
 

 

  
Abstract—It is an important problem to compute the geodesics on 

a surface in many fields. To find the geodesics in practice, however, 
the traditional discrete algorithms or numerical approaches can only 
find a list of discrete points. The first author proposed in 2010 a new, 
elegant and accurate method, the geodesic-like method, for 
approximating geodesics on a regular surface. This paper will present 
by use of this method a computation of the Bezier geodesic-like curves 
on spheres. 
 

Keywords— Geodesics, Geodesic-like curve, Spheres, Bezier.  

I. INTRODUCTION 
OMPUTATION of geodesics on parametric surface play a 
crucial role in many fields such as computer aid geometric 

design (CAGD), computer aid design (CAD), computer 
graphics and robotics etc. (Paluszny[6], Ravi Kumar et.al.[8, 9], 
Sanchez-Reyes and Dorado[10], Sprynski et.al.[11])  In the 
classical differential geometry, there are several ways to define 
a geodesic on a curved surface.   First, a curve γ  on a regular 
surface is a geodesic if its osculating plane at each point on the 
curve contains the normal vector of the surface at that point. 
Here the osculating plane at a point 0( )sγ  is the plane 
generated by the tangent vector and normal vector of γ  

at 0( )sγ . For example, a great circle on the unit sphere with 
center at the origin is a geodesic since the osculating plan at 
each point at the great circle passes through the origin. 
Secondly, a geodesic γ  on a surface is a curve with zero 
geodesic curvature at each point of γ  or equivalently a solution 
of geodesic equations (1). It is easily to know that a great circle 
is a geodesic ( )sγ  on the unit sphere centered at the origin 
since the second derivative ( )sγ ′′  is parallel to the position 
vector ( )sγ , and hence is perpendicular to the tangent 
vector ( )sγ ′ . Moreover, in the calculus of variation, a geodesic 
curve is a critical point of the energy function in equation (2). 
Therefore, the geodesics joining two given points on the 
surface have extreme lengths or energies. The readers can find 
more details about geodesics in Do Carmo[1].  

However, in practice, the analytical approaches are 
complicated and difficult to find geodesics on a parametric 
surface. Some references are as follows. In 2000, Hotz and 
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Hagen[3] improved the method of estimating geodesic from the 
first fundamental form, the second fundamental form and 
numerical method. Emin Kasap et. al. [4] also presented a 
numerical method for computation of geodesic with fixed 
endpoints in 2005. They improve these problems from the 
geodesic equations (1) and finite-difference. There are many 
different kinds of methods also estimate the geodesic or 
shortest path by discrete geodesic in CAGD and CAD. These 
methods approach geodesic on tessellated surfaces[13], 
polygonal surfaces[7] and triangular meshes[5,12].  

A new method to the geodesic problem via the geodesic-like 
curves is proposed by the first author in 2010[2]. The 
geodesic-like curve is a mathematical curve, like as the Bezier 
curve and the B-spline curve. The geodesic-like method is a 
powerful tool for improving the geodesic problems and 
computation of geodesics. This paper will review the 
geodesic-like method and compute the system of geodesic-like 
equations on a sphere. . 

II. GEODESICS AND BEZIER GEODESIC-LIKE CURVES 
This section will review the definitions of geodesics and 

Bezier geodesic-like curves on surfaces. Let S  be a regular 
surface with a parameterization b , SRUb →⊂ 2: , where 
( , )U b  is a system of coordinate on S , and 

1 2( ) ( ( ), ( ))s x s x sγ =  be a curve from ]1,0[  toU . Note that b is 
a diffeomorphism between U  and ( )b U . Then γ is a geodesic 
curve in ),( bU  on S  if it is a solution of the following system 
of geodesic equations 

 
2 2

2
,2

, 1

0ji
k i j

i j

dxdxd x
ds dsds =

+ Γ =∑                                                     (1) 

 
, where 2,1=k  and 2

, jiΓ  is the Christoffel symbol. From 

calculus of variation, a geodesic curve is equivalent to be a 
critical point of the energy variations. It is known that the 
energy function of γ  is 
 

( )
21

0

1( ) ( )
2

dE b s ds
ds

γ γ= ∫                                             (2) 

 
Then the Bezier geodesic-like curves will be defined by this 
notion. 

A proper variation of b γ  is a differential map 
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Uh →−× ],[]1,0[: εε  such that 
 

( ,0) ( ) [0,1]
(0, ) (0) [ , ]
(1, ) (1) [ , ]

h s b s s
h t b t
h t b t

γ
γ ε ε
γ ε ε

= ∈⎧
⎪ = ∈ −⎨
⎪ = ∈ −⎩

   .                                              (3) 

 
Therefore, ( ) ( , )th s h s t=  for ( , ) [0,1] [ , ]s t ε ε∈ × −  is a family 
of curves with the same terminal points ( (0))b γ  and ( (1))b γ . 
Then the energy of th  is represented by  

21

0

( )( )    for [ , ]b hE t ds t
s

ε ε∂
= ∈ −

∂∫ .                             (4) 

 
It is known that the geodesics can be characterized by the 
critical points of the energy functional. For simplicity, the 
geodesics can be defined as follows. 
 
