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Construction and Analysis of Samurai Sudoku

A. Danbaba

Abstract—Samurai Sudoku consists of five Sudoku square
designs each having nine treatments in each row (column or sub-
block) only once such the five Sudoku designs overlaps. Two or more
Samurai designs can be joint together to give an extended Samurai
design. In addition, two Samurai designs, each containing five
Sudoku square designs, are mutually orthogonal (Graeco). If we
superimpose two Samurai designs and obtained a pair of Latin and
Greek letters in each row (column or sub-block) of the five Sudoku
designs only once, then we have Graeco Samurai design. In this
paper, simple method of constructing Samurai designs and mutually
orthogonal Samurai design are proposed. In addition, linear models
and methods of data analysis for the designs are proposed.

Keywords—Samurai design, Graeco samurai design, sudoku
design, row or column swap.

1. INTRODUCTION

UDOKU square design consists of treatments that are

arranged in a square array such that each row, column or
sub-square of the design contains each of the treatments only
once [1]. The standard Sudoku square of order 9 entails, a 9 %
9 array of numbers 1 through 9, such that every row, every
column and every 3 X 3 sub-block contains each number
exactly once. Sudoku squares of any other order k = pq are
also similarly defined as an kx k array of numbers 1 through k
such that every row, every column and every p X ( internal
block contains each number exactly once, see [2] and [3]. The
basic properties of k X k Sudoku squares with construction
procedure are discussed by [1]. In [1] and [4], Sudoku Square
is made into a new design and was applied to field
experiments. This design can make a layout of k treatments
with Kk replications and control the three-way soil-
environmental variation was discussed by [5]. A part from the
construction procedure of Sudoku squares also presented the
mathematical model and statistical method of analyzing data
from a Sudoku square design [1]. They also compared the
Latin square design with the Sudoku square design and stated
that Sudoku adds a term of box effect in the source of
variation, and that the soil-environment variation can be better
controlled when the Sudoku square is used in a field
experiment. It should show a smaller error, and more precise
tests for treatment means. Particularly, when a field
experiment is conducted on the area with lumpy soil variation,
the Sudoku square design should be recommended [1]. In
another approach, [6] discussed the construction of a class of
Sudoku designs of order m?. They presented four different
models for analyzing the data obtained from such design.
They also gave an illustration of analysis and application these
designs in various fields of agriculture. A paper presented by
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[7] discussed the orthogonal Sudoku square. Two Sudoku
squares of order m? are said to be mutually orthogonal Sudoku
squares. If we superimpose the two Sudoku squares then one
may get each pair of numbers only once as discussed in [7]-
[9].

Construction of Sudoku and mutually orthogonal Sudoku
squares has been considered by [2], [6]-[10]. These
researchers used integers at different modules in the
construction of Sudoku squares. For example, [6] outlined the
following steps for construction of Sudoku designs of order m?
sequentially:

1. Write the m? numbers from 1 to m? in a matrix form
sequentially starting from row 1 to row m.

2. Write the m columns obtained in step 1, one by one to get
a column of order m2,

3. Column 2 can be obtained from column 1 by adding 1 to
each of its elements and reduce to mod m?if it exceeds the
value m?. Proceed in the similar way to complete all the
columns.

In construction of mutually orthogonal Sudoku squares, [9]
considered m? (= 2n + 1) to be the number of symbols coded
by (1, 2, 3,...,,m?) and is denoted by the set S = (1,2,3,...,m?).
A pair of orthogonal Latin squares is obtained by generating
the two initial rows mod(m?), where m> and m are odd
numbers, see [9].

One of the problems of these methods is that Latin letters
cannot be used directly to represent treatments, and instead
codes or numbers 1 to m* are used. If treatments are in Latin
letter, addition of 1 to each elements (treatments) is
impossible, since Latin letters are not real numbers or integers.
In addition, only odd order Sudoku design can be constructed
with this procedure, while if k = pxq, where p < q, then this
procedure cannot be used to construct Sudoku designs.

The application of Kronecker product (direct product) to
two Latin squares Anxn and Bmxm to obtain a Latin square AQB
of order n x m is considered by [13]-[17]. Instead of using
Kronecker product to Latin squares, [16] and [17] work with
two Sudoku Latin squares of order ab and cd and then apply
the row and column permutation to obtain a mutually
orthogonal Sudoku Latin square of order abcd. The problem of
this method is that some mutually orthogonal Sudoku Latin
squares cannot be constructed, especially of order 4 and 9
(since there is no Sudoku square of order 2 or 3)

A new class of permutation matrices based on a tensor
product of permutation matrices of reverse cyclic stride was
proposed by [18]. A permutation matrix is a square matrix
with one and only one-unit element in each row and column.
In this method, permutation matrix is obtained by cyclic
shifting of columns. The problems of this procedure are that
matrix must have one and only one-unit element in each row
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and column, and rearrangement of elements of a given vector
after multiplication by a permutation matrix. In addition, Latin
letters cannot be used directly in this method.

