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Abstract—In this paper, some relative efficiency have been
discussed, including the LSE estimate with respect to BLUE in curve
model. Four new kinds of relative efficiency have defined, and their
upper bounds have been discussed.
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I. INTRODUCTION
CONSIDERING the general growth model

Y =XBZ +e
E(e)=0 @)

Cov(E)=V®Z

Among them,Y is the nxq random observation matrix; e is
the nxq random error matrix, X .z, is the design matrix that

nm?

we are known, andr(x)=m,r(z)=k , B isthe pxk regression
parameter matrix that we are unknown, V and X are positive
definite matrices with the size gxq and nxn -order
respectively. ® expresses product of matrix Kronecker.
€ expresses a column vector of the & straightened by column.
In the model of (1), there are two more common kinds in the

B estimator class [1], [2]: One is the best linear unbiased
estimator (BLUE), recorded as:

-1

B =(X'Z X )X Tz (zv 7))

and

-1

Cov(B')=(2zv7z') ®(X'=x) .

Another is the least squares estimation (LSE), recorded as:

-1

B=(XX)"X¥z'(zv'Z')

and
Cov(B)=(22)"2vZ'(22') " ®(XX ) " X'Z X (XX) ™.

Refer to Gauss-Markov theorem: cOv(B*) < cgv(é) )
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It is often used B instead of B”when n is too large orV,X is

not clear, thus creating a difference. To measure the size of
difference, some relative efficiency has been studied of the LSE
estimate with respect to BLUE [3]. This paper has defined four
new relative efficiencies, and has given their upper bound:

el(é/B*)
e,(B/87)= »YKAP[PWAZPW—(PWAZPW)Z}

e3(l§/B*):

m,k

Zﬂv‘p[COV(é)—COV(B*)J

i=1

o
N

m;l AP [Cov(é)Cov’1 (B" )}

o=

& (é/B*) = [tr[Cov(L%)Cov*1 (B)T}

ThereW =Z2X ,A=VQ®X , p, :v\/(ww)’lW' VA (A) is the
i-th order characteristic roots for matrix A from small to large .

I1.UPPER BOUND OF ¢, (B/B')

Mark:

Whenq22k, a1i=(\/a7i— aq_m)z, i=12,---,k

2 -
Wheng <2, a, :{(\/E—M) i=12...

0 i=q-k+1--k

i q-i+1

2 .
Whenn<2m,a, :{(\/H—\/qu) i=12--,9-m

0 i=g-m+1---,m

Whenn>2m, a, :(JH— b

Lemma 1: Assume A=diag(s,-.5,) , &>->5,>0 ,
A, >0, where U isan nx p -column matrix. Then:

Uu=A

min tr (UAU) = Y4, (A)3;
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o

max tr (U'AU ) 5. [4]
Uu=A

zﬂ' 1H—l

i=1

Lemma 2. Assume yi:i,[U'AU —(U’AU)A} , there

Uy =X(XX)'X', A=diag(b,b,) , then 3", <3r
i=1 i=1
1<t <k .[5]
Lemma 3: Assume A, B is the nxn -order non-negative
k Kk k
definite matrix, then »" 4 (AB)<>" 4 (A)Y_ 4 (B).[6]
i=1 i=1 i=1
Lemma 4: AssUMe X = (X, X,, Xy )+ Y = (V5. Y,0o, Yy ) aT€
two vectors in the space of R™. Andx, >---> X, y,>-->y .|
is a interval in R, Xx,%X, %, ¥, Yo' Yy €1, and

t t

x <>y, 1<t<m .If 4(x)is the monotony but not drop

i=1 i=1
convex function, then i¢ i¢ . This is Advantages
i=1 i=1
Theorem. [6]
Theorem 1:
ok * (a, b b
B/B*) < _ q-k+1"n-m+1 .
( / ) IZ [sk |+1rm |+1j [ Siri ] :l

Proof: Assume X =MAN , MM =1_, NN=NN'=1_,
where A = diag (\/E\/a) , Obtained by Lemma 1:

m -1 m -1
D A(XETX) =Y 4 (NAM'ZMAN)
i=1 I:}l B (2)
=Y A(AM'Z'MA) =Y At L (MM Rt
i=1 i=1
Obtained by Poincare Theorem [7], [8]:
Amfnl (M '271M ) < ﬂm—iﬂ( ) bn 1m+| (3)
Insert (3) into (2):
S A(XEX)2 3yt @
i=1 i=1
Then
3 LX) X2 (x%) ]
i=1
-3 [(NAMMAN) ™ NAM'SMAN (N'AM MAN ) |
i=1

iﬂ,, (A'M'ZMA™)

Obtained by Lemma 3:

International Scholarly and Scientific Research & Innovation 8(10) 2014

iﬂ,, (A*M'EMA™)
si;,,( )4 (M'EM) ©)
<34 (A)AE)= Db

N
[N

Obtained by Lemma 4 [9]: Assume 4(x) =", p>1, then

iﬂ’lp(x'zﬂx)zibﬁ{mﬂr{p (6)

=1 =1

34 AL(XX) XX (xx) ]2

i=1 i

AP ™
=1
By the same token:

Y (zviz)= a8 (8)

i=1 i=1
Zk: P[ tzzz( zz)*}z aPs;®., 9)

m
i=1 i=1

Insert (6)-(9) into:

m,k

(8/8 :Z/L”[Cov(é)—Cov(B*)}

i=1

<P

3
=~

2P [(z22) zvz'(22') T @ (XX ) XEX (X X))

N
N

7(ZV’ Ne(x=x)"]
219

PR [(xx

) XX (XX) ]

