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Passivity Analysis of Stochastic Neural Networks
With Multiple Time Delays
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Abstract—This paper deals with the problem of passivity
analysis for stochastic neural networks with leakage, discrete and
distributed delays. By using delay partitioning technique, free
weighting matrix method and stochastic analysis technique, several
sufficient conditions for the passivity of the addressed neural
networks are established in terms of linear matrix inequalities
(LMIs), in which both the time-delay and its time derivative can be
fully considered. A numerical example is given to show the
usefulness and effectiveness of the obtained results.

Keywords—Passivity, Stochastic neural networks, Multiple time
delays, Linear matrix inequalities (LMIs).

[. INTRODUCTION

EURAL networks have been extensively investigated

due to its successful application in various areas such
as pattern recognition, combinatorial optimization, smart
antenna array and so on [1]-[5]. However, when the system
is affected by external disturbances, deterministic neural
networks will fail. Stochastic neural networks are usually
introduced to describe this kind of practical system. The
stochastic affects plays an important role in the analysis of
neural networks. So, lots of attention is focused on the
analysis the dynamical behavior on stochastic neural
networks and many beautiful results have been proposed
[6]-[9].

On the other hand, the passivity theory originated from
circuit theory and is a important tool for the analysis of
nonlinear system [10]. Neural networks are special nonlinear
dynamic system, thus, there has been lots of research
concerning the passivity analysis of neural networks
[11]-[20]. Especially, in [14]-[20], the stochastic affects is
considered in system. The passivity analysis for neural
networks of neutral type with Markovian jumping parameters
and leakage delay was discussed in [13]. In [14]-[15],
authors investigated the passivity problem for delayed
discrete-time  stochastic neural networks, and several
delay-dependent criteria for the passivity of delayed
discrete-time stochastic neural networks were derived. The
authors in [16]-[17] discussed the passivity problem for
delayed stochastic neural networks, and given some sufficient
conditions on the passivity of stochastic neural networks
with time-varying delay. Moreover, the passivity issue for
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stochastic fuzzy BAM neural networks with time varying
delays was considered in [18], by using delay partitioning
technique and Lyapunov stability theory, a new set of
sufficient conditions were established. In [19], the problem
of passivity analysis was investigated for stochastic interval
neural networks with interval time-varying delays and
Markovian jumping parameters. New delay-dependent
sufficient conditions were derived by utilizing the
free-weighting matrix method and some stochastic analysis
techniques. However, the problem of the passivity analysis
for stochastic neural networks with leakage, discrete and
distributed delays has not been studied. In general, while
signal propagation is sometimes instantaneous and can be
modeled as discrete delays. And it may also be distributed
during a certain period of time so distributed delays are
incorporated into the model [21]. Besides, time delay in the
leakage delay has great effect on the dynamics of neural
networks because time delay in the stabilizing negative
feedback term has a tendency to destabilize a system [22].
So, it is necessary to discuss the passivity problem for
stochastic neural networks with leakage, discrete and
distributed delays.

Motivated by the above discussions, the passivity problem
for stochastic neural networks with leakage, discrete and
distributed delays is considered in this paper. Several
sufficient criteria for stochastic neural networks with
multiple time delays are derived by using delay partitioning
technique, free weighting matrix method and stochastic
analysis technique. A numerical example is given to
illustrate the effectiveness and less conservation of the
proposed method.

Notations: Throughout this paper, P > 0 means that the
matrix P is symmetric positive definite; the superscripts
" — 1’ and T’ stand for the inverse and transpose of a
matrix, respectively; R™ denotes n-dimensional Euclidean
space; R"*"™ is the set of m X n real matrices; I denotes the
identity matrix with appropriate dimensions; * denotes the
symmetric block in symmetric matrix; A,q.(-) denotes the
largest eigenvalue of a given matrix; ¢r() denotes the trace
of a given matrix; || - || is the Euclidean norm in R™; E{-}
stands for the mathematical expectation operator with respect
to the given probability measure P.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider the following neural networks with multiple time
delays:

dx(t) =[-Cz(t — o) + Af(x(t)) + B1f(x(t — h(t))

1SN1:0000000091950263



Open Science Index, Mathematical and Computational Sciences Vol:8, No:8, 2014 publications.waset.org/9999569/pdf

