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On a New Inverse Polynomial Numerical Scheme for
the Solution of Initial Value Problems in Ordinary
Differential Equations

R. B. Ogunrinde

Abstract—This paper presents the development, analysis and
implementation of an inverse polynomial numerical method which is
well suitable for solving initial value problems in first order ordinary
differential equations with applications to sample problems. We also
present some basic concepts and fundamental theories which are vital
to the analysis of the scheme. We analyzed the consistency,
convergence, and stability properties of the scheme. Numerical
experiments were carried out and the results compared with the
theoretical or exact solution and the algorithm was later coded using
MATLAB programming language.

Keywords—Differential equations, Numerical, Initial value
problem, Polynomials.

I. INTRODUCTION

N the years past, a large number of methods suitable for

solving ordinary differential equations have been proposed,
A major impetus to developing numerical procedures was the
invention of the calculus by Newton and Leibnitz as this led to
accurate mathematical models for physical reality such as
Sciences, Engineering, Medicine and Business. These
mathematical models cannot be usually solved explicitly and
numerical method to obtain approximate solutions is needed.
Up to the late 1800’s it appears that most mathematicians were
quite broad in their interest. Many researchers have developed
numerical methods while some try to improve the accuracy of
some methods. Generally, the efficiency of any of these
methods depends on the stability and accuracy properties.
Accuracy properties of different methods are usually
compared by considering the order of convergence as well as
the truncation error coefficient of the various methods. The
major sources of motivation for this work are those of [1]-[4],
[11], [13]. In this paper we shall consider the initial value
problem of the form;

y'=fxy):y@)=n (1)

We developed an algorithm which can effectively solve
initial value problems in ordinary differential equation.
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I1. SOME BASIC CONCEPTS

We shall consider the following basic concepts which are
very vital to the development of the new scheme based on [5]-
[7], [10]

A. Stability

A numerical method is said to be stable if the difference
between the numerical solution and the exact solution can be
made as small as possible, that is if there is exists two positive

€, and K such that the following holds. [8], [9], [14]
o =Yoo )< Klle )

B. Consistency

A numerical scheme with an increment function ¢(Xn Jh, y)

is said to be consistent with the initial problem consideration if

#(x,.h,y)=f(xy) 3)

C.Convergence

A numerical method is said to be convergent if for all initial
value problem satisfying the hypothesis of Lipschitz condition
given by

‘f(x,y)—f(x,y*)s Ly-y’ (4)

where the Lipschitz condition is denoted by L. The necessary
and sufficient conditions for convergence are the stability and
consistency.

D.Round off Error

This can be defined as the error due to computing device.
They arise because it is possible to represent all real numbers
exactly on a finite-state machine. It can be represented
mathematically as

)

Rpt1 = Yn+1 — Gnvr

where y,,; is the approximate solution and g,,; is the
computer/machine output.
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III. DEVELOPMENT OF THE NEW SCHEME
Let the numerical approximation y, +h be evaluated at
X=X, +k to the exact solution y(x,+h) to the first order

ordinary differential equation be represented as
X : iq-1
= p -
YXou)=y. [e +leijn ] (6)
=

where eP is the exponential of p and the parameters b;s’ are
to be determined.

k .
Yna= yn[ep+2bjxnj]’l (7)
i
Yoa= Yn
K .
(e"+>bx,")
j=1
Setting k=3 (order three)

Ya
+h=y =" 535
SRR S ®)
j=1

Y ©

e +b,x, +b,x,> +b,x,’

Yn+l =
Applying the Taylor’s series expansion on the L.H.S. of (9)

, 2 " 3 m
yn+l:yn+h:yn+hyn +h2y'n +h§/'n +... (10)

yn[ep +blxn +b2Xn +b3xn3]7l

where
2 3
e =1+prl Py an
20 3!
But at p=0 (a constant), we have that
e’ =1+0+0+0+...=1
Hence
e®=1 (12)
So that,
y
i = Yo +h= : (13)
Yo =Y 1+bx, +b,x,> +b,x,’
, h2yn” h3yn’"
y,+hy, + o +T+..._
Yo (14)

1+b,x, +b,x,” +byx,’
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which can also be written as

" "
2 3

hy, +7h Yo .=

2! 3!
Yall+bx, +b,%, +b,x,’ ]

Yo+ hyn' +

(15)
Using Binomial series expansion on the R.H.S. of (15)

yn[1 + (blxn + bzxn2 +b3xn3)]71

D=2
2!

(X, +bx? +bx’) +..]

= Yo [+ (Db, +bx7 +bx )+ (X, +byx* +bx.*)’

L2
3!

