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Abstract—This paper investigates the inverse problem of determin-
ing the unknown time-dependent leading coefficient in the parabolic
equation using the usual conditions of the direct problem and an ad-
ditional condition. An algorithm is developed for solving numerically
the inverse problem using the technique of space decomposition in a
reproducing kernel space. The leading coefficients can be solved by a
lower triangular linear system. Numerical experiments are presented
to show the efficiency of the proposed methods.

Keywords—parabolic equations, coefficient inverse problem, re-
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I. INTRODUCTION

N this paper, we consider the numerical solution of the
inverse problem of determining the leading coefficient a(t)
satisfying the equation

up = a(t)uly + f(z,1) (z,t) € [0,1] x [0,T], (D
the initial condition
u(z,0) = h(z) z e [0,1], )
the boundary conditions
u(0,t) =0 uy(1,t) =0 tel0,T], (3)
and the additional condition
uy(0,t) =g(t)  te[0,T]. 4

Coefficient inverse problems arise in many applied areas.
Unlike direct problems where the state of an object under
investigation is unknown, for inverse problems, in addition
to the state, certain so-called causal characteristics, includ-
ing boundary conditions, initial conditions, coefficients of
equations, and geometric characteristics of domains, are also
unknown. In investigating inverse coefficient problems of
parabolic equations, much attention is given to problems with
unknown leading coefficient, which can also depend on one or
two variables [1][2]. Conditions for existence and uniqueness
of a solution were established in [3] in the case when the
unknown coefficients are functions of the space variables.
Conditions for existence and uniqueness of a solution to the
inverse problem were established in [4] for a one-dimensional
heat equation with unknown time-dependent leading coeffi-
cients. In [5] and [6] the authors investigate the problem
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of simultaneous determination of the time-dependent leading,
lower coefficients, and the free term in a one-dimensional
parabolic equation and establish existence of a solution over
some time interval.

Many algorithms have been proposed for numerically solv-
ing inverse problems, such as GPST method[7][8], regularized
nonlinear least squares and iterative methods[9][10] and con-
vexification algorithm[11][12], etc.. However, such methods
are extremely time-consuming and of some assumptions and
restrictions about known conditions. In this paper, we present
a new algorithm for determining the time-dependent leading
coefficient in a parabolic equation. In order to solve the
coefficient inverse problem, we define several reproducing
kernel spaces, in which the general form of the solution u(x, )
is given. The identification of the time-dependent leading
coefficient a(t) is solved by a lower triangular linear system.
Some numerical examples are studied to demonstrate the
accuracy of the present method.

II. REPRODUCING KERNEL SPACES

In this section we define several reproducing kernel spaces
based on smoothness requirements on the solution function
u(x,t) and the given boundary value condition.

The inner product space W1[0,T'] is defined as

W1[0,7'] = {u(z)|u is absolutely continuous function,
' € L?[0,T))}.
endowed with the inner product

< u(z),v(x) >w,= u(0)v(0) + /Ou/(.r)v’(.r) dz,

and with the norm |lullw, = v/(u, u)w,.

It is proved that W;[0,7'] is a reproducing kernel space
[14], that is, for every w(§{) € W3[0,T], and every fixed
t € [0,T], there exists P;(s) € W1[0,T'] such that

< u(t), P(s) >w,= u(t).

where
1+s, s<it,
Pi(s) = 5
t(s) {1+t, 5>t ©)
P,(s) is called the reproducing kernel of W;1[0,T"]. The
following are some reproducing kernel spaces are described
similar to W1[0,7'].

W3[0,T'] = {u(t)|u’ are an absolutely continuous function,
u" € L?[0,T]}.
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It’s inner product and norm are defined as
1
<u(t),v(t) >w,= Z u (a)v®(a /u"(t)v"(t)dt7
Jo

[ullw, = /(u, w)w,.

W3[0,1] = {u(z)|u” are absolutely continuous function,
" € L2[0,1],u(0) = /(1) = 0}.
endowed with the inner product

2 1
<u(z),v(z) >w,= Zu(O)v(O) + /u(3)(x)v(3>(7;) dz,
i=0 0
and with the norm ||ul|w, = /< u,u >w;,.
1
W2[0,1] = {u(z)|u € W30, 1],/ u(z) = 0}.
0

In [15], the author gives the general method of solving
reproducing kernels. We can use the method described in the
book to prove that W>[0,7'] and W3[0, 1] are reproducing
spaces and solve their reproducing kernels Rt{2} (s) and
R{3} (T :

77 (n) , respectively.

