — subgroup of G when A<0[wﬁ> 0. = ) A

(a () 2) s ()
/’)’\(ﬂs () A

Ha X)AﬂB(X))/\/”

a=py(X)Au,  B=vy(x)vA Therefore, 1, (x)>e, — st () At

VA(X) <pB,and xe A<a,/3>' And A<mﬂ> is M — subgroup of

.. -1 .
G when A, ,#@ . Thus, mxeA, , We have Similarly, VAﬂB(X )/\ﬂgvAﬁB(X)Vl‘ Thus, ANB s

Conversely, for Vea, S € (A, u), we get the information

[\

( —
15 (X) A
(

from Proposition 4 that A is a (A, i) — intuitionistic fuzzy (

subgroup of group G . Besides, for VxeG, let

(A, ¢) — intuitionistic fuzzy subgroup of M — group G .Then
for vxeG, meM, ABe(lu)- IFMG[G].
iy (mx) VAiza=u, (X) AU, The following can be obtained from Definition 15. On the

hand,
VA(mX)/\,uS,B:vA(X)vL onenan

Hp (mx) Za, v, (mx) < . And

Thus, Ac (4. 1) IFMG[G]. Hang (mx)v A= ((yA (mx)/\yB (mx))vﬂ v A
Proposition 13. Let G be a M — group and A, B e (4, ) — :(IUA (mX)V/l)/\(ﬂB (mx vA
IFMG[G]. Then AN B € (4, 4) - IFMG[G]. > (10 (%) A ) A (1t (x) A 1)
Proof. Let _ /JA(X)A/JB (x))/\,u
A={<x,yA(x),vA(x)>|XGG}, = Hpns (X)A/‘-
B= {<X,/¢B (X)sVB (X)>|X € G}~ On the other hand,
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Thus, AN B e (4, 1) - IFMG[G].

Proposition 14. Let G,, G, beM — group, f :G, - G, be a
M — surjective homomorphism of groups, and A e (4, u)—
IFMG[G, . Then f (A) e (4, 1)~ IFMG[G, |.

Proof. Let A= {<X, Hp (x),vA (x)>|x S Gl}. We get the

information from Definition 4 that

f (A)={< y"uf(A)(y)’Vf(A)(y)> yer}.

It is can be obtained from Proposition 5 that f (A) is (A, 1) —
intuitionistic fuzzy subgroup of G, .
Because f is M — surjective homomorphism, we have

ffl(y)qt@ for Yy € G,, me M .For Vx e ffl(y), then

X' e f’l(y’l), f(mx):mf (x):my, X e f’l(y).

The following can be obtained from Definition 15. On the
one hand,

,uA(mX)V/l > yA(X)/\,u,

and

sup i, (X)v A

ﬂf(A)(my)vj’: u
xef ™ (my)

sup i, (X) vA
f(x)=my

")v 4
e ()

sup i, (mx') vA
mf (x')=my
mx'eG;

v

[\

sup pip (x') AU
f(x)=y

X'eG,

= Hi(n) ()~ s

On the other hand,
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VA(mX)A,uSVA(X)\//l,

and

a1

Vi(a) (my)/\,u
e

f(rrib?')f:my oA (mx ') nH

IA

inf v, (mx') AU
mf (x")=my

mx'eG;

A

< inf VA(X')V/l
f(x')=y

X'eG;

:vf(A)(y)vl.

Thus, f(A)e (A, u)-IFMG][G,].

Proposition 15. Let G,, G, be M —group, f :G, - G, bea
M — surjective homomorphism of groups, and B € (4, u) -
IFMG[G, 1. Then f~' (B) e (4, 1)~ IFMG[G,].

Proof. Let B = {<y, Hg (y),vB (y)>|y € Gz}. We get the

information from Definition 5 that
£ (8) =%ty (X)o7 (W) 6.

It is can be obtained from Proposition 6 that f! (B) is
(A4, 1) — intuitionistic fuzzy subgroup of G, .

Because B e (4, u) — IFMG [Gz], we have for VxeG,,
meM,
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Thus, ™' (B) e (4, 1) - IFMG[G,].

