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I. INTRODUCTION

HE names fractional calculus is concerned with the
generalization of differentiation and integration to
fractional order. There are number of ways of defining
fractional derivatives and integrals.
We begin by recalling S.F. Lacroix [9] definition of mth
derivatives for y = «™, where n is a positive integer as

dmy  (m!)
dz™  (n—m)!
A vital development in the field of fractional calculus was laid

down by L. Euler, N.H. Abel, J. Liouville, and B. Riemann.
For the function f(z), expanded in series form

:I:TL—’H'L (1)

f(z) = Z ¢n explan ) (2)
n=0
Liouville defined the fractional derivative of order v by
Di{f(2)} = enay exp(ant) (3)
n=0

In 1931, Euler extended the derivative formula
DM =AA—1),..A=n+1)2*"", (n=0,1,2,...)

T+,
_(/\—n—i-l)z/\ )

In the last few years fractional calculus became one
of the most intensively developing areas of mathematical
analysis. Its field of applications is in almost every field of
science, engineering, and mathematics. Several applications of
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fractional calculus are in fluid dynamics, stochastic dynamical
system, astrophysics, probability theory and statistics, image
processing, nonlinear control theory, plasma physics etcetera.
Some of the definition and notations used in this paper are
as follows:
Appell’s gave four hypergeometric functions of two
variables given by [6].

/. (a m+n(b ( )nxmyn
Fl [CL, b7 b ) Z ((‘ . m' n' ’ (5)

m,n=0

CENTES

o men bm 4 m,mn
Fala,b s e,¢; oy = 3 Drtn@nazy" -

= (@)m (") m! n!
/ /.. _ - (a)m(a’)n(b)m(b’)nxmy"
FB[a7a 7b7b y G .Z',y] - mzn;() (C)m+n m' n' ’
. (7)
a m-n b m nxmyn
F4[a,b; ¢ c; x,y] = Z ( )(p)+ ((c’; _;nl n! (8)
m,n=0 m " T

In 2002, M.A. Khan and G.S. Abukhammash [5]
generalized the Appell’s functions of two variables and
introduce 10 Appell’s type generalized functions M;, i =
1,2,...,10 by considering the product of two 3F5 function,
but we use only seven hypergeometric functions as mentioned
below:

’ ’ /. /.
Ml (a,a,b,b,c,c,d,ae,x,y)

(@)m 7 (0)rn (0 ) (€)m () 2™ y"
m;() (d m+n(€) ()n m! n! )
M; (a,a’,b,b e, c5d,e;x,y)
_ v @n(@)a®)m®)a(m()n ™y
a m;:() (D) (€)mtn m! n! (10)
Ms (a,b, b c,c;d,d e e;2,y)
_ - (a)m n(b)m(b/)n(c)m(d)n l‘my"
- mﬂZL:O (Cgm(d')n(e)m(e’)n m! n! (11)
My (a,b,b ¢, d,e e, y)
_§ @l

(d)mtn(€)m(e)n
M7 (CL, ba (& C/; d7 €, y)

m,n=0
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Z (@)mtn(D)mtn(C)m(c)n z™y" (13)
o (D)mtn(€)m(e)n  m!nl
M8 (CL, ba c, Cl; da €, 6/; x, y)
Z (a) m+n b)mtn(C)m(c)n z™y" (14)
m,n=0 m+n(e)m+n m! n!
‘]\/[10 (Cl, b7 [6X d7 €, 6/; x, y)
_ 3 @mn O 79" 15)
o (d)man(€)m(e)n mlnl
Lauricella  [1], generalized the Appell double
hypergeometric functions Fi,...,F; to functions of n
variables, but we use only two F An) and Fgl) are defined by
FXL) [@, b1, bns C1yeny Cry X1y ey T
_ i (a)m1+...+mn (bl)m1~'(bn>7nn
M ,yeney my, =0 (Cl)ml """ (Cn)mn
N
— 16
my! my,! (16)
Fén) [a‘abh '7bn; c; I, 73771]
_ i (a)ml+...+mn (bl)mln-(bn)mn
M1,y in=0 (C)m1+...+mn
i (17)
mi! " my!