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Voal:8, No:8, 2014

+ By / f(z(s))ds 4+ u(t)]dt
t—d(t)
+6(t, x(t), z(t — h(t)))dw(t), (1)

for all op(t) < 1, where z(t) = [x1(t), 22(t),. .., 2,(t)]T

R™ is the state vector of the network with n neurons;
C = diag{ci,ca, ...,c,} is a diagonal matrix with positive
entries ¢; > 0; the matrices A, By and B, are connection
weight matrix, discrete connection weight matrix and

distributed  connection = weight matrix, respectively;
f@®) = [fi(z1(1)), fa(22(1)), .. fn(@n(t))]" denotes the
neuron activation function; u(t) = [u1(t), ua(t), ..., u, (t)]T

€ R™ is the external input vector; § € R™*? is the diffusion
coefficient vector; w(t) = [wi(t),wa(t),...,we(t)]T is a
g-dimensional Brownian motion defined on a complete
probability space (2, F, Fy >0y, P) with a filtration F} 4>y
satisfying the usual conditions (i.e., it is right continuous and
Fy contains all P-null sets); o is the leakage delay; h(t) and

d(t) is the discrete delays and distributed delays,
respectively. Satisfying
hy <h(t) < hgy, h(t)<p, 0<dit)<d, ()

where hq, ho, p and d are constant scalars.
The initial condition associated with system (1) is given by

z(s) = ¢(s),

the state trajectory of system (1) from the above initial
condition is denoted by z(t, ¢).

Assumption 1. The neuron activation function f(-)
continuous and bounded, and there exist constants K, and
K" such that

< fila) = fi(b)

i < MO0 < ke
where a, b € R, a # b.
Remark 1. Assumption 1 on the activation function was
firstly proposed in [23]. Obviously, K; and K; can be
positive, negative or zero, this type of activation function is

more general than both the usual sigmoid activation function

s € [-max{o, ha},0],

i=1,2,....n, 3

and the piecewise linear function. When K, = 0 and
K;r > 0, assumption 1 describes the monotone
nondecreasing activation function. Besides, monotone
increasing activation function can be described when
0< K; <K;.

Assumption 2. There exist constant matrices M; and My of
appropriate dimensions such that the following inequality

tr(éT(t,u, v)o(t,u,v)) < HM1u||2 + ||M2’U||2, 4)

holds for all (¢,u,v) € R x R™ x R™.

Before deriving our main results, the following definition
and lemma are introduced.
Definition 1. [16]. System (1) is called globally passive in the
sense of expectation if there exists a scalar v > 0 such that

2E{ / F@@)u(s)ds) > Bl [ (u(s)ds).

for all ¢, > 0 and for all x(t,0).
Lemma 1. [22]. For any constant matrix W € R™*™ W > 0,
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scalar 0 < h(t) < h, vector function w : [0,h] — R™ such
that the integrations concerned are well defined, then

h(t) h(t) h(t)
/ w s)dsW/ w(s)ds < h(t)/ wl(s)Ww(s)ds
0 0 0

Lemma 2. [24]. Let the functions f1(¢), f2(t),..., fn(t) :
R™ — R have the positive values in an open subset D of R™
and satisfy —fl(t), a2, QNfN(t) D — R with

a; > 0 and Z _, &; = 1, then the reciprocal technique of
fi(t) over the set D satisfies

Z fz(t > Zfz(t +Zg1j t
i#]
L) gi,j(t)
[ gl (t) £t } > 0.

Lemma 3. [14]. Let a,b € R", P be a positive definite matrix,
then 2a7b < aTP~1a + bT Pb.