Sudoku based space filling designs were studied by [11].
Reference [12] discussed joining several Sudoku squares to
form what is called Samurai design. A Samurai design
consists of five overlapping Sudoku grids, for which several
entries are provided, and the remaining entries must be filled
subject to each row, column and three-by-three sub-square
containing the integers 1 to 9 precisely once [12].

This paper proposed a simple method of constructing of
Sudoku design and Samurai designs by using the cyclic
permutations of rows (or columns) of an initial sub-block of k
treatments. Methods of data analysis from Samurai and
orthogonal (Gaeco) Samurai designs are also proposed.

II. CONSTRUCTION

Let D be a block matrix and Dy a sub-block of D. Suppose
that D contains n Latin letters. To construct a Sudoku design is
to simply fix Dy in the first row and first column of D. Then
to obtain D in the first raw and second column of D, perform
raw swap of Di; in cyclic order and so on until each Latin
letter occurs once in each row of the first row-block of D.
Similarly, to obtain D»; in the second row and first column,
perform column swap of Dy in cyclic order, and then obtain
Dy, in the second row and second column of D by performing
row swap of Da; in cyclic order and so on until each Latin
letter appears once in each row of the second row-block of D.
Repeat this procedure until each Latin letter appears once in
each column of the column-blocks of D. Then, the block
matrix D obtained using this procedure is a Sudoku design.

Alternatively, Let A be an n x m matrix and B be a p x q
matrix. The direct (or Kronecker) product of A and B (written
A®B) is defined as the np x mq matrix [19].

a,B - a,B
A®B =

aB ... a B

nl nm

m

Let A be an n X m matrix of ones. Suppose that B and B

are sub-block matrices having the same elements with B,
where j, j=1,2,---,m. Then, the from Kronecker product of the

matrix of ones (A) and B, we can form a bock matrix whose
elements are sub-block matrices formed by raw or column
swap in a cyclic order. That is,

BB B Br-i
1 - 1
BCI Bc,r Bclr Bclr
A®B = ®B=| . : i
BCm 1 B]Cm,lr B;,,Hr Brim:llr

Note that to construct a Sudoku square design using
Kronecker product, A and B must be nxn matrices or n = q
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and m = p (i.e., Agxp and Bpxg) in the case where B is not a
square matrix. To construct a mutually orthogonal Sudoku
Square designs using this method, B must contain both the
Latin and Greek letters and then perform the Kronecker
product (modified) of A and B. Alternatively, if the elements
of A are the Greek letters, and the elements of B are the Latin
letters, then their Kronecker product gives all the elements of
the Graeco Sudoku square, which after some arrangements can
form mutually orthogonal Sudoku square or non-orthogonal
square. An advantage of this method is that Latin letters,
Greek letters, or integers can be used in the construction of
Sudoku square designs. For example, if k =9, p=q =3, we
have k = 3% and;

C D E
B=|F G H
I J K 3x3
Then;

C D E F G H I J K
F G H I J K C D E
I J K C E F G H
111 H F J K 1 D E C
A®B=1 1 1|®B=|J K I D E C G H F
111 E C G H F J K |1
K 1 J E C D H F G
E C D:H F KO
H F G K I J E C D

To construct a samurai design, the row-blocks of D are
swapped as in Fig. 1. An example of Samurai formed by Dy
with 3%3 letters is presented in Fig. 2. Similarly, performing
row swap of row-blocks of D and joining the grids with Fig. 1
will result in an extended Samurai design presented in Fig. 3.
However, to construct Graeco Samurai design D;; must
contains both Latin and Greek letter of which row (or column)
swap of Greek letter be in the reverse cyclic order.

D11 | D12 | D13 D21 | D22 | D23

D21 | D22 | D23 D3z | Daz | Da1

D31 | D32 | D3z [ D32 | D | Di2 | D3
Diz | D12 | D21

D21 | D22 | D23 | D22 | D31 | D32 | D33

D31 | D32 | D33 Dui | D12 | D3

D11 | D12 | D13 D21 | D22 | D23

Fig. 1 Swap of row-blocks

Similarly, construction of other forms of Samurai designs
can be made by using the above procedure. For example, if
Dy is a 4x2 initial sub-block, then we have the Samurai in
Fig. 2.
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Di1 | D12 | D13 | Dis Di3 | Di4 | Du | Di2
D21 | D22 | D23 | D24 | D2 | D22 | D23 | D24 | D21 | D22
Di2 | D13 | Di4 | D11 | D12 | Di3 | Di4 | Di1 | D12 | D13
D21 | D22 | D23 | Doy D24 | D21 | D22 | D23

Fig. 2 Samurai for Sudoku with 4x2 sub-blocks

Example 1. Suppose that:

Swapping row or columns of Dj; gives the following
Samurai design presented in Fig. 2. The resulted Samurai of
Fig. 3 can be easily extended to give an extended Samurai
design presented in Fig. 4.