1-% t(2+1t) t<s,
R () = + Lst2+1t) t<s, ©
1——+79t(2+9) t>s,.

zy(U‘*‘ﬂ/) (3T+3J+T -‘rJ)J,— y
2 3
TQg + T£1y2 Tg? 75I8Z + I33% (x +y)
R (y) = Gy 1351/4 + 15 y <,
’ Pz +ay) - (3T+3y+z -|—y2)+
2, C 2 .
— 1/111’2 +4x vz ” + “33/6 (x+y)

_aty  atyt
) 341 T 1500 y >

O]
W2[0,1] is a subspace of W9[0,1], and we also can solve
prove that it is a reproducing kernel space and solve for its
reproducing kernel. We denoted it by ROt (y).
Now we consider a reproducing kernel space W (D) based
on the region D = [0,1] x [0,T']

W (D) = W3[0,1] @ W,[0,T].

In terms of W (D) and its inner product, we have the following
fact, see [13].

W(D) = {u(z, t)|u(z,t) = Y75, cijpi(x)q;(t), cij € 17,
7:7j = 1’ 2’ et n7 }’
where p;(z) € W3[0,1],¢;(t) € Wy[0,T']. If

oo
Z Cszz

4,j=1
(oo}

oz, t) = Y Cypir()gp(t),

il j'=1

where {p;(t)}$2; is the complete normal orthogonal system
of W3[0,1] and {¢;(x)}52, is the complete normal orthogonal
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system of W5[0,T']. The inner product is defined as

oo o0
(z,t) >w= Z Z CijCirjr-

ij=1ij'=1

<u(z,t),v

For the inner product of two separable functions u(z,t) =
uy(z)ug(t), v(z, t) = vi(x)va(t) € W(D), it follows that [13]
<u(z,t),v(z, t)>w=<uq(z),v1(z)>w,<uz(t),v2(t)>w, .

W (D) is a reproducing kernel space with the reproducing
kernel[13]

Ko a(§m) = Ra(§)Q1(n)- ®
For every u(z,t) € W(D), the following is obvious

< u(§7 77)7 Rw,t(fa n) >w= U(I’, t)

For the reproducing kernels of W>[0,T'], W5[0,1] and
Wa (D), obviously we have the following properties:

REXt) = RIP(n), RPN () = RINE), Re o, 1) = Rud€.1).

It should be observed that any function u(z,t) € W(D)
automatically satisfies the boundary conditions of (3).

III. THE COEFFICIENT INVERSE PROBLEM IN
REPRODUCING KERNEL SPACES

In this section, we discuss the inverse problem of parabolic
equation (1-4) in the reproducing kernel space W (D). The
inverse problem (1-4) can be reduced to solving the operator
equation

(Lu)(t) = F(t) ©)
with the initial condition
u(x,0) = h(x) h(z) € W5[0,1] (10)

and additional condition

uz(0,8) = (1) g(t) € Wa[0,T], (1n
where u(z,t) € W(D), F(t) € W1[0,T], and L : W (D) —
W1[0,T'] is defined as follows:

1
(Lu)(t)z/0 uy(z,t) dz (12)

and

F(t) = —a(t)g(t) +/0 f(z,t)dx. (13)

It is readily to prove that L is a bounded operator from W (D)
to W1[0,T']. It is worth noting that the boundary condition
have been put into the reproducing space W (D)

In order to express all solutions of the operation equation
(9), we discompose the space W (D). For a fixed dense set
{s:}22, of time interval [0,7], let

it) = R (s1).

So from the property of Rt{l}(n), for every u(t) € W1[0,T],
it follows that

u(t), i (t) >w, = u(s;) i=1,2,... (14)
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Let L* denote the conjugate operator of L, and we introduce
the following notation

Yi(w,t) = (L i) (z,1)

Lemma IIL1. ;(z,t) can be expressed in the form

i=1,2,...

2 1
o) LD [RSgac -1z a9
877 n=s.jo
and
O*R{* ()
<1/Jz-(x,t).,'</)j(as, )>w= CITC()T] ;1;2]17 (16)
where
1 1
C1= / dz / R (¢) d¢ a7)
0 0

Proof: Since L is bounded, It is nature to expect L*
is bounded. By the properties of the reproducing kernels
R (n). RE (). BRI (n). and Ry4(€,m). we have

d}i(wvt) = <(1/}i(537/)7 I,t(§77l)>W
= <L) (Em), R ©OR () >
= <@L (RPORP M) () >w,
= L(RPORP W) (s)

R (n) /
2 N RBY &)
877 n=si Jo T (5) f

and

<1/Ji($7 t)7 1/).7' (1'7 t) >
IR (n)

1
— * t {3}
L R

=<s0¢(-)7(L aR;(’)\ / {3}<5>dsD<->>wl

_L(asz} o)) / Ri?’}(f)dé) (s:)
82];;}7] - / dz/ R &) de

N 01622;7(7’) =

]