(16)

= Y, [1+ (= D(0yx, +b,x.* +b,x,") +
(blxn +b2an +b3Xn3)2 -

(b,x, +b,%,% +b,x,*) +...]

an

=y, [1- (%, +b,x > +b,x*)+(b2x, +2bb,x° + 2blb2xn3)}
—(o,x, +byx,” +0,x.)* +...]
y[1-(o,x, +b,x.* +b,x *)+b’*x > +2bb,x * +
2bb,x * +b,*x,* +2b,b,x.’ +b X" +...
—-(b’x,” +b’b,x,* +b,’b,x,° +2b°b,x *) -

(2bb,’x.’ +2bb,x.* +bb,*x.*) +...
Firstly, we expand

(bx, +b,x,> +b,x.*)

(bx, +bx,’ +bx") (Bx, +bx” +bx")
b’x,> +bb,x,’ +bb.x,* +bbx > +bx *
+bb,x.> +bbx * +bbx +b>Xx " +...

(bx, +b,x,” +b,x,*)?

b, *x,” +2bb,x,* + (2bb, +b,")x,* + ... (18)

Now, expanding

(blxn + bzxnz + bSXn3)3:

(b, *x,” + 2B, x.* + (2bb, + b, )X,  +.)(Byx, +b,Xx,* + b, ")
b’x.* +b’bx.° +2b%b,x * +bb,x.* +2bb,*x > +2bb,b,x ¢
+(2bb, +b,M)b x> +(2bb, +b,7)0,x © +..)]

(blxn + bZan + b3xn3)3:
b X, +b,x,” +2b7b,x, " +°b,x,” + 2B b, "%, +2bb,b. X, (19)
+(2bb, +b, )b X, +(2bb, +b,7)b, %, +..)]

Substituting (18) & (19) into (17)

yo[l=bx, —b,x,> —=b,x.’ +b7x,” +2bb,x.> + (2bb, +b,")x.* —b’x,* —b’b,x,* —=b’byx,’

—2b’b,x,* —2bb,*x,* —2bb,b,x.* —(2bb, +b,7)bx,* - (2bb; +b,7)bx ¢ + ...
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Hence,

Yall = byxn + (bf — by)xj + (2byb, — by — b]  )x3

Substituting (21) into (22), we have

+ (2bybs— 3b%by + b3)x? b, h’(y,)* _ h%y,
=Yn— blxnyn + (b% bz)ann + (2b1b2 - - b%)xr%Yn + anyn2 2Xn2yn
h3 ) ’ ) _ ) "
y. +hy, + y' 4 y' b= b, = 20 i f12yn Y (23)
2 3! (20) 2%, Y,
We must ensure that the expansion on the L.H.S. of (20) h*y, _ (2bb, —b, - bl3) Xn3yn
agrees term by term with that on the R.H.S. 3!
h'y
— 3
——bxy b3_2b1b2_b1 -3
l/n n 6X,"Y, (24)
b= hy, @21
X0 Yn Substitute (21) and (23) into (24)
Y b2 bk LANELR AL B PR AL
=07 =b)xy, b, = 2[-—"[ n L B
2' ” ‘ Xn yﬂ 2anyn n Jn 6XnSyn
(b’ —b,) = h’ yn (22) Rya2Gm)? — vyl  RPGm)® Ry
2%y, X3Yn XV 6xnyn
_ [F12R3 () + 6R%ynynyn + 6h° (y)* — R¥yiyn”
6x3Yn
_ [6R3ynynyy' —6n3 () ~n3yiyn'’]
ba= st @)
Substituting (21), (23) and (25) in to (13)
ey = In
T [hyr’z o+ [ZhZ(y’n)2 - hzynyr’z’] X2 4 [[(6h3yny{1y{[’ = 613 () = Wy"yi)] 3
XnYn] T 2x7y; " 6x7 i "
— Yn _ Xp—Xo . ,
Ini1 = [’Wn] [2n2(y'n)? hzyny”] [[(5h3ynynyn—5h3(yn) h3y’”y2)] (26)  h= v ® the step size.
A o A.The Consistency Property of the Scheme
B o The conventional one step integrator for the Initial value
Inir = 6y3—6hy2ylh+6h2yn(vh) —3n2y2yll +6h3ynyhyil —6h3(y'n)3-n3yl'yz  problem is generally described according to [12] as
27
Yne1 = Yn + KO, Y, h) (29)
Hence, the scheme is
By subtracting y,, from both sides of (28) we obtain
6yn
y = 3 2., 2 2 I 3 oI 1733 "r..2
n+l 6Yn—6hy;yn+3h2yn[2(n)2 =y 1+h3[6Ynynyy —6(y'n) —y(23é; Vo1 — Yn = hOGn, Yo, B) (30)
IV.  ALGORITHM Divide both sides of (30) by h, we have
An approximate solution to the IVP
y' = f(x,v);v(x) = ¥, at the points xg,x;, ..., %, is given by Ynt1 = Yn _ hOCtn yn 1)
1 . h h
= p 3 ) = -
Yns1 = Ynle? +Xj-1bjx,]  where p=0 (a constant)  with yn+;l S 31)
parameters
b= T It
1T T e B(xn, Y ) = f(x, ) , (32)
nn
b = 2h%(yn)*—h*yn'yn . . .
2= 2x2y2 We then say that the given integrator formula (scheme) is
b [6R3 v,y vy — 6h3(y5)3 — h3y2y'] consistent with the Initial value problem under consideration.
37 6x3ys Now to show this with respect to the scheme derived above,
Xnt1 = X0+ (n+ Dh, subtract y,, from both sides of (28)
n=0,1,..,N where N, x,,y, are given and
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ot 2 (33)