A B C|D E F |G H I B C AlE F DfIH I G
oD E F|[G H I A B C E F DIH | G|B C A
G H I [A B C|D E F H I G|B C AlE F D
B C A|E F D|H I G cC A B(F D EfI G H
E F D|(H I G|B C A F D E|I G H|C A B
H I &G[B C AJ|JE F D | G H|C A B|F D E
C A B|(F DD E|I &G H|F D E|A B C|D E F|G H F
F D E|fl & H|C A B|Jl G H|D E F|G H I |A B C
| G H|{C A BJ|JF D EJC A B|G H I JA B C|D E F

G H I (D E F|[B C A

A B C|G H I |E F D

oD E F[A B C|H I &G
B C A|E F D|H I G|E F D|JC A B|F D E|I G H
E F D|H I G|B C AJH I G|F D E|I G H|C A B
H I G|B C AJ|E F D|B C A]l G HJ|C A B|F D E
cC A B|F D E|I G H A B C|D E F|G H I
F D E|I G H|C A B oD E F|G H I |A B C
I G H|C A B[F D E G H I |]A B C|D E F
A B C|D E F (G H I B C A|E F D|H I &G
oD E F|G H I A B C E F D|H I G|B C A
G H I |A B C[D E F H | G|B C AJE F D

Fig. 3 Samurai design

The following Extended Samurai Design is also formed
with the above initial sub-block Di;:
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A& B C|D E F & H 1 B T A|E F DIH I &
D E F|& H I A B C E F D|H | G| B © A
& H I |A B C|D E F H I &|B C A|E F D
B & A|E F D|H I & € A B|F D E|I & H
E F D|H 1 E|B © A& F D E|[1I & H|(C & B
H | |6 € A|E F D | @ H|[C & B|F D E
€ A B|F D E 1 & H|F D E|Aa B C|D E FIG H 1
F D E|I ] € A B! & HD E F|& H A& B C
I & H|L A B|F D E|JC A B|(& H I & B C£|D E F

& H 1 D E F|B © A

A B C|G H I E F D

D E F|la B C|H I &
BE C A|E F D|H I &|E F D|IC A B o E|I & H
E F D|H | @S |B € A|H G|F D E & H|(C & B
H | |6 € A|E F D|B < Al @& H|£ A B|(F D E
€ A& B|F D E 1 & H & B C|(D E FIG H
F D E|I @ H|(C & B D E F|& H I|A B C
I & H|CT A B |F D E & H 1 A& B ©|D E F
A& B C|D E F & H 1 o E BE & A|E F DIH 1 &
D E F|& H I A& B C|& H E F D|H | G| B C© A
@& H I |a B ¢C|D E F|]A BE C|H | &|B C A|E F D

H I &|E F D|C & B

BE C A|H I &|F D E

E F D|B € A]l & H
¢ A B D E 1 @ H|F D E|a B C|D E FI G H 1
F D E @ H|[C & B! & HD E F|& H I |[A B C
I & H|CT A B|F D E|C & B[S H I & B C|D E F
A& B C|D E F & H 1 BE C A|E F DIH 1 &
D E F|& H I & B C E F D|H | |8 € A
& H I |a B ©|D E F H | &G|B C A|E F D
B C A|E F D|H I & € & B|F D E|I & H
E F D|H | & |B © A F D E|I & H|(C & B
H | E|B € A|E F D 1 & H A& EB|F D E

Fig. 4 Extended Samurai Sudoku Design

Example 2. Suppose that:

Ao DO Ge
D,=|Bf E¢ Ho
Cyr Fu 12

Performing row (or column) swapping in cyclic order for
D11 as described above gives the Graeco Samurai design
presented in Fig. 5.