Vg; ;(t) : R™ — R,

III. MAIN RESULTS

For the sake of simplicity of matrix representation,
ei(i = 1,...,11 + 1) are defined as block entry matrices.
(For example, e; = [[,0,...,0]). The notations for some

1041
vectors and matrices are defined as following

K, = diag{K] K{", K; K ,... K, K},
Ky + K& K; + K K, + K
Ky = diag{ s L 2 + 2 ..., + L,
2 2
er, = I,...,1,0,...,0], eRI:[O,L...,I,O,...,O],
N—— N—_——

1 1
I, = el (~=PC — CP + \pau(P)M] M)ey

+ el (PA+ ATP)egy) + el (PBy + BY P)ery,
+ €T (PBy + BT P)eg, ) + 2T Pejg .y + 2eTCPCesy,y
— et (CPA+ ATPC)egy) — 2el ,CPejoyy
— el (CPBy + B PC)ery

—e2 (CPBy + Bj PC)esyy
+ 62+l()‘maﬂc(P)M2TM2)€2+lv

Iy = ef (Q1 + 07Qa)er — e Qrears — e} Qaes 1,

T
, T ’ el el
. = ek _
3 €R1R18R1 €R1 RleRl + |: €6t :| Rz l: e :|
e T e
—(1— 241 R 2
( M) |: €7+l ? €7+l

68+l:|T|:T U:||:€8+l:|
€941 * T €941
+ hl)\mam(Sl)efMlTMlel + (hg — h1)€{1+154€11+l
+ hiAmaz (S1)e3 My Maeayy + hiely, Saeiit
+ (ha — h1)Amax (S3)el M M,
+ (h2 — h1)A maT(SS)eg+lM2TM262+Ia
5 = ef (~N3 — Ny )er + efy(—=Na — N Jery
+eg(—Ns

+e3 Nsesii,

T T
+ €1 R3€1 — €3 R3€3,

2. T
H4 =d 66+1T66+l —

— N )eari + €] Nseryr + el Naeay
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IIg = [6?1+1N1 + G{NQ][—GHH — Ceyyy + Aegyy + Brery
+ Baesi + e1041] + [—e114; — €3,C + e AT
+er Bl +eg By +elo ][N e + Ny ed]

— elTKlLlel + elTKQLleGH — egHLleGH

T T T
— €2+1K1L262+l + 62+1K2L267+l — 67+lL267+l

- 2€6T+l€10+l - V€1To+z€10+l,
h [—1
77(75) = [‘/ET(t)vxT(t_ 71)7"'vxT(t_ hl)}Tv
() =" (1), [T (1)), Q= ZHu

y(t) = —Cux(t — o) + Af(x(t)) + Blf(l'(t = h(t)))
By x(s))ds + u(t),
+ 5, | REOISD
aft) = o0(t,z(t), z(t — h(t))),
) = [T (@), nT(t — %)7:L'T(t — h(t), 2T (t — hy),

S0 a), [ (s)ds, 57 alt) S Galt ~ )
t t—d(t)

/ fT(x(s))ds,/ FE(x(s))ds,u” (t),yT ()"
t—d(t) d

Now, we have the following theorem.

Theorem 1. For given scalars hy > 0, he > 0, d > 0, and
i > 0, the stochastic neural network (1) is passive in the
sense of expectation if there exist symmetric positive definite
matrices P, Qi, Q2 R; (1 = 1,2,3), T and S,

(j =1,2,...,4), the positive diagonal matrices L; and Lo,
any  appropriately  dimensional = matrices U, Nj
(k = 1,2,...,5), a positive constant v > 0 such that the
following LMIs (5) and (6) hold:
T U
[ .7 ] >0, )

Q hiel N3 €] N3 (ho—hi)el Ny e Na (ha—h1)es, N5 el N5

* —hiSs 0 0 0 0 0
* * —S1 0 0 0 0
* * * —(ha—h1)S4 0 0 0
* * * * —S3 0 0
* * * * * —(ha—h1)S4 0
* * * * * * —S3

(6)

Proof: Consider the following Lyapunov-Krasovskii
functional:

V(t) = Z Vi(t), )
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<Oy N e (P)2T(t —

where
Vi(t) =(z(t) - C . z(s)ds)T P(x(t) — . z(s)ds),
Va(t) = / 27 (5)Qu(s)ds + 0 / /H 5)Qaa(s)dsds,

= [t ormeas [ TR

ll _h(t)

ot
+ / z7(s)R3x(s)ds,
t—ho

Vi(t) =d / ” ST ()T (x(5)) dsdf

h] 9
+ / / T
— t+6

The mathematical expectation of the stochastic derivative of
V1 (t) along the trajectory of (1) can be calculated as

(s)S1a(s)) + y* (s)Say(s))dsdd

(5)Ssax(s)) +y" (5)Say(s))dsdd,

E{dVi(t)} = E{[2(z(t) — C /t  a(9)ds)"P(~Ca(t)

