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Abstract—In this paper, we present new preconditioned
generalized mixed-type splitting (GMTS) methods for solving
weighted linear least square problems. We compare the spectral radii
of the iteration matrices of the preconditioned and the original
methods. The comparison results show that the preconditioned GMTS
methods converge faster than the GMTS method whenever the GMTS
method is convergent. Finally, we give a numerical example to
confirm our theoretical results.
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|. INTRODUCTION

OMETIMES, one has to solve a nonsingular linear system
as

Hy=f, (1)

()

where

I
Il

is an invertible matrix with

B :(bu)pxp’ c Z(Cii)qxq' LZ('u)qxp’ U Z(“u‘)pxq'

Throughout the paper, we consider the following
decomposition for the matrix H, H=D-L-U, in which

(et ef Y o

In [1], authors presented a generalized mixed-type splitting
(GMTS) iterative method and preconditioned generalized
mixed-type splitting (PGMTS) iterative methods to solve
systems of linear equations (1).They showed that the PGMTS
methods converge faster than the GMTS method, whenever the
GMTS method is convergent.

This paper is organized as follows. In Section I, we give
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some important definitions and the known results as the
preliminaries of the paper. In Section Ill, we propose three
preconditioners and give the comparison theorems between the
preconditioned and original methods. These results show that
the preconditioned GMTS methods converge faster than the
GMTS method whenever the GMTS method is convergent. In
Section 1V, we give an example to confirm our theoretical
results.

I1.PRELIMINARIES

Definition 1[2] A€ R™ is called a Z-matrix if a; <0 for

i,j=12,...,n(i # J).

Definition 2[2] Let A be a Z-matrix with positive diagonal

elements. Then the matrix A is called an M-matrix if A is

nonsingular and A™ > 0.

Definition 3[3] The splitting A=M — N s called

(1) aregular splitting of A if M >0 and N >0;

(2) a nonnegative splitting of A if M™*>0, M'N >0
and NM * >0;

(3) aweak nonnegative splitting of A if M ™ >0 and either
M N >0 (the first type) or NM ™ >0 (the second
type);

(4) aconvergent splitting of A if p(M ™"N)<1.

Lemma 1 [1] Let A be a Z-matrix. Moreover, suppose that

A=M —N is aweak nonnegative splitting of the first type.

Then p(MN) <1 ifand only if A isan M-matrix.

Lemma 2 [4] Let A=M —N be a regular splitting of A .

Then p(M ™N) <1 if and only if A is nonsingular and

A" is nonnegative.

Lemma 3 [5] Let matrix A= (a,

ij /nxn
(1) a;<0fori, j=12,.,n(i = j)
(2) Adsnonsingular.
(3 A'>0.

Then,
(4) a, >0fori=12,...,n,ie, Aisan M-matrix.
(5) p(B)<lwhereB=1-D"A, where

D =diag{a,,...,a,,}.

be given such that
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Lemma 4 [3] Let A=M;,-N,=M,-N,
convergent weak nonnegative splittings of A, where A™* >0,
if M,*>M," then p(M,;*N,) < p(M,'N,).

be two

I1l. THE PRECONDITIONED GMTS METHOD AND THE
COMPARISON RESULTS

Consider the linear system (1), the generalized mixed-type
splitting (GMTYS) iterative method is given as follows:

(D+D,+ L, -L)y*» =(D,+ L, +U)y“ + f (3)

where D, [ and § are defined by (2), and D, is an auxiliary
nonnegative block diagonal matrix, L, is an auxiliary strictly

nonnegative block lower triangular matrix such that
0<D, < Dand 0< L < L . Evidently, the iteration matrix of

the GMTS iterative method is given as follow:
T=(D+D,+L-L)*D,+L+U).