In 1963, Pandey [7] established two interesting Horn’s type
hypergeometric functions of three variables while transforming
Pochhammer’s double-loop contour integrals associated with
the Lauricella’s functions F; and Fr as given below:

A [%575/57533;972]

— i (a)nva*m (ﬁ)er;D (B/)n ™ yn P

m,n,p=0 (’Y)nerfm m! nl p' (18)
Gp o, B1, B2, B3;7; 7, Y, 2]
_ i (C%)n+p7m(61)m(62)n(ﬂ3)pzm yn Zp (19)

mn.p=0 (’Y)nerfm m! n! p!

II. FRACTIONAL DERIVATIVE RELATIONS

In this section we derive certain types of fractional
derivative relations are as follows:

-8
{xlaxgo‘ <1 - x— — f) }
1 2

I —or( - O/)x S
T rl-pra-w)t

w1 w2
X1 ’ X9

Dp,fozDu’fo/

T T2

w

X Fy [5,%#/;0470/; (20)
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w1y w2
where, ot < 1.
w1 wy\ P
D;‘ll_‘“ DQ‘: on T, (1 -
X1 Tn

ﬁ{m

(@)}

(1 — py
w1 Wn
XF,Exn) [5;#177117170!1;@71,7’} (21)
T Tn
where, ‘;—i + . + “’" < 1.

M1 — Q1 )2 — Q2 U3 — Q3 T4 — g
D Dy? st Dy

-B
X {zl_alxz_azxg_asx <1 . > }
X129 XT3T4
- P(l — al)P(l — ag)F(l — ag)F(l — Oé4)
(1= p)I'(1 = p2) (1 = p3) (1 — prg)

le—#lx2—ﬂ2x3—ﬂ3x4—u4

w1 wo
XMB 5aﬂ17ﬂ27ﬂ3»ﬂ4§a170¢27a3aa4§ ) (22)
T1X2 T3X4
where, o T w:;4 < 1.

H1— Q1 TH2 — Q2 U3 — A3
s DE? DEs

—B
— — — w1 [055)
X{l‘l "1172 azl‘g s (1— —
L1Tz  X1X3

_ F(l — oq)F(l — Oég)r(l — 063)
(1= p)T(1 = p2)I'(1 = pe3)

.’L’limxgimx;;i”?’

w w
x Mz [5,/117/1:2,#3;01,042,@3;1, 2 } (23)
T1T2 T1T3
where, .7172 + Tt’ig < 1.
a—p ) o "y ws \
Dz x(l,I) lfwla}fl_x
I'l+a«)
= "'H ) ,1"’0[; 31+ JWo, W1 T, T 24
Tt )" Halby Bl pswa, wiz,x] - (24)
where, Re(a) >0, [z] <1, ’ww+1%‘ <1
wr \
Do g1 —g) B (1=
e (-2)
I'(1
= Mw”(l _ gyt
(1 +p)
wx —r
XFl 1+a7771+ﬂ_571+ﬂ7777 (25)
l—z'1—2x

where, Re(a) >0, |z| < 1, ’ﬂ <1

-z
Dy~H {x“‘(l —xz)7 P <1 -

wiz \ | Wt -0
1—=x 1—=x
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N1+ «) " a1 (3)
= _—‘at(l—a) ™ Fy'[1 0, 1 — f;
F(l—'—u)x ( LE) D [ +0[7 ’Yv 9 +,u’ 67
w1 W €T
1 ; 26
s 1x’1w’x1} (26)
where, Re(a) > 0, |z| < 1, ’fii < 1, ’;"Efj < 1 and