Yne1 = Vn =

6Y5—6hyZyn+6h2yy ()2 =3h2ylyy +6R3ypynyy —6h3 ()3 ~h3yy'vE 1

_ 6y — 6yn + 6hynyy — 6h%yi (yn)? + 3h%ynyy — 6hyaiynyy + 6h%ya (yn) + Ry yn

6y — 6hyZy, + 6h2y, (yp)? — 3h2yzyy + 6h3y,y, vy — 6h3(yy)3 — h3yy" v

6Yn—6Yn+6hyayn—6h*ya(yn)*+3h% iy —6h3yZynyn +6R3yi (yp) +h3 vy yi

"

Yt T Y S G ehyRyi6h Py (V) —3hP Ry + N YR ynyh —h () —h3y v (34
. _ _hl6yiyn—6hyi(yn)*+3hyayn —6h*yiynys' +6h2yi (yn) +hyn" yil (35)
It T T eyt 612y ()P =32 YRy +6h3 Yy —61* ()~ VR
Divide both sides of (35) by h,
Yn+1=Yn _ _ 6Yayn—6hyi(yn)®+3hynyy —6h*yiynyy +6h*yi () +h*yn ' vii (36)
h T 6Y3-6hyEyh+6h2y,(¥)2-3h2yEy} +6h3ynyhyy —6h3 (V) —h3yl v2
As h tends to zero yields By setting, Q=| 1 + Z§=1 bjx,’; +n |, we have
Yn+1 = Yn _ 6¥n¥n ) Ly "
h 6yn 3 b, | e (43)
Yn+1=Vn 1
S (37)
Then,
which implies that (32) is satisfied and thus the scheme (28) is lensnl < Mlepsnl + | Trsnl
consistent.
. Let T= sup(Ty+1) and M<I similarly by setting
B. The Stability Property of the Scheme "
We use the general form of the scheme to investigate the Enin =supepip
stability property
Then, the inequality modifies into 0<n<co
Yn+h-1
Ynin = St (%)
(@421 byXpn) Ensn S MEpipq +T
The theoretical solution y(x) is given as Hence for h=1, we have
Y(tnan) = —2mhd 4o (39) Enpuy < ME, +T
n+ (Ep+2?=1bjxjn+h) n+ n — n
. . For h=2,
By subtracting (38) from (39), we obtain
Epys < M2E, + MT +T
YXp4n) = Ynin = Ynanoy - o + Ten (40)
n n k Wi k i n . . .
O By following this trend, it could be seen that
But the globalization error associated with general one-step Eyon < M¥Eyupy + 3o MTT (44)

scheme (28) is given by
en+h = Ynsn — Y(n+n)

Now by adopting (40) on (39) and simplifying, we obtain

_ en+h—1 _
€n+h = (3p+2?=1hjxi+h) + Tn+h (41)
But since p=0 is a constant, then e?=1. Hence,
_ €n+h-1 _
€n+h = 1+2;‘:1b1'xi[+h + Tn+h (42)

Taking the modulus of both sides, yields

1
k J
L+, bjxg

1
k J
1+25 by,
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Since M<I1, then as n tends to infinity, E,,;, —0

C.Convergence Property of the Scheme

Having tested for the consistency and stability of the
method, we can conclude that the convergence property is also
satisfied.
Theorem: Let y,, = y(x,) and 1, = I(x,) denote two different
numerical solutions of differential equation (1) with initial
conditions specified as y(x,) = u and l(x,) = p * respectively,
such that |u —u *| < £ ,e > 0. If the two numerical estimates
are generated by the integration scheme (28)