In this paper, we propose the preconditioners as follow,

R*:(Hsi 0 J,i:l,Z, @
0 I +V,
where
0 a,+b, .. 0 0
0 0 .. 0 0
S, = ’
0 0 .. 0 a+b.,
0 0 .. 0 0
0 0 0 0
B,+b, 0 0 0
S,=| 0  p+h, 0 0|
0 0 B,+b, .. 0
0 7,+C, 0 0
0 0  p,+C, 0
V, =
0o 0 0 Y+,
0 0
0 0 0 0
5,+¢, 0 .. 0 0
V,=| 0 & +c, .. 0 0|
0
0 0 8y +Cqs O
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Let us consider the corresponding splitting for the
preconditioned GMTS (PGMTS) method, that is the
generalized mixed-type splitting for the H =p'"H=M,-N, ,

where

A A~

M. = + -L, N D+L1+U “and

oo el gl 2y

The iterative matrix of the preconditioned GMTS method is
T =0 +D+L-0)*(B+L+U)).

Now, we show that in the case that the GMTS converges, the
preconditioned GMTS methods converge faster.
Lemma 5[1] Assume that L <0, U <0, B>0, C>0 and

H in (1) is irreducible. If D, is nonsingular, then the iteration

matrix of the GMTS method is irreducible.
Lemma 6[1] Assume thatL <0, U <0, B>0, C>0, then

the corresponding splitting of GMTS method is a regular
splitting for the matrixH .

Similar to the proof of Lemma 6, we can prove the following
lemmas.
Lemma 7 Assume thatL <0, U <0, B>0, C >0,

by Ciyj
—bi—l,i < < b —bifl‘i, ~Ci4; <7, <ﬁ—cj_l'j \
for some 1€{2,3,....p} ., je{2,3,...,q} . Then the

corresponding splitting of PGMTS method is a regular splitting
for the matrix B'H .

Lemma 8 Assume thatL <0, U <0, B>0, C >0,

bi‘i—l Cii
_bi.i—l <ﬂi <Tm_bi’i_l, _Cj.jfl <§j <ﬁ_0j'j{l’
for some 1€{2,3,....,p} ., J€{2,3,....q} . Then the

corresponding splitting of PGMTS method is a regular splitting
for the matrix pH .

Theorem 1 Let H be an M-matrix and

for somei €{2,3,...

an M-matrix.
Proof. Consider the following splitting for H, H =M, —N,,

P} J€{2,3,...,p—1}. Then P'H is

where =)' and N,=(R)L'+U") , where
I:* _ 0’( 0 , and U‘* _ Bl* _U*; .
Lo 0 C
657 SNI1:0000000091950263
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It is easy to see that M,*N, = L +U" and M, >0. So we
can get that H = M, — N, is a weak nonnegative splitting of the

first type. By the assumption H is an M-matrix, hence Lemma
1 implies that ,(Mm;'N,)<1 . Let us assume that

P'H=1-L-U", using the fact that 5" +J") = p(MN,) <1,

by Lemma 2 and Lemma 3, the result follows immediately.
Similar to the proof of Theorem 1, we can prove the

following theorem.

Theorem 2 Let H be an M-matrix and

b.. C, .
T llz;_l —by €4 <6 N r— e
s EN “Citja

b, <B <

for some 1 €{2,3,...

M-matrix.

Now, we will show that in the case that the GMTS
converges; the preconditioned GMTS methods converge faster.
Theorem 3 Let T and Tl* be the iteration matrices of the

P} J€{2,3,...,0}. Then P/H isan

GMTS and the preconditioned GMTS methods, respectively,
assume that the matrix H is irreducible, L <0, U <0,

B>0,C>0,0<D,<D,0<D, <D, 0L <L,
0<L <L, by >0, ¢, >0, forsome i €{2,3,..., p},

je€{2,3,....q},
bi— i Ciytj
b, < <ﬁ_bi—l,i’ —Ciaj <7 <i_zj_cj—1,j

1 “
forsome i €{2,3,..., p}, j €{2,3,....0-1}.
If p(T) <1, 6,<p, and L <L, then p(T,) < p(T).
Proof. As the matrix H is irreducible, so the p'H is

irreducible. So by Lemma 5, the matrix T and 'fl are

irreducible. Consider the GMTS splitting for the matrix H ,
H=M —-N, where

M=D+D,+L-L,N=D+L+U.

