
 
Abstract—Different terms of the Statistical Process Control (SPC) 

has sketch in the fuzzy environment. However, Measurement System 
Analysis (MSA), as a main branch of the SPC, is rarely investigated 
in fuzzy area. This procedure assesses the suitability of the data to be 
used in later stages or decisions of the SPC. Therefore, this research 
focuses on some important measures of MSA and through a new 
method introduces the measures in fuzzy environment. In this 
method, which works based on Buckley approach, imprecision and 
vagueness nature of the real world measurement are considered 
simultaneously. To do so, fuzzy version of the gauge capability (Cg 
and Cgk) are introduced. The method is also explained through 
example clearly.  
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I. INTRODUCTION 

EASUREMENT SYSTEM ANALYSIS (MSA) is an 
important method which quantifies measurement 

variation including the variation resulting from the 
measurement system, the operators, and the parts themselves, 
AIAG [1]. In the literature of the MSA, [2] carried out MSA 
studies on two or more measurement devices and proposed a 
procedure for estimating the sensitivity of the measurement 
devices. Moreover, [3] assessed MSA through design of 
experiments. Many other crisp studies are also done on the 
MSA measures. Nevertheless, the number of the fuzzy studies 
is so rare. Specifically, on the capability measures of the 
MSA, there is not any fuzzy study in the literature. These 
measures in the Statistical Process Control (SPC) are called Cp 
and Cpk that are developed in the fuzzy environment vastly 
[4]-[7]. However, those of the MSA, called Cg and Cgk are not 
in the fuzzy environment. Meanwhile, since in practical 
systems different type of measurements are usually estimated 
by taking sample, validation of the measurements and 
analyzes obtained from them are severely relied on the quality 
of obtained data. Usually, in the statistical systems, obtained 
data have two special features; 1) uncertainty and 2) 
vagueness. The first features force us to use different 
statistical concepts, like calculating expected value of 
measures; estimating point and interval estimate of measures 
and other similar concept to prevent bad effect of uncertainty 
on the systems. On the other hand, the second features force us 
to prevent another type of bad effects on our systems which 

 
Seyed Habib A. Rahmati is with the Faculty of Industrial and Mechanical 

Engineering, Qazvin Branch, Islamic Azad University, Qazvin, Iran 
(corresponding author to provide e-mail: sdh.rahmati@gmail.com).  

Mohsen Sadegh Amalnick is with the University of Tehran, College of 
Engineering, Faculty of Industrial Engineering, Tehran, Iran (e-mail: 
amalnick@ut.ac.ir). 

are usually due to; 1) having no data or 2) having imprecise 
data. To cope with second feature usually a concept which was 
developed by Zadeh is applied. Therefore, in this paper 
because of importance of fuzzy MSA as a popular statistical 
method, fuzzy assessment is developed. The implemented 
method of this research is based on Buckley approach [8]-
[13]. 

Buckley introduced a method to create fuzzy numbers for 
parameters of different distributions discrete and continuous, 
in which both of the uncertainty and vagueness features are 
considered. In his method, confidence intervals for a 
parameter are used as a family offcuts of a triangular shaped 
fuzzy number. In this paper, developing his approach some 
measures of queuing systems is estimated [12], [13].  

The structure of the rest of the paper is organized as 
follows. Section II explains Cg and Cgk in the both crisp and 
fuzzy. Section III through a numeral example demonstrates the 
considered fuzzy method of metrics. Finally, in Section V 
concludes the paper. 

II. THE CRISP AND FUZZY CAPABILITY STUDY OF MSA 

Measurement system is the collection of instruments or 
gauges, standards, operations, methods, fixtures, software, 
personnel, environment and assumption used to quantify a unit 
of measure or fix assessment. Correspondingly, MSA is a 
collection of statistical methods for the analysis of 
measurement system capability. It seeks to describe, 
categorize, evaluate the quality of measurements; improve the 
usefulness, accuracy, precision, meaningfulness of 
measurements; and propose methods for developing better 
measurement instruments by Montgomery. Some stated goals 
of MSA are estimated components of measurement error, 
estimate the contribution of measurement error to the total 
variability of a process or equipment parameter, determines 
stability of a metrology tool over time, and to compare and 
correlate multiple metrology tools. Measurement process is a 
kind of production process that its output is number. Fig. 1 
presents measurement process with its inputs and outputs. 