FAFE0) + B b O) 4By [ Fat)ds
() Pa(t))dt}- ®)

From assumption 2, we have
tr(a (t)Pa(t)) < Amaz(P)

[ (O)MT Mya(t) + (¢ — ()M Maa(t Ho

+u(t)) + tr(a

From (8) and (9), we can obtain
E{dVi(t)} < E{[z" (t)(=PC = CP + Apaa(P)M] M) (t)
+ 20T () PAFT (2(t)) 4 227 (1) PBy f* (2 (t — h(2))

+ 227 (t)PBy /t o fE(x(s))ds + 227 (t) Pu(t)

+ 2:7(t)CPC /ti x(s)ds — 2/; 27 (s)dsCPAf(x(t))

—0

9 / 2T (s)dsCPBif(a(t — h(t)))

—Q/t_ 27 (s)dsCPBs /t_d(t)f(x(s))ds
h(t)) My Moa(t — h(t))

-2 /t i 27 (s)dsC Pu(t)]dt}. (10)

Calculating the time-derivative of V5(t), V3(t) and V4(t), and
using Lemma 1, we get

dVa(t) = [27()(Q1 + 0°Qa)a(t) — 2™ (t — o) Qua(t — o)
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t
—O’/ 27 (5)Qqx(s)ds]dt, (11)
t—o

¢ t ¢
- a/t_g 27 (5)Qax(s)ds < — /t_g 27 (5)dsQo /t_(7 x(s)ds,
(12)

hy

V(1) < " (O Run(e) " (6 — "L R — ")

+ T (O RoC(t) = (1= p)CT (¢ = (1)) RaC(t — (1))
+ 2T (t)Ryx(t) — 2T (t — ho) Raz(t — hy)]dt,

aVy(t) = [d* 7 (x(t)Tf(x(t)) — d/t_d FH ()T f(x(s))ds
+ hatr(aT (t)S1a(t) + (he — hy)tr(a® (t)Ssa(t))
t t—hy
- / tr(a® (s)S1a(s))ds — / tr(a’(s)Ssa(s))ds
t—h1 t—ha

+ hay" () Say(t) + (ha — ha)y” (£)Say(t)

t t—hq
[ s [ TSt
t—hy t—ho
(14)

T

5)

13)

By using Lemma 2 and Assumption 2, we have

gy Fa(s))ds

iy T(x(s\NT f(x(s))ds < — t—d(t
fH(@(s))Tf(x(s))ds < {ftjﬁf(x(s))ds

t—d
T U
x T

hltr(aT(t)Sloc(t)) S hl)\mam(Sl)

[T ()M Myz(t) + 27 (t — h(t)) M Moz (t — h(t))(]i@

ftt,d(t) f(ac(s))ds :|
[0 fa(s)ds |

(hy — hi)tr(aT (t)Ssa(t)) < (he — h1)Amaz(S3)
[T ()M Myz(t) + 27 (t — h(t)) MI Moz (t — h(t))).
17)

From the definition of y(¢) and «(t), one has
0=2[y" (t)N1 + 2T (t)Na][~y(t) — Ca(t — o) + Af (x(1))

B 4By [ Fale)ds + uld)

(18)
x(t) —x(t—hy) — /Fh y(s)ds — /Fh a(s)dw(s) = 0.
t—ha t—ha (19)

By utilizing Lemma 3, one can deduce that
0= —22T (t)Na[z(t) — x(t — hy) — /
t—hq
t
[ aloda(s)
t—hy

y(s)ds

International Scholarly and Scientific Research & Innovation 8(8) 2014

< aT(t)(=N3 — NI + hyN3S; ' NI 4 N3 ST NIz (t)

+ 22T () N3z (t — hy) + /t yT (5)Say(s)ds
t—hy
e t
+ /tihl a’ (s)dw(s)S, /tth a(s)dw(s). (20)

Similarly, we can get that
0= —227(t — hy)Na[z(t — hy) — z(t — h(t))
t—h t—hy
[ s [ ats)dets)
t t

—h(t) —h(t)

< aT(t —hy)(=Ny — NI 4 (hy — hy)NyS; ' NT
+ Ny S5 ' NDYa(t — hy) 4 227 (t — hy) Nyx(t — h(2))

t—hq
+ / yT () Say(s)ds
t—h(t)

+ /tthl ol (s)dw(s)Ss /thl a(s)dw(s).