Similarly, other forms of Samurai and Graeco Samurai
designs can be constructed using this procedure. For example,

H L

if I M|, we have Samurai design presented in Fig. 6.
D]l J N
K O

Similarly, we have Graeco Samurai design presented in Fig. 7
if

Aa Eg¢

B Fu
D, =

Cy Geg

DO HA
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III. ANALYSIS

Suppose that a Samurai design consists of g Sudoku square
designs each of order k such that ¢ sub-squares of the Sudoku
designs overlapped. Then, the number of sub-squares of the
samurai designs r = gxk — cs, where s is the number of jointly
Samurai designs, i.e., s = 1 for single Samurai design, s =2 for
two joint Samurai designs etc. The linear model proposed for
Samurai square designs is as:

Ao DB Ge[By Ep HA|CB Fo Io
BB EdHo|CaFO le |Ay Du GA
Cy FulIX |ABDd Go|Ba EO He
De GaA{EAHy Bu|Fo IB Co
Ec HBBd|Fe la CO|DA Gy Ap
FA Iy Cu|DcGB Ad|Ee Ha GO

i=12,..k
j=L2,..,w
Y =M+ 6+ + B, + 0, + Vi + €y 11 = 1,2,..,K
m=12,...k
x=12,....9

where y; . is an observed value of the plot in the Ith row and

mth column, subjected to the ith treatment, jth box of the xth
Sudoku design; p is the grand mean, «;, f§;, 9, 7,,,0,, are

the main effects of the ith treatment, jth box, Ith row, mth
column, xth Sudoku design, respectively, &, is the random

€rror.

By En HA[CB Fo Io|Aa DO Ge
Ca FO le |Ay Du GABB Ed Ho|
AB D Go|Ba EO HelCy Fu IA
EA Hy Bu|Fo IB CdiDe Ga A9
Fe la CO |DA Gy AMEc HP Bd
Do GB Ad|Ee Ha BO[FA Iy Cul

GO Ae DajHuBA Ey |ld Co FB GO Ae DajHuBA Ey fildo Co FB|GO Ag Dol
Hé BoEB[I0 Ce Fo|Gu AL Dy|H$ Bo EB 10 Ce Fa |G AX Dy|Ho Bo EB
Ilu CAFy|GdAc DBJHO Be Eaflp CAFy |G¢Ac DB|HO Be Eallpn CA Fy
Fo IB Cod|De Ga AO [By Ep HA
DA Gy Ap|Ec HB Bd|Ca FO le
Ee Ha BO FA Iy Cu|AB D Go
CB Fdlo|AaDO Ge|By Ep HAJCB Fd 1o |De Ga AOJEL Hy BUFs 1B C
Ay DUGAIBB Ed HolCa FO le JAy DuGA|Ec HB BdfFe 1o CODA Gy Apl
Ba EO He|Cy Fu 1A |AB D Go|Ba EO He JFA Iy Cu Do GB Ad{Ee Ho BO

Fo IB Cd|De Ga AO|EA Hy Bun
DL Gy A |EcHB Bo|Fe la CO
Ee HaB |FAly Cu|Do GB Ad
I CoFB|GBAe Da|Hu BA Ey
Gu AADy|H¢Bo EB |10 Ce Fa
HO Be Ea|lp CA Fy |Gd Ac DB

GO Ae Da|Hu BA Ey|ld Co FB
H¢ Bo EB [10 Ce FolGp AX Dy
Iu CA Fy |Gd Ac DRHO Be Ea
Aa DO Ge [By Ep HNCB Fo Io
BB Ed Ho|Ca FO le |Aa Dy G
Cy Fu IA |AB D¢ GdBa EO He

Fig. 5 Graeco Samurai design

H L|I M|[J] N|K O J N|[K O|H LI ™
I M|J N|K O|H L K O|H L|[I ™M|J] N
J N|K O|H LI ™ H L|I M|J] N|K O
K O|H L[l ™M|J N | M|J N|K O[H L
L H{M I [N J]JOo K|L H|IM I N J|O K|L H|M I
M I [N J|O K|L HfM 1 [N J]|O K|L H|M I |N J
N J|o K|L H|M I [N J |0 KL H|M I |N J |O K
O K|L H|{mM I |N J]Jo K|L H|M I IN J|O K]|L H
I M|L N|K O|H L |1 M|J NJK OfH L|I M|J N
J N|K O|H L|I M|J N|K OfH L] M|J] N|K O
K OfH L|I M|J N|K OfH LI ™M|J N|K O|H L
H L]l M|J NJk OofH L1 M]J NJK O|H LI ™
L H|{M I [N J |O K O K|L H[M I |N J
M I [N J|O K|L H L H|{M I [N J |0 K
N J |0 KL H|M I M I [N J|O K|L H
O K|L H[M I |N J N J|o K|L H|M I
Fig. 6 Samurai design of 8x8 Sudoku design
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Ao Ed | BO FA [ Ce Gy |Dp HPB
BB Fu [Ca Go | DA HO | Ae Ey
Cy Ge |DB Hu |Ad Ea |BL FO
DO HA |Ay Ee¢ |[Bu FB | Cd Ga