)
[(
z
[(zz') 2vz/(zz ]
P[(zvlz)lz:“ lxex)"]

< o a1h1 p_ aqfk+1bn—m+1 ’
4 Sk-ivalmisn Sifi

The theorem 1 has been proved.

er -MT

3

I
N

Mark: a=A4(V),a2-2>a >0;
b=4(2),b>-->b >0;
Lemma5:P,,, =P, ®P,.[10]

Lemma 6: Assume P, =X (XX)" X', z:diag(b1 b))

@ :/1||:szsz _(szpx )2:|’ thenzm:wip < Z ﬂzp (p>1)
i-1

1
B :E(bi -

nxm -column matrix of full rank . [11]

b, y.1),i=12,--,min(m,n—m) , there X is an

min(m,n—m)

Theorem 2: ez(é/B*)g Z BPa? (p=1).
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Proof: Becausew =7'® X . So [12]:

e, (B/8" ):

.k

[ RAR, ~(RAR, )]

> 4 [PZVZPz ®R,T*P, ~PVP,VP, (PR, )’ |

m,k
i=

3

I
BFM
= &

Wi [szz ®(P.P, - (P3P, )2)}

i=1

Obtained by Lemma 5:

ez(é,/B*):m'k;t,ppzvzcamk "[PZ P, - PZPX)Z}

=1 i=1

Obtained by Lemma 6:

min(m,n—-m)

e(B/B)< Y prar(p=1)-

i=1

IV. UPPER BOUND OF ¢,

B/8’)

vV —

Mark: =4 (V) a2

2
When q > 2k, aﬁ:(a.—aqﬁl%a ,i=12,---k

q—i+1
(o)

Whenq<2k, g, = Lo Gaa, ., | 12,k
1 i=gq-k+1,---,k

_(bi _bn7i+ )2 H
Whenn>2m, a, = 1 4b|bn—i+1ll_l’2’ m

(b =)’ .,

Whenn<2m,a,, = ' 4bb, .. i=12,--,m
1 i=n-m+1---,m

Lemma 7: If Y, =X_ B.+& , Cov(¢)=c’S>0
r(X)=m<n . B =(X=TX) XTY , B=(XX)'XY

E(s)=0 , then iﬁ[(xx)‘lx’zx(XX)‘l(X'z*lx)‘l]

<3ay . [13]
i=1

Lemma 8: Assume A,i=12 is the mrank negative definite
square matrix, D,,i=1,2 isthe n rank negative definite square
matrix, then 4(A®D)=4(A)@4(D) . 4(AA)
<A (M)A (A) T=12m. [14]

“ m,k
Theorem 3: ¢,(B/B") < afa;

i=1
m,k

Proof: e, (é/B*) => A [Cov(é)covfl(B*)}

=1
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.k

3

7 2| ((zzy vz 2z ) e () xex (X))
((zv 1Z’)l (XzX) )l}
3 Y| ((zz) vz (zz) vz )e

i=1

—

(XY X'zx(xx)*X'z*x)}

zk: wl(zzytave(zy vz e

i=1

3 [0 XmX (XX )" X2 |
i=1
Obtained by Lemma 7:

i&p[(zz)’lzvz(zz )'zviz)< Zah

i=1

i ALK XX (XX) X2 X < Za

=

To sum up: e, (B/B") < mz Pal .

i=1

V.UPPER BOUND OF ¢, (B/B")

Mark: i=;,,(v) >---2a,20;
bI ﬂ,, -->h >0,
Wheng>2k, a, = saa, ., i=12,-k.
)2
| q i+1 i:1,2,"',k
Whenq<2k' aii - 4a | q i+l
1 i=q-k+1,---,k
_(bl bn i+ )2 | =
Whenn>2m, a, = 1 Ubb, . i=12,--m
(b =)’ i
Whenn<2m,a, - " app,,, TL2em
1 i=n-m+1---,m

Lemma 9: Assume y =4 [U'AUU'A™U |, where U is an
nxp -column matrix, and UU =1, , A=diag(b,--,b,) ,

b>2b >0,thens , <Sa ,t=1k.[15]
i=1 i=1

1
1/ m —
Theorem 4: eA(EA;/B*) <KkP (Zazpijp .
=1
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Proof: [6]
e, (é/B*) = [tr [Cov(é)Cov*(B*)T} [7]

(8]
=(tr[((22')’1 2vz'(z2') " (X X)) o

o=

1

((ZV’?’)@(XX))TJP
- (tr[(ZZ')’1 2vz'(zz')}(zv'z')® |m]p)B

(10)
[10]

1
[11]
A 1 [12]
—k? [tr [(zz7) ZVZ'(ZZ')‘1(ZV*1Z')]'7}p
[13]
By thinking the following: [14]
15
w[(zz) 2vz(22') (2v2')] = =

$2ie

Vizvz'(zz') (zv '12')}

is satisfied that
b,),andlet M =ZN,

Because V >0 , there is N which
NN=NN'=1,V=NAN", A:diag(bl,-“,

U= M'(MM’)’%, Uy =1,, then it is believed that:

A2z zvzi(zz') (v 2)]
4

[(ZNN Z')" ZNANZ'(ZNNZ')* (ZNA7Z') ]

2| (MM

=2 (U'AUU'ATU) =

VEMVM(MMY) (MATM )}

Obtained by the Lemma 9: zﬂ <Za ,1<t<m. Assume

i=1
p(x)=x", p=1,there

(11)

m m
z /Jip SZ ai;
i1 i1

l m
Insert (11) into (10): e4(é/B*)g kP [za 'j The Theorem

i=1

4 has been proved.
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