—h(t) t—h(t)

20

0= —227(t — h(t))Ns[z(t — h(t)) — x(t — ho)
t—h(t) t—h(t)
- / y(s)ds — / () deo(5)]

7}7,2 7h2
< a"(t —h(t))(=Ns — Ni + (hg — h1)N5S; ' Ny
+ NS NI)a(t — k(1)) + 227 (t — h(t))Nsx(t — ha)

t—h(t)
4 / yT () Say(s)ds
t—ho

t—h(t) t—h(t)
+ /t aT(s)dw(s)Sg/ a(s)dw(s).

—ho t—hao

(22)
Similar to the proof of [22], we can obtain that
t

o (s)dw(s)S; / a(s)dw(s)}

t—hq

[,
tr{a® (s)S1a(s)}ds},

t—hy

t—hy t—hy
a’(s)dw(s o(s)dw(s
B[, 0TS [ o))
t—hy

tr{a®(s)Ssa(s)}ds},
t—h(t)

= E{ (23)

= E{ (24)

t—h(t) t—h(t)
E{/t_h ol (s)dw(s)Ss /t_h a(s)dw(s)}
’ t—h(t) ’

tr{a® (s)Sza(s)}ds}.

t—ho

= E{ (25)
For positive diagonal matrices L; and Lo, the following

inequalities hold
1'(t) r K1L1
—KsLy

—KsLy
Ly

x(t)

f(x(t)) f(z(2))
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KL
—KsLo Lo

—KoLo

o]

()
x(t — h(t))
{ (o(t = h(1))) } =0 D
From (7) to (27), we can deduce that
E{aV (t) — 2fT (x(t))u(t)dt — yu™ (t)u(t)dt}
< E{T ()¢}, (28)

where Q* = Q+el (h1N3Sy 1N3 + N3ST NS ey
+€r{+l(h N3S2 N3 +N3Sl N3 )61+l
+el, (hiN3Sy " NT + N3ST' N )ea .
By using Schur complement, it is easy to verify Q* < 0 is
equivalent to (6), so

E{dV (¢
MAVOY — Bga ™ e(tutr) + i 1u(t)} < 0.
It follows from (29) and the definition of V() that

2E{/O " FT (a(s)u(s)ds} > —E{V/O " (s)u(s)ds},

(29)

From Definition 1, it is obvious that if LMIs (5) and (6)
hold. Consequently, the stochastic neural networks (1) is
globally passive in the sense of expectation, and the proof of
Theorem 1 is completed. [ ]

Remark 2. Different to [7], [8], [12], [16]-[20] and [22], in
this paper, the distributed delays are incorporated into the
model, we deal with the system (1) with discrete, distributed
and leakage delays. By wusing Lemma 3, the term
- f: 4O £T(1(s))T f(2(s))ds is not omitted, and will leads
to a superior result.

Remark 3. Compared to [22], this article the condition P <
Amaz (P)I replaced of P < AI, which indicate that the tighter
upper bound of P is utilized. Through the numerical example,
the effectiveness of this method was demonstrated.

Remark 4. In this paper, the obtained conditions for checking
the passivity of stochastic neural networks with multiple time
delays are dependent on the size of distributed delay, leakage
delay and the upper and lower bound of discrete delay, which
implicate that the information on the size of both distributed
delay, leakage delay and discrete delay is sufficiently used.

When there is no stochastic affects, the system (1) becomes
dx(t)
dt

=—Cz(t —o)+ Af(z(t)) + By f(x(t — h(t))

t
+ B / F(a(s))ds + u(t). (30)
t—d(t)
By a similar method to that employed in Theorem 1, we
can get the following results.