Let {t;(z,t)}32, denote an orthonormal system that

derives from Gram-Schmidt orthonormalization process of

{;i(z,)}2,. Therefore we can express 1,;(z,t) in the fol-
lowing form:

i=1,2,...,

Vi@, t) =Y Bintn(, 1) (18)
P

where [3;;, are coefficients of orthonomalization. Let

§ = span ({B,(2,)}2,) = {ule, Hlu(z, ©
= Zil cib(z, 1), ¢ € 12},

and S+ denote the orthcomplement space of S in W (D), so
W(D)= S st
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Lemma IIL.2.
St = Null(L)
where Null(L) denotes the null space of L.
Proof: For every u(x,t) € S+, we find

(LU)(Sl) =< (L’lt)(t), Wz(t) >W1:<U(I,t)7¢i($,t) >w=0
i=1,2,....
Since {s;}$2, is dense in the time interval [0,7], then it
means that

(Lu)(t) =0

for arbitrary ¢t € [0,7]. That proved u(z,t) € Null(L).
On the other hand, if u(z,t) € Null(L), that is, it satisfy
(Lu)(t) = 0, we can conclude that

<u(z,t), Yi(z,t) >w= ((Lu)(s;)) = 0.

Thus u(z,t) € S*. [ |
Let

pi(z,t) = RO () RE (1)

Since ROiS}(mi) and Rf }(ti) are the reproducing kernel of
W2[0,1], W2[0,T], respectively, p;(z,t) is the kernel of S+

Lemma IIL3. {4;(z,t)}5°, is a complete system of S, and
{pi(2, 1)}, is a complete system of S*.

Proof: According to the definition of S, The first part of
Lemma can be proved. As to the second part, if u(z,t) € S+
and <u(z,t), p;(x,t)>= 0 holds, then

Z Cklpk

k,l=1

)ai(t),

where {py(x)};2, is the complete normal orthogonal system
of W{[0,1] and {q;(¢)}2, is the complete normal orthogonal
system of W5[0,7']. By (22),(2?) and the definitions of
pi(z,t), we have

< ZZ?I:I Cklpk(x)ql(t)v p’b(xv t) >w
= ek <pe(@), R @) > wo<a(®), RP(E) > w, =0,
So
u(ziyty) = Y cupr(@)alt;) =0
k=1

Since {(x;,t;)}$° is dense in the domain of D, we can
conclude that u(z,t) = 0. [ |

The orthonormal system {p,(z,t)}$2, can be derived
from the Gram-Schmidt orthonormalization process of
{pi(z,t)}32,, We can infer that {p;(z,t)}$2, also constitutes
a complete system of S

Lemma II1.4.
< ;i (0,t) 0;(0,t) S C?

oz 3 oz Wa = 7<@[}z(r t) 1/1] (CE t) 19)
and
_00,(0,t) 9,0.1) 0 i#]
= 2 2
or ox ™MT € i=j, @
1800 1SNI1:0000000091950263
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where C1 is defined in (17) and

AR (&)
Cy = /O o)) ae.

Proof: Note that

<8Rt{2}(7l)’ 6Rt{2}(77)‘ -
on n=s;’ on n=s; :
_ R (m) IR ( n)’
om m= =s; n= s]
0 (2} R{ } ?7)
= <R A
ooy < B ) |, ol
PR ) _ a?Ri”(n)
omon 1=y oton 'z
and
_ Hil0,1) 99;(0,8)
ox = Oz W,
o <3R§2}(n)’ ORP )
? on n=si’ on n=s; :
L 2R ()
2 otong =t

t=s;

(21

(22)

(23)

From (16), (22) and (23) we can conclude (19). Further (20) is
a nature result of (19) and the orthonormality of {¢;(x,t)}52,

IV. IMPLEMENTATION OF THE NUMERICAL PROCEDURE

In this section the solution u(x,t) of (9) is expressed in
the form of series and a numerical procedure for solving the

time-depedent leading coefficient a(t) is discussed.

Theorem IV.1. The solution u(x,t) of (9) can be expressed

in the following form

u(z, t)
_Zzgm“sk 50+ [ 16,5016 B,

i=1 k=1

+Yy aipi(a,t),
i=1

t)

(24)

where g(t) and f(x,t) are given by (1-4), p;(z,t) and B
are defined in Section 3, and a(sy) and o are to be solved

for according to the initial and additional conditions.