F(DS) is defined by eq. (17) at n =3

Do {x"‘(l —2) P —wz)™" (1 - 1°fx>_6}

1+ «)
=——~ a2l Fyld 14+a 1+a, B, 7,
T+ p) M [ B, v, B
8,1+ py 1+ pywa,wz, @) (27)
where, Re(a) >0, |z| < 1, Jwiz] < 1, ‘f’_"’x < 1and F,,
is defined by saran [8]
Fuyloa, az, az, i, B2y Bi; 715 Y2, V25 2,9, 2]
_ i (al)m (02)n+p (ﬁl)ﬂ:+1)| (?2)71.’27” yn P (28)
m.np=0 (Y1)m (¥2)n+p m! n! p!
wor \ °
D+ {x“(l —z) P (1 —wax)” (1 - = ) }
1—2
1+a o—; 8 ;—
_LA+a) upe
F(l—l—,u) 14+p 00— —
Y0 s
W1T,Wak, T (29)
n— B—
where, Re(a) > 0, |z| < 1, |wiz| < 1, ‘;ﬁﬂ;] <1

and FO®)[z,y, 2] is triple hypergeometric series defined by
Srivastava (see [4], p. 428).

H1—CQ1 2 — Q2 HH3— A3
D! Dz Dy?

-B -
w w
: {wlalw2a2$3a3 <1 - € ; ) <1 a € ; ) }
1Z2 T1x3

L T(1—a)T(1 — a2)T(1 — )

— xlﬁulw2*#2x3*/¢3
(1= p)I'(1 = p2)I'(1 = p3)
w w
><]\44 |:[1,17B7’)/,,U,2,/,L3;Oll,0427043; ! ) 2 :| (30)
T1XTg T1T3
where, || <1, [-“2-| < 1.
T1X2 T1x3

Dg;ﬂD527u {C[Zlal’ga (1 — wl$1$2)76(1 — w21’1$2)7ﬂy}

M1+ a)'(1+a)

_ 21 HpoH
T+ +p) "7

XMg[l+a, 1+, 8,714 p, 1+ p's w2122, wox 1 9]
(31)
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where, Re(a) > 0, Re(a’) >0, |wiziza] <1, |wozize| <

-
Dg~# {x“(l —wiz)”P (1 — W — ﬂ) }
x

T'(1+a)

w3
- /1 N “G |:]- s I 7]- ; ) 77i| 2
F(l—i—u)x All+a,v, 8,14+ pywix, wer o (32)

where, Re(a) > 0, |wiz| <1, |woz 4+ <3| < 1.

e (1-2) 7 0-2)7)

'l—a) _, w1 wa
= 5~/ N F { ? ) ; ;777i| 33
T p)° L\ By e (33)
where, %’<1, |%|<1.
-5
D+ {x”‘(l —wiz) P (1 — woz) ™Y (1 - E) }
x
(1
- ( +a)x#GB |:1+a767677;1+ﬂ;$5w1x7w2x:|
(14 p) x
(34)

where, Re(a) > 0, |wiz| <1, Jwoz| <1, |<3] < 1.
D27 {2%(1 — wiz) P (1 — wez) TV (1 — w3z) %}

I'(l+«) (3)
=——Co*Fy 1+ a,8,7,0; 1 + p; w2, wex, wsx
T(1+ p) D [ B,y M3 w1 2 3 235)

where, Re(a) > 0, |wiz| <1, |waz| < 1, |wsz| < 1.

e fore (L-2) " (- 2) L )
€T xT xT

Ll—a) _.pm w we  wn
B ST TRY F |: ) 9 3oy ; ;7,7,...77}
F(l—u)x D | B, By B . -
(36)
where, || <1, [2| <1,.., || <1