Definition 1 

Let S be a regular surface with parameterization b . A curve 
: [0,1] Uγ →  is a geodesic on S  if there is a proper variation  

h  of  b γ  such that 0)0(' =E  where h  and E  is defined in 
equations (3) and (4), respectively. 
 

In 2010, the first author proposed a new method in [2] for 
estimating the geodesic from equation (4).  By constructing the 
proper variation by the Bezier curves, the critical point of the 
energy function is called the Bezier geodesic-like curve. 
 
Definition 2 

Let ),( vub , 3: RUb →  where U  is an open set in 2R , be a 
parameterization of a regular surface S . The Bezier 
geodesic-like curve ( )sγ of degree n , : [0,1] Uγ → , between 

),( 00 vu  and ),( nn vu  is a Bezier curve with terminal points 
),( 00 vu  and ),( nn vu  on U  whose energy attend minimal. 

That is, 
0

( ) ( )( , )
n

n
i i i

i
s B s u vγ

=

= ∑  is a critical point of  the 

following equation (5). 
  

1 1 1 1

21

00

( , , , , , )

     ( ( )( , ))

n n

n
n
i i i

i

E u u v v

b B s u v ds
s

− −

=

∂
=

∂ ∑∫
                       (5)                              

 
Since, by the following Weierstrass theorem, any piecewise 

differential curve can be approximate the B-spline curves, a 
Bezier geodesic-like curve approaches a geodesic on a surface 
when its degree tends to infinity. 
 
Weierstrass theorem 
    Let :[0,1]f R→  be a continuous function. Then the 
sequence of Bernstein polynomials 
 

0
( ) ( ) ( )

n
n

n i
i

ip s B s f
n=

= ∑                                                           (6) 

 
, where ( ) (1 )n n n i i

i iB s C s s−= − is the Bernstein polynomial, 
converges uniformly to f as n → ∞ . 
 

The set of control points of geodesic-like curve is a critical 
points of ),( ji vuE , that is the solution of  the system of 

 

0   for each 1 1
.

0   for each 1 1

i

j

u
i

v
j

E E i n
u

E E j n
v

∂⎧ = = = −⎪ ∂⎪
⎨ ∂⎪ = = = −
⎪ ∂⎩

                       (7) 

 
After some computations, the system of equations (7) can be 
rewritten as 
 

1

0
1

0

( ' ') ( ) ( ( )), ' ' 0

( ' ') ( ) ( ( )), ' ' 0

n n
uu uv i u i u v

n n
uv vv i v i u v

db u b v B s b B s b u b v ds
ds

db u b v B s b B s b u b v ds
ds

⎧
< + + + > =⎪

⎪
⎨
⎪ < + + + > =⎪⎩

∫

∫
       (8) 

 

where
0

( ) ( )
n

n
i i

i

u u s B s u
=

= = ∑  and 
0

( ) ( )
n

n
i i

i

v v s B s v
=

= = ∑ . 

Obviously, the solutions of the system of equations (7) are 
the Bezier geodesic-like curves on a surface. The system of 
equations (8) is called the system of geodesic-like equations.  

III. THE BEZIER GEODESIC-LIKE CURVES ON SHPERES 
In this section, a computation of the Bezier geodesic-like 

curves on a sphere via the system of equation (8) will be 
presented. Let ),( vub  be the parameterization from 

)2,0()2,0( ππ ×=U  to the unit sphere S  and let ( )sγ  be a 
curve in U , ( ) ( ( ), ( ))s u s v sγ = . Let 

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

u
vu
vu

vub
sin

sincos
coscos

),(                                                          (9) 

 
, where )2,0(, π∈vu . The first partial derivatives of b with 
respect to vu,  are 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

=
u

vu
vu

bu

cos
sinsin
cossin

 ,                                     (10) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡−
=

0
coscos
sincos

vu
vu

bv                                      (11)  
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And the second partial derivatives of b are 
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⎢
⎢
⎢

⎣

⎡

−
−
−

=
u

vu
vu

buu

sin
sincos
coscos

, 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

0
cossin

sinsin
vu

vu
buv , 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

=
0

sincos
coscos

vu
vu

bvv . 