Obviously, H=M —N is a regular splitting and by the

assumption p(M *N) <1, we know that H is an M-matrix.
From Theorem 1, we can get that Pl*H is also an M-matrix.
Thus, from Lemma 7, we know that H, = M, — N, is a regular

splitting. Therefore, as H is an M-matrix, we can get
* 7 —1nT
p(1)=p(M"N;) <1.
Now, we define the following splitting for the matrix H ,

H=M,—N,, in which M”=(1+5)"M , N, =(1+S5)*N
and
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_ (s, 0),
5, =
0V,

Consider the iteration matrix of the GMTS method

T =M™N, itis easy to see that
M—I\le[ D“_[ffl \ 0 J
L21 +L- L21 - L1 Dzz - Dzz
where
P DY 0 2
D1= Dll 0 SD!D]_: 1 * SDll
0 D, 0 D,

0 0) -~ _ 0 0) -
[ oJSLa”d“z(L; ojs“'

It is known that L = (I +V,)L, hence |, - L =V,L <0.
By computations, we know that I\ﬁlgM , S0 M;*>M ™.

Consequently,

M7<M <M, (1+S,)=(M])™

From Lemma 4, we deduce that
P(M*N,) = p((M])*N,) < p(M*N),

50 p(T,) < p(T)-

Similar to the proof of Theorem 3, we can prove the
following theorem.
Theorem 4 Let T and T, be the iteration matrices of the

GMTS and the preconditioned GMTS methods, respectively,
assume that the matrix H is irreducible,

L<0,U<0, B2 OC >0,0<D,<D,

A J—
*

0<D,<D;,0<L,<L,0<L,<L,
b;,>0,c;;,>0, forsomeie{23,..,p},
J€{2’3""1q}1
bll Cii
||1<ﬂ<1 b i.l b _Cj.j—1<§j<ﬁ_civi—l’
forsome i €{2,3,..., p}. j €{2,3,...,q}.

If p(T) <1, B, <D, and L, <L, then p(T,) < p(T).

IV. EXAMPLE
Consider

658 1SN1:0000000091950263
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where B = (bij )pxp ,C= (Cij )(nip)x(nip) L= (Iij )(nip)xp ,
and U = (uij )px(n_p) with
h =—— 1=12,---,p,
"10x(i+1) P
b=t 1 i<ji=12-p-1
1730 30%j+i
j:2,...’p’
b=t 1 isji=2-p,
730 30x(i—j+1)+i
j:1$2$“'1p_1$
C--:;,izlizﬁ'“!n_p!
" 10x(p+i+l)
1 1

R i<l
' 30 30x(p+j)+p+i
i:1,21...1n_p+11 j:2,...’n_p’

1 1
Ci':__ - - -
' 30 30x(i—j+1)+p+i
i:$21“'yn_p!jzlyzy'“yn_p_la

1 1
kij: N . T

30x(p+i—j+1)+p+i 30

i:1|2!'“yn_paj:112|'“ypy

1 1 .
=+t - Liz12..p,
' 30x(p+j)+i 30 P
j=12,---,n—p.

In the experiments, the auxiliary are chosen such that

D, = 0.5(1—1)| D1 = 0.5(1—1)| ,
w w

i> ],

L =050-0)L, L =050- D)L
w w

TABLEI

THE SPECTRAL RADII OF THE GMTS AND PRECONDITIONED GMTS ITERATION MATRICES

n o I o

o=p

y=o0 p(T) p(rz*)

P (Tl* )

10 09 08

20 08 06 5
20 08 06 15
30 09 07 10

-0.01
-0.01
-0.001
-0.001

-0.01
-0.001
-0.001
0.0005

0.2352
0.5736
0.5725
0.8680

0.2246
0.5622
0.5607
0.8635

0.2296
0.5664
0.5647
0.8650

From Table I, we see that these results accord with Theorems

3-4.
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