_P(l_o‘)xﬁ*ux_ -8
“Tta-pt Y

(1) (n+1) W W, 1
X (Q)ED |:67ﬂva_u771a"'777ua1m?"'aIvlx:|

(37)
where, |1 < 1, [“| < 1,.., [“2| <1 and ggEng) is
defined by Exton ([2], p.89) at k=1 and n =n + 1 as

E];;Eg]) [a,a’ b1,y .y by &1, ey T

(a)7TL1+...+T)’Lk (a/)mk+1+...+mn (bl)ml ~~-(bn)mn

()myt..tmi

O T (38)
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III. FRACTIONAL INTEGRATION RELATIONS

The rule for fractional integration by part is in the form

b b
/ Dfy ol @)}o(w)de = / F(@)Df ) foe) ). (39)
where D"a ) and D( b) denotes the operators of fractional
derlvatlves (of order v) which can be defined, if Re(v) < 0,
by the following integrals

x

Dlulf@} = g [l =07 pey (40)
and
1 b
Do)} = s [ =) et @)
If f(z) and g(x) are functions defined by
fla) = Z Ap(x — )P,
glz) = ZB z)o L (42)

then the fractional derivatives are obtained by differentiating
these series term-by-term and applying the definition (1).

In this section, certain forms of integrals have been found
by adopting the technique defined by (39) for different types
of hypergeometric functions as mentioned below:

A N

1
X /u"‘/_l(l — u)v_o‘/_lFl [, B, B0’ v, yu| du  (43)
0

Re(y) > Re(a’) >0, |z| <1, |yl < 1.

Proof: By using ([3], p. 276, eq. 7)

Fila, B, 8"y 2,y) = %

X /u”‘_l(l —u)’7 7 (1 —uz) P
0
with the aid of (1), we see that

(1—uy) P du (44)

o Dy ')
a0 =gy “Th—a)

Substituting in the last integral and using the fractional
integration by part formula (39), one obtains

1
/ 'ya—l
0

Bl —uy)~ s Ydu  (45)

w)r = = (1~ )7

Fl [aaﬁvﬁ/;’}/;x7y] Oé)F

de—«

W{UQ (1 —wux)”
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Now, the use of binomial theorem and (1), gives

’

W{uail(l —uz) P (1 —uy) "}

= i (ﬂ)r(ﬂl)ﬁ F(a +r+ S) (u)o/+7'+5—1
| g! /

= s (o +7+s)

using the above relation in the last integral (45), we get the

required result.

Next, we obtain some more integral representation for the
Appell series I3 defined by (7), by using fractional integration
by part as given below:

F3 [a,a',ﬁ,ﬁ/;a—i—a';z,y]

1

F(Oé"'a B—1 g
17 17 ata’'—B—1
F(a—i—a—ﬂ)f‘ /u uz)” (1 —u)
0
o B
X9 Fy (1 —w)y| du (46)
a+ad —p;

Re(B) >0, Re(a+a') > Re(B), |z| <1, |y| < 1.
Alternatively, equivalently

Fyla, o, 8,858+ B's 2,y

1
_ r'B+4) a—l(1 o N=B(1_ . \B+A —a—1
F(B'FB/—OC)F(O/)O/H (1—uz)"P(1—u)
g, o
X o By (1 —wy| du (47)
B+06" —a;

Re(a) >0, Re(B+ ') > Re(a), |z| <1, |y| < 1.
Also,

Fslo, o, 8,850+ p's 2, y]

1
p+p)

/u” 1 ﬂ+p —p—1

T T(p+ g T )
a, B; o B

X o by ux | oF1 (1 —w)y| du (48)
o pp =

Re(p) >0, Re(p+p') > Re(n), |z| <1, [y <1

Proof of (46): Applying the integral relation ([3], p. 279, eq.
17),

FB [a,a/,ﬁ,ﬂ/;a—l—a';x,y]

1

a+a /u“ 1

0

)< _1(1 — um)_ﬂ

x(1—(1—u)y)~? du (49)
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Now, by using (1), we see that

ua—l dﬁ—a ’U,B 1

Z (1— -8 __2 1—

a7 = s {1
Substituting this in last integral (49), and by using the formula
(39), we get

F3 [CY,CMI,,B,B/;O(—FO/;.%,Q]

1
I« + o WP o
[
f—a )1 ,
x d(1d, u)B- { ! F(o?’) (1-0- u)y)_ﬁ } du (50)

Further, by using the binomial theorem and (1), we obtain the
required result (46).