We have

Yn+1 = Yn + hq)(xn' ynrh)
lnyr = by + hO(xn, Ly, B)
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The condition |y,4q — lye1l < klp—p | is the necessary

and sufficient condition that the method/scheme is stable and

convergent.
Proof: From (34)

6y — 6y; + 6hysy, — 6h2yE (yn)? + 3h%y3yy — 6h3yZynyy + 603y, (y) + W3y 3

Yne1 —Vn =

Adding y, to both sides, we have that,

6y — 6hyay, + 6h%y, (yp)? — 3R2y2yy + 6h3ynynyy — 6h%(y)3 — R3y, v

6y, — 6y; + 6hyyn — 6h2y2 (yn)? + 3h%y3yy — 6h3yRynyy + 603y, (v) + WPy 3

Yn+1 = Yn T

6y — 6hyzy, + 6h%y, (yp)? — 3h2yEyy + 6h3yny,yy — 6h%(y)3 — R3yy yi

B \2 " r o ' " ' 1\2 " o . "
6yt — 6h*yly. +6h*y2(y)) = 3Ky3y. + 6h*y2y vt — 6k’ (v,) — Ky yE + hl6yly, — 6hy2(y,) + 3hyly, — 6h*y2y v + 6h%y, (v,) + Ky, v}

Yn1 =

_ 6y — 6R%yiyn + 612y (yn)? — 3R%yiy + 6hyitynyn — 6h%yn () — By,

2
3 2. 2 ! 2.2, 3. ! 3 ! 3.2
6y3 — 6hy2y, + 6h%y, (v,) = 3h%y2y, + 6h%y v, v = 6k*(¥,) — HY,¥?

"3

Vi + h[6y3yn — 6hys (y)? + 3hys vy — 6h%yZynyy + 6R%y, () + W3y, v

6y5 — 6R3yZyn + 6h%y, (yi)? — 3h2y2yy + 6h3yynyy’ — 6R3(yy) — K3y, v

6yn — 6h3y3yh — 6R3y, (yn) — W3y v + 6hysypn + 6h3 (yn)?

T G 6h3yEyn + 6h2y, ()2 — 322y + 6h3 Yy — 6B () — 3y y2

Similarly, from (29)

Luyr = Ly + h0(xy, Ly, )
lnv1 — by = h@ (e, Ly, h)

_6LE — 614 + 6RLL, — 6R2IZ (L)% + 3RP L — 6h3 L + 6131, (1) + K31 13

ln+1 - ln -

Adding L, to both sides we have that,

613 — 6hIZL, + 6h2L, (I)% — 3h212L) + 6h3 151,11 — 6h3(1,)3 — h3L)' 12

L, R[6I3L, — 6RIZ(1,)? + 3RIBL! — 6h2I2L, 1 + 6R21, (L) + K31 13

Ly =2+
"L T T 613 — 6hIEL, + 6h21,(1,)% — 3R2IEL + 6h3 L1, — 6h3 (1)) — K312

6l —6h°B1L, + ehzlﬁ(l;)z — 3R, + 6h L1, — 6h°L,(1,) — h*L, 13 + h[6131, — 6hl§(l’n)2 + 3R, — 6R* 2L L, + 6R71,(L,) + KL, 13

by =

6lf — 6h313L, + 6R212(1)% — 3h2 L3 + 63211 — 6h3L, (L) — h3UY' I3 + h[613L, — 6RIZ (1) + 3hI3L; — 6R>L2L, 1 + 6h%L, (1) + R3L'3

613 — 6hi2l, + 6h21n(1;)2 = 3R2L2L, + 6h°L L, L, — 6h3(L,) — RPL, 2

612 — 6hi21}, + 6h2L, (I,)2 — 3R2I2L + 6R3L,L, 1L — 6h3(L,) — h3L)'12

614 — 6h3131, — 6h3L, (1) — R3LY I3 + 6RI3L, + 6h3(1)3

l =
" T 613 — 6h312y;, + 6h2L,(1,)% — 3h2I2LY + 6h31, 1,1 — 6h3 (1) — K3L12

6y, — 6h3yayn — 6h3y, (y) — W3y + 6hy3y, + 6h3 ()3

Y -1 = 7 7 " 7 " ’ "
T T 6y3 — 6h3y2yy, + 6h2y, (ya)? — 3hZy2yy + 6h3ynynyy — 6h3(yy) — K3y, y?