Proof: From the definition of v,(z,t) and p,(z,t), we

have
u(z,t)
—Z<U wl>w'¢1 I’t

Za p;(z, 1)
—ZZﬂm <u, Pr>w ¥ (z,t) +Zazm (z,t)

i=1

8

i Pllﬂg i

i=1
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Zﬂik <Lu, 1 >w ¥;(x,t) + Zaiﬁi(xvt)v

where «; are unknown coefficients. According to (9) and (14),
we then get

u(x,t) = ZZﬁM(ek (@) + > aipy(n.t). (25
i=1 k=1 i=1
From (13) and (25) we can obtain (24). [ ]

In terms of unknowns «;, we can get them by applying the
initial condition (2). From (13), (15), and (18), (25) can be
written in the following form as

u(z,t)
/R{S} £)de Z

i=1
+ Z aiﬁi(xv t)‘
i=1

For convenience, we denote fol R{S}(f) d¢ by M(x)

and 5, (Shoy B F(si)) (zk P )
N(¢), thus

(Z BirF(sk

k=1

ORE (n)
><Z P an ’n:sk

w(x,t) = M(z)N(t +Za1pl z,t). (26)
Setting ¢ = 0 in (26), and applying the initial condition (1.2)

gives us

N()+ > aipi(x,0).

i=1

h(z) = 27)

Integrating both sides of (27) and Noticing the fact that
pi(z,0) € W[0,1], that is, folpl(:c) = 0. Further we have

folﬁi(a:) =0. So

:/JM(JC)d:U/ /Olh(x dx

We denote N(0) by a constant Cj5, so

Z aip;(x,0) = h(z) — CsM (). (28)

Taking =, € [0,T],k =
system about «;:

1,2, ..., we get the infinite linear

Theorem IV.2. The coefficients a(sy) can be solved for by
the following lower triangular system of equations

Zk 15116( fo f,Sk)d5>
=<g(t), 2 )>w2 -< pg(f“’, 20D sy, B
i=1,2,...,

where g(t),h(z) and f(x,t) are given by (1-4), Cy,Cs are

given by (17) and (21), and
{3}

03:/ ORs (5) d§ (30)

0 Oz
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Proof: Differentiating with respect to x in (24) and
applying the additional specification (4), we have

g(t)
. e v 1 0¥i(07t)
= ;;ﬁzk (—G(Sk)g(sk) +/Of(§,sk)d§> dhit
+iaiw' 31

oz

Making inner product with ’éf’t) on both sides of (31) and
applying Lemma IIL.4, the lower triangular system of equation
has been built. ]

V. NUMERICAL EXAMPLES

In this section, we present some results of numerical
experiments using the numerical procedure described above.
The following is a parabolic equation with initial, boundary,
and additional conditions.

u(0,¢) =0 ul(1,6) =0
u;( 7t):g(t) (x7t)€[0v1}X[OaT]v

where h(z) = (22 — 2z), g(t) = —2¢7%, and f(x,t) =
e~%(20t + 22 — 2x). The true coefficient a(t) = 10¢, and the
true solution of the parabolic equation u(z,t) = (22 —2x)e~t.
Results of determination of the leading coefficient a(t) illus-
trated in Tables 1 and 2 are obtained by truncating the two
series in (24). The second example have been done to control
the sensitivity of method to errors. Artificial errors 10~% were
introduced into the right end and conditional condition. As
seen from table 2 that the error almost never affects the results
of the method. The method of solving the problem was tried
on different tests and the results we observed indicate that
the method is stable and gives excellent approximation to the
solution.

TABLE I: THE ERROR OF COEFFICIENT a(t)

t true approximate| absolute relative er-
solution solution error ror
0.1 1 1.0137048 | 0.0137048| 0.0135195
02 |2 2.0074319 | 0.0074319| 0.0037022
03 |3 2.9998994 | 0.0001006| 0.00003354
04 | 4 3.9912472 | 0.0087528| 0.00219299
05 |5 4.9826268 | 0.0173732| 0.00348675
06 |6 5.9743981 | 0.0256019| 0.00428527
07 |7 6.9668120 | 0.0331881| 0.00476374
08 | 8 7.9588223 | 0.0411777| 0.00517385
09 |9 8.9499818 | 0.0500182| 0.00558863
1

0 9.9402011 | 0.0597989| 0.00601586
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TABLE II: THE ERROR OF COEFFICIENT a(t)
(with artificial 109 (o the right end and g(t))

8.9481470 | 0.0518530| 0.0057948
0 9.93802995 | 0.0619701| 0.0062356

t true approximate| absolute relative
solution solution error error
0.1 1 1.0136403 | 0.0136403| 0.0134568
02 |2 2.0072072 | 0.0072072| 0.0035907
03 |3 2.9995021 | 0.0004979| 0.0001660
04 | 4 3.9906627 | 0.0093373| 0.0023398
05 |5 4.9818380 | 0.0181620| 0.0036456
06 |6 5.9733852 | 0.0266148| 0.0044556
07 |7 6.9655522 | 0.0344478| 0.0049455
0.8 |8 7.9572898 | 0.0427102| 0.0053674
9
1

VI. CONCLUSIONS

In this paper, we consider solving one-dimensional inverse
parabolic problem. We presented a stable numerical algorithm
for identifying the time-dependent leading coefficient in a
parabolic equation. Numerical results show that the proposed
method is effective. It will be very interesting to expand our
work to higher dimensional cases.
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