The proof of integral relation (47) is similar to the proof of
(46).

Proof of (48): Making the use of ([3], p. 279, Eq. 16),

1

Fsyla, o, 8,650+ p 52,y = (p+p /u”ll—u)p
T(p)L(p')
0
@, B; o, B
X oI uz | oI (I—w)y|du (51)
P P

Now, by using (1) and the series representation o F, it follows
that

a, B;

dr—r uy—l avﬁ;
Ur| = ———~——\ =~ F1 uxr

dlwpr=e 1 T =0,

Substituting this in last integral (51) and by using the formula
(39), we get

ul~!

— o/
L'(p) Py

F3 [0470/7/876/3P+P/;$ay]

p a, B;
Llp+p') / I3 o i dr=r
Y . d(1 — u)r—r
0 5
! /.
(1 7u)p’—1 « 5/37
S F; 1-— d 2
2 / (1—u)y u  (52)

I

Thus, by using the binomial theorem and (1), one obtain the
required result (48).

Particular cases:

@M If we put p = «, p) = & and p = § in (48), which
immediately reduced into (46).
D) If we put p = B, p/ = ' and p = « in (48), which

immediately reduced into (47).
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In the present text, we derive the integral representations for
the functions Ms and M by using the technique of fractional
integration by part as given below:

a)a/7 b7 b/7c7 cl; !

M, vyl = C—IL—C /ucil (1—u)° -1
c+d, d L) A
a,a ,b,b -
x M uz, (1 —u)y| du (53)
d ) c ) C/ )

where Re(c’) > 0, Re(c) >0, |z| <1, |y| < 1.

Also,
1

F(d) c'—l —u d—c' —1
wY F(c c’)/ (1—u)

a? b7 C;

d,e,e;

x Mo ux,uy du  (54)
where Re(c') > 0, Re(d—c’)>0 \x|<1 ly| < 1.
Proof of (53): By using ([5], p. 73, Eq. 4.6)
a,a’ bV, c, c; L
) ) ) ) ) bl F
M, Tyl = (C /u )¢ 1
c+c , d; C+C i
a 7a 7b 7b/ ;
x F3 ux, (1 —u)y| du (55)

d ;
with the use of (1), we see that

dé) e

(C/)Tuc+7'—1 —

Substituting this in last integral (55) and using the formula
(39), we get

a 7a/ )b7b/ 70’6/;

M2 z,y
c+cd , d
I(c+d) b)r(V')s(c)r
P(C (¢) TZ 7+é( )
+r—1 dCl_C

1
_ +s—1 71/7
x/u T {0 L (56)
0
Thus, with the aid of (1), we obtains the required result (53).

Proof of (54): By using ([5], p. 76, Eq. 4.14),

a,b, ¢; .
MIO T, Y| = /U d et
dae7el7 0
a,b;
x Iy ux,uy | du (57)
e, e
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Moreover by adopting the rule of (1), we see that

uc+7'+s—1 _ de ¢ { F(C +r+ S) uc'+’r'+s—1}
c

du)e'—c | T(d + 7+ s)
substituting this in last integral (57) and use the formula (39),
we get
a,b,c;
MIO z,y
d,e,e;

1
_ (a r+s T (C)TJrS uc'+r+sfl
I'(c P(d —c) TZ s ( ) (e)s 0/

xﬁ{u—u)d*“l}d I (59)

Further, again by using (1), we obtains the required result (54).
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