Generally, MSA ensures suitability of the measurement 
devices by focusing on some measures classified in accuracy, 
precision, and stability categories. Meanwhile, Cg and Cgk are 
the specific metric for evaluating capability of the 
measurement system. These metric are formulated in (1) and 
(2). In these equations, Xm denotes master value and T 

denotes part tolerance. Besides, g  represents, the master 

value, gx  denotes the average of observed value and g  and 
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gS  denote the standard deviation and its estimated value, 

respectively.  
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In what follows, with modification, fuzzy estimation based 

on Buckley's approach is presented. First some notations are 

introduced. A triangular shaped fuzzy number N is a fuzzy 
subset of the real numbers R satisfying: 
1) Normality: N(x) =1 for exactly one x R 
2) Convexity: one way for creating a convex shape for a 

fuzzy number is to create an L-R (Left-Right) number. A 
L-R number is a number which its left side is created by 
an increasing function and its right side is created by a 
decreasing number. L-R function in this paper is created 
by a closed and bounded interval. 

 In this paper, triangular shaped fuzzy number is used and 
created for parameter estimation and following definition are 
considered: 
X: a random variable with p. d .f. (p .m .f) for single parameter  

 

 

Fig. 1 Measurement system analysis process 
 

Given the values of our random variable, one can obtain a 
point estimate. In most of statistical studies, since we never 
expect this point estimate be exactly equal to main parameter, 
we also compute a confidence interval. Then, a family of 
confidence intervals for the estimating parameter is obtained. 
Placing these confidence intervals, one on top of the other, a 
triangular shaped fuzzy number is obtained. Hence by using 
this method we have more information about rather than a 
point estimate, or just a single interval estimate. It is easy to 
generalize Buckley's method. 

Shortly explaining, according to the Buckley method the 
metrics are developed in the fuzzy environments. This method 
considers (1 )100%  confidence intervals of a parameter as a 

family of cuts  and suggests a triangular shaped fuzzy 
number. In other words, his method suggests a Left-Right (L-
R) number [ ( ), ( )],1 2N n n   where ( )1n  is increasing 

and ( )2n  is decreasing continuous functions. Therefore, 

considering X as a random variable in the function ( ; )f x 
for single parameter  that is via a random sample

, , ,...,1 2 3X X X Xn , the obtained Buckley approach is shown in 

Figs. 1 and 2.  
The confidence intervals of these metrics are as (3). 
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Fig. 2 The membership function of the fuzzy Cg 
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Fig. 3 The membership function of the fuzzy Cgk 
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Therefore, according to Fig. 4, putting confidence intervals of 
the parameters on each other creates a triangular fuzzy 
number. 

III. THE EXPERIMENTAL RESULTS 

The explaining example is related to a part with the 
technical specification17.05 0.25 and the master value 17.05 
mm (Xm =17.05). The other crisp specifications of this 
example are (5). The input data are presented in Table I. 
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Fig. 4 The developed Buckley method for Cg and Cgk 

 
Therefore, the fuzzy calculations of the developed fuzzy 
numbers are as (6) and (7).  
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These numbers are also plotted as Figs. 2 and 3. 

IV. CONCLUSION 

This study focused on reinforcing the MSA capability by 
developing Cg and Cgk in fuzzy environment. These, metrics 
are not study in this study yet. To do so, Buckley approach is 
implemented. In this method, after generating first point 
estimation and the confidence intervals of these point 

estimations of the considered metrics, placing them one on top 
of another, triangular shaped fuzzy numbers were obtained as 
fuzzy estimator of Cg and Cgk. The method was also 
explained by numerical example explicitly.  
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TABLE I  
THE OBSERVATIONS OF THE FIRST EXAMPLE 

 
Batch Number 

1 2 3 4 5 6 7 8 9 10 

Sample 
Size 

1 17.05 17.05 17.05 17.04 17.05 17.04 17.03 17.04 17.04 17.05 

2 17.06 17.04 17.05 17.04 17.04 17.04 17.05 17.06 17.03 17.07 

3 17.04 17.06 17.07 17.06 17.05 17.06 17.05 17.05 17.05 17.06 

4 17.00006 17.05 17.05 17.05 17.03 17.04 17.06 17.07 17.06 17.06 

5 17.04 17.04 17.05 17.06 17.05 17.04 17.05 17.04 17.05 17.05 
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