614 — 6h3131) — 6R31, (1) — R3L 13 + 6hI3L, + 6h3(1))3

613 — 6h312y), + 6h21,(1,)% — 3h2I2LY + 6h3 1,1, 1L — 6h3 (L) — k3112

As h - 0,we have

6yx 6l
Yne1— g1 = o2 o8

[Yre1 = lpsal = 1yn — Ll
[Vne1 = lngal = 1yn — Lyl

But since the initial conditions are given as y(x,) =
wand l(xy) = p = respectively, such that|jy —p*| < e , €>0.
Hence,

[Vne1 — bl = 1p — p+| (45)

International Scholarly and Scientific Research & Innovation 9(2) 2015

D.Local Truncation Error and Order of the Scheme

We define the local truncation error for the Inverse
polynomial method as the error committed in the most recent
integration step, on a single integration step. The local
truncation error in pth order of the inverse polynomial method
is (ch?*1) where ¢ is some constant bound on ¢ for p=2,3,4
also exist but since we only focus on the third step of the
method, we can say this method is of third order and with
local truncation error O(h*)
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V. IMPLEMENTATION, RESULTS, RECOMMENDATION AND
CONCLUSION

A. Implementation and Numerical Results

It is always necessary to demonstrate the applicability and
suitability of every newly proposed numerical method. Thus,
to do this, the method was rewritten in an algorithm form and
test runs were made with scheme for problems listed below
using MATLAB programming language and it was
implemented. However, the numerical solutions contained
here are therefore compared with the corresponding theoretical
solutions.
Example 1: We consider the IVP,

y=1+y5y0)=1 (46)

whose exact solution is y(x) = tan (x+§), in the interval

0<x<1.
The numerical results are shown below in the table at h =
0.025.

TABLEI
RESULTS GENERATED FROM THE NEW SCHEME

Xn New Scheme Exact Solution Error
0.0000 1.0000 1.0000 0.0000
0.0250 1.0512 1.0520 0.0008
0.0500 1.1051 1.1061 0.0010
0.0750 1.1621 1.1632 0.0011
0.1000 1.2225 1.2238 0.0013
0.1250 1.2867 1.2883 0.0016
0.1500 1.3551 1.3570 0.0019
0.1750 1.4283 1.4305 0.0022
0.2000 1.5069 1.5095 0.0026
0.2250 1.5917 1.5947 0.0030

Example 2: We consider IVP called the test function
y=y;y0)=1 47)

whose exact solution is given as: y(x) =e* in the interval
0<x<1.
The numerical results is shown below in the table at h=0.25

TABLE II
COMPARATIVE RESULTS ANALYSIS
Xp RK-1 RK-2 New scheme y(xn)
0.0000 1.0000 1.0000 1.0000 1.0000
0.2500 1.2500 1.2813 1.2843 1.2840
0.5000 1.5625 1.6416 1.6494 1.6487
0.7500 1.9531 2.1033 2.1183 2.1170
1.0000 2.4414 2.6949 2.7205 2.7183
Example 3: We consider the IVP
’ y? _
¥ = Ly(0)-1 (48)

whose exact solution is given as:

1

m in the interval 0 < x <1 ath=0.1

y(x) =—
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TABLEIII
RESULTS GENERATED FROM THE NEW SCHEME
Xn New Scheme Exact Solution Error
0.0000 1.0000 1.0000 0.0000
0.1000 1.1103 1.1107 0.0004
0.2000 1.2443 1.2459 0.0016
0.3000 1.4070 1.4113 0.0043
0.4000 1.6047 1.6142 0.0095
0.5000 1.8458 1.8644 0.0186
0.6000 2.1414 2.1759 0.0345
0.7000 2.5071 2.5689 0.0618
0.8000 2.9652 3.0745 0.1093
0.9000 3.5487 3.7427 0.1940

B. Discussion of Results and Conclusion

We have successfully developed an inverse polynomial
method for the numerical solution of first order ordinary
differential equations. Analysis of the basic properties of the
method showed that it is consistent, convergence and
absolutely stable, confirming that the method is suitable for
the numerical solution of non-stiff, stiff, and ordinary equation
with singularites. Numerical results of the method compared
favourably with the existing methods like the Modified
Euler’s Method and Runge-Kutta method of order 4. On a
general note, the results show a measure of convergence
towards the theoretical solution.

It is to be noted that the 1 and 2™ stage of polynomial
method by [13] have derivative advantages over our new
scheme in the sense that fewer derivative and also there is no
much rigorous analysis of the Taylor’s series method when
compared with this new 3™ stage scheme. However, it enjoys
higher order advantages over that of [13] first and second
stage which are of order one and two respectively while this
method is of order three.
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