Corollary 1. For given scalars h; > 0, hg > 0,d > 0 and p >
0, the stochastic neural network (30) is passive in the sense of
expectation if there exist symmetric positive definite matrices
P,Q1, Q2 R; (1=1,2,3), T and S; (j = 1,2), the positive
diagonal matrices L; and Lo, any appropriately dimensional
matrices U, Ny (k = 1,2,...,5), a positive constant v > 0
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such that the following LMIs (31) and (32) hold:

Z g >0, (31)
i = hleng (hQ — h1)€{+lN4 (h2 — hl)egHN5
* —h151 0 <0
* * —(hg - hl)SQ 0 ’
% * * —(hg = h1)S2
(32)

where = = II7 + Il +H3+H* + 115 + I,
i = ef'(-PC - C’P)el + €7 (PA + AT P)egi; + el (PBy
+Bl P)€7+l + e (PB2 -+ BQ P)68+l + 261 Pejoyr +
2eTCPCesyy — e, ,(CPA+ AT PC’)e@_H 2el" ,CPeqo4
—eg+l(CPBl + Bl PC)€7+l - er l(CPBz + 32 PC)eg_H,

€s+z} [T U} 68+l]
+

69+l k T 69+l

(he — h1)61T1+lS2611+lh1611+151€11+z-

Remark 5. Delay partitioning technique is a key method to

reduce the possible conservation. It is shown that the value of

gets bigger which leads much less conservative results. In this

paper, delay partitioning technique is employed in Theorem 1

and Corollary 1.

2. T
iy = deg Teeyr —

IV. NUMERICAL EXAMPLES AND SIMULATION

In this section, a numerical example is given to show the
effectiveness of the results.
Example 1. Consider the stochastic neural networks (30) with
the following parameters

15 0 0.5 0.2
C‘[ 0 1‘3]’ A‘{—o‘zx 0.3]’

m=lo1 ws | ==[05 03]
)= | grae @0 ] petw) = anitalo),

h(t) = 0.2]sin(7t)| + 0.1, o = 0.01.

It is obvious that hy = 0.1, hy = 0.3 and p = 0.2. When
Assumption 1 is satisfied, and then K, = 0, K;“ =1, thus,
K, = diag{0,0}, K3 = diag{0.5,0.5}, the distributed delay
is chosen as 0 < d(t) < d = 0.5. When [ = 2, and by applying
the MATLAB LMI Tool box to solve the problem, we find a
solution to LMIs in (30) and (31) as follows:

| 3.9009 0.4785 3
P= [ 0.4785 3.7344 ] 10%,

Q= 84.3605 24.5494
17| 24,5494 150.3660

9.6803 0.4116 4
@2 = {04116 58765} 10%

[ 21005 1.3707 ;
= { 1.3707 2.9146 } x 10%

67.7765 18.3219 0 0
R * 102.3192 0 0
L= * * 34.3069 9.4428 |’
* * * 52.2945
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x_1 1.2
x_2 1
2
1k |
0.8

06

x(t)

Fig. 1. State trajectories of system (30) with input w(¢).
& ! Y @0 put u(t) Fig. 2. State trajectories of system (30) without input w(t).

2.8527 0.0131 —-2.8176 —0.5789

* 2.2200 0.7543  —2.2852

— 3
Re=1 « 30714 —02192 | <10 osl
% 2.5060

45.4658 12.4392 l

124392 69.3063 041

1.8388  —0.0030 | 4 02}
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Based on the Corollary 1, the neural networks (30) is passive. o ol
Fig. 1 and 2 show that the states trajectories of x1(t) and

xo(t) with input u(t) and without input u(t), respectively, -02f

where the initial condition is [0.5,0.7]7. When the initial 04l
condition is [1.2,0.6]7, the phase trajectory of system (30)

with input u(t) and without input u(t) are depicted in Fig. 3 081

and 4, respectively. -0.8

-0.4 —0.‘2 6 012 014 016 018 1‘ 1‘.2
V. CONCLUSION

In this paper, the problem of the passivity analysis for

. . ¢ Fig. 4. Phase trajectories of system (30) without input ().
stochastic neural networks with leakage, discrete and
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distributed delays has been investigated. The presented
sufficient criteria are based on delay partitioning technique,
free weighting matrix method and stochastic analysis
technique, in which the information on the size of both
distributed delay, leakage delay and discrete delay is
sufficiently used. A numerical example is given to illustrate
the effectiveness of the obtained results. In future work, we
will utilized the proposed method to deal with the system
with parameter uncertainties or Markovian jumping
parameters.
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