IV. (A, #) — INTUITIONISTIC FUZZY NORMAL SUBGROUPS OF
GROUPS WITH OPERATORS

Definition 14. Let G be aM — group, A € (4, ) — IFMG[G]
and A be a (4, u)— intuitionistic fuzzy normal subgroup.
Then A is called a (A4,u)— intuitionistic fuzzy normal

subgroup of a group G with operators, denoted by a
(A, ) — M — intuitionistic fuzzy normal subgroup.

Let (1, 4)— IFMNG[G] be the (4, 1) — M — intuitionistic
fuzzy normal subgroups of M — group G.
Proposition 16. Let G be a M — group and Ae (A4, u)—

IFMG[G]. Then A e (4, u)— IFMNG[G] iff for VX,y € G,
meM,

Ha (m(xy))v/l > ,uA(m(yx))/\,u,
vA(m(xy))/\,u <va(m(yx))v A

Proof. For VXx,ye G, me M,

Ha (m(xy))v A=, (m(x(yx)x’l)) v A
=t ((mx)(m(y))(mx) ) v 2

Z,uA(m(yX))/\,u,

Va (m(xy)) AU=V, (m(x(yx)x’l)) AU
= v ((mx)(m(y))(mx)" | A 1
v, (m(yx)) v A

Conversely, for VxeG, me M, let y=e. We get the
a (A,u)-
intuitionistic fuzzy normal subgroup of G. Ae (A4, u)—
IFMG[G], thus A e (4, u)— IFMNG[G].

Proposition 17. Let A be a (A,u)— intuitionistic fuzzy
subgroup of M —group G. Then A e (4, 1) — IFMNG[G] iff
for VX,y e G, me M,

Lo, (m(x‘ly))v 1> (yA (mx)/\yA(my))/\y,
vA(m(x*y))Aﬂs(vA(mx)va(my))v/l.
2. 4y (m(xy))vﬂ > p, (m(yx))/\y,

Va (m (Xy)) AUV, (m (yx)) v A
Proposition 18. Let A be a (A, u)— intuitionistic fuzzy
subgroup of M — group G. Then A e (4, u)— IFMNG[G] iff

information from Proposition 7 that A is
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for Va,p e (4, ), '%»/ﬁ is M — normal subgroup of G
when AYM) #, where (a,5) e(1).

Proof. We get the information from Proposition 12 that for
Ya,pf e (A, n), A<0(ﬁ> is M — subgroup of G when

Aup#D . For VxeG, Vye A<aﬁ>, we have ,uA(y) > a,
Va (y) < B .Therefore,

,uA(nyfl)le,uA(y)/\,uZa/\y>/1,
VA(ny_l)/\,uSVA(y)vﬂsﬂ<,u.

Then, g, (xyx’l) >a, Vv, (xyx’l) < B, and xyx’1 € A<a,ﬂ>'

Thus, '%z,ﬁ) is M — normal subgroup of G when A<M> .

Conversely, we get the information from Proposition 12 that
Ae (A, u)— IFMG[G]. And for VXx,y € G, me M, we have

(s () sty () 1

S
>
—_
3
—_
><\
<_
~—~—
~—
<
NS
v

If exist X, Y, € G, satisfying

Hp (Xoyox(;l)v A<y (YO)/\#,

VA(XOyOX(;l)/\,u >v, (o) v 2.

Let o :yA(yO)/\y, p :VA(yO)v/L Then vy, e A<aﬁ>.
But XOyOX(;] 3 A<a 5)° it is in contradiction with A s is M —

normal subgroup of G . Therefore, for VX, y € G,

#A(XyX_l)vﬂZﬂA(y)Aﬂ,

VA(nyfl)/\,u < VA(y)V/l.

Thus, A e (4, 1) — IFMNG[G].

The following proposition can be easily proved.
Proposition 19. Let G,,G, be M - group, f :G, - G, be a
M — surjective homomorphism of groups, and A e (4, u)—
IFMNG[G,]. Then f (A)e (4, 1) - IFMNG]G, |.
Proposition 20. Let G,,G, be M —group, f:G, > G, be a
M — surjective homomorphism of groups, and B € (4, u) -

IFMNGI[G,]. Then ' (B) e (4, 1)~ IFMNG[G,].
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