Cy Ge |DB Hp |Ad Ea |BAL  FO
DO HA |Ay Ee¢ [Bu FB |Cd Ga
Aa Ep |BO FL |Ce Gy |Du HB
BB Fu |[Ca G| DAL HO | Ae  Ey

E. A0 |Fe By |GB Cu|Ha D |E® AL
FG Ba |GL CO |Hy De |EB Au |Fa Bo
Gu CBp |Hd Da [ EO AL|Fy Be |GB Cu
He Dy |[Ep AB |Fa Bd | GO CA | Hy De

Fe By |Gu CB |Hd Da | EO AL | Fy Be

GL CO|He Dy |Epm AB |Fa B |GOO CA
Hb Da|EL A0 |Fe By |GB Cu |Ha D¢
Eun AB|FdP Ba |GL CO |Hy De |EB  Ap

BO FL |Cy Ge |Du HB|Ad Ea |BrL FO
Ca Go | DO HAL |[Ae Ey |Bn FB | Cd Ga
DB Hu |Aa E |BL FO | Ce Gy | Dn HB
Ay Ee |BB Fu |Cd Go|DL HO | Ae Ey

Cy Ge|DB Hp|Aa Ed [BL FO | Ce Gy
DO HA|Ay Ee¢ |BB Fu [Cd Ga |[DA HO
Aa Ep|BO FrL |Cy Ge |Du HB |Ad Ea
BB Fu|Ca Go|DO Hr|Ae Ey |Bu FB

FG Ba |GAL CO |Hy De |EB Au
Gu CB | Hd Da [ EO AL |Fy Be
He Dy |[Enw AB | Fa B | GO Ch
EAL A0 | Fe By |GB Cu | Ha D¢

H¢ Da [EL AO [Fy Be |GB Cu
Ew AB | Fd Ba | GO CA | Hy De
Fe By |Gu CB |Ha D¢ |EO AL
GL CO |He Dy |EB Ap |Fo Bd

Fig. 7 Graeco Samurai with 8x8 Sudoku

TABLE I
ANOVA OUTLINE FOR SAMURAI DESIGNS OF DATA FROM G SUDOKU
SQUARE DESIGNS OF ORDER 9

Source df ss
Sudoku squares g—1 SSqs
Treatments k-1 SSt
Rows gk-1) SSr
Columns gk—-1) SSc
Sub-squares gk—cs—1 SSs
Error gk(k—3)-k+g+cs+2 SSe
Total gk -1

Where SS,; is the total sum of squares for Sudoku designs,
SSt is the total sum of squares for treatments, SSr is the total
sum of squares for rows, SSc is the total sum of squares for
columns, SSs is the total sum of squares for sub-blocks and
SSe is the total error sum of squares.

The following linear model is proposed for Graeco Samurai
design:

i=12,..k
j=L2,..,w
1=1,2,..,k
Yiijyimx =u+0,+o +:Bjx + 0 Vi +¢p + & ijyimx m=12..k
x=12,....9
p=L2,....k

where y; . is an observed value of the plot in the Ith row and
mth column, subjected to the ith treatment, jth box of the xth
Sudoku design, p is the grand mean, ¢;, Bis 615 Vusby» are

the main effects of the ith Latin letter, pth Greek letter, jth
box, Ith row, mth column, xth Sudoku design, respectively,
& 1s the random error.

International Scholarly and Scientific Research & Innovation 10(4) 2016

TABLEII
ANOVA OUTLINE FOR GRAECO SAMURAI DESIGNS OF DATA FROM G
SUDOKU SQUARE DESIGNS ORDER 9

Source df ss
Sudoku squares g—1 SSEE
Latin letters k-1 SSL
Greek letters k-1 SSG

Rows gk-1) SSr
Columns gk—1) SSc
Sub-squares gk—cs—1 SSs
Error gk(k—=3)+g—2k+cs+3 SSe
Total gk -1

Where SS is the total sum of squares for Sudoku designs,
SSL is the total sum of squares for Latin letters, SSG is the
total sum of squares for Greek letters, SSr is the total sum of
squares for rows, SSc is the total sum of squares for columns,
SSs is the total sum of squares for sub-blocks and SSe is the
total error sum of squares.

IV. CONCLUSION

In this paper, simple methods of constructing Samurai
designs and orthogonal (Graeco) Samurai have been
developed by cyclic permutation of row (or column) of matrix.
Analyses of the designs were also discussed.
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