 
Then 
 

'sin cos 'cos sin
'( ) ( ( )) 'sin sin 'cos cos

'cos

u u v v u v
db s b s u v v u v
dt

u u
γ

− −⎡ ⎤
⎢ ⎥= = − +⎢ ⎥
⎢ ⎥⎣ ⎦

.          (12) 

 
Hence the energy of ( )b s  forms as 
 

1
2 2 2

0

( ) ( '( )) ( '( )) cos ( )E u s v s u s dsγ == +∫ .                  (13) 

 
Assume that the curve ( )sγ  is a Bezier curve 

0
( ) ( )( , )

n
n
i i i

i
s B s u vγ

=

= ∑ . The first partial derivatives of the energy 

function 1 2 1 1 1( , , , , , , )n nE u u u v v− −  are  
 

1
2 2 2

0

(( '( )) ( '( )) cos ( )))
i i

E u s v s u s ds
u u

∂ ∂
= +

∂ ∂∫               (14) 

 
and 
 

1
2 2 2

0

(( '( )) ( '( )) cos ( )))
i i

E u s v s u s ds
v v

∂ ∂
= +

∂ ∂∫ .                  (15) 

 

Since ( ) ( )n
i

i

u s B s
u
∂

=
∂

, ( ) 0
i

u s
v
∂

=
∂

, ( ) 0
i

v s
u
∂

=
∂

 and 

( ) ( )n
i

i

v s B s
v
∂

=
∂

, the equations (14) and (15) can be rewritten 

as 
 

1
2

0

( )
( '( ) ( '( )) ( ( ) cos ( )sin ( )))

n
ni
i

i

dB sE u s v s B s u s u s ds
u dt

∂
= +

∂ ∫   (16) 

  
and 
 

1
2

0

( )
( '( ) cos ( ))

n
i

i

dB sE v s u s ds
v ds

∂
=

∂ ∫ .                             (17) 

 
The system of geodesic-like equations on sphere with polar 
coordinate system forms as 
 

1
2

0

1
2

0

( )
( '( ) ( )( '( )) cos ( )sin ( )) 0

( )
( '( ) cos ( )) 0

n
ni
i

n
i

dB s
u s B s v s u s u s ds

ds

dB s
v s u s ds

ds

⎧
+ =⎪

⎪
⎨
⎪ =⎪⎩

∫

∫
         (18)   

 
Suppose that ( )c s  is a horizontal vertical straight line, that is 

( ) (1 )u s s p sq= − +  and ( )v s x= , where x is a constant and 
)2,0(, π∈qp . Since '( )u s q p= −  and '( ) 0v s = , the system 

of equation (18) becomes 
 

1 1

0 0
1

0

( ) ( )
( ( ) 0) ( ) 0

( )
( 0) 0

n n
i i

n
i

dB s dB s
q p ds q p ds

ds ds

dB s
ds

ds

⎧
⋅ − + = − =⎪

⎪
⎨
⎪ ⋅ =⎪⎩

∫ ∫

∫
.         (19) 

 
If ( ) (0, )c s s= , then the system of equation (18) is also 

satisfied. 
These imply that the horizontal line ),)1(()( xqttptc −+=  

and the vertical line pass through )0,0(  are geodesic-like 
curves on spheres with polar coordinate system. Actually, these 
curves are the geodesics on sphere. 

 
 Let )1,,(),( 22 vuvuvub −−= , where 122 <+ vu , be 
another coordinate system of the unit sphere be.  Using a 
similar method as above, the straight lines pass through (0,0)  

on the set { }2 2( , ) | 1u v u v+ <  are geodesic-like curves on 

sphere. 

IV.  CONCLUSION 
     This note reviews the geodesic-like method and uses it to 
compute the Bezier geodesic-like curves on spheres. Although 
considering only the polar coordinate of the unit sphere, it can 
be applied to another coordinate system. In fact, if a geodesic 
γ  (as in Definition 1) is a Bezier curve, then it is also a Bezier 
geodesic-like curve. On the other hand, let mγ be a given Bezier 
geodesic-like curve of degree m . If m nγ γ= for any Bezier 
geodesic-like curve nγ  of degree n m>  passing through the 
same endpoints as mγ  does, then mγ  is a geodesic. It is because 
that a geodesic has minimal energy and a geodesic-like curve 
approaches a geodesic. 
 

 

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences

 Vol:4, No:5, 2010 

546International Scholarly and Scientific Research & Innovation 4(5) 2010 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
at

he
m

at
ic

al
 a

nd
 C

om
pu

ta
tio

na
l S

ci
en

ce
s 

V
ol

:4
, N

o:
5,

 2
01

0 
pu

bl
ic

at
io

ns
.w

as
et

.o
rg

/3
25

4/
pd

f



 

 

ACKNOWLEDGMENT 
This work was partly supported by the National Science 

Council in Taiwan under grants NSC98-2115-M-029-002. 
 

REFERENCES   
[1] M.P. do Carmo, Differential geometry of curves and surfaces, 

prentice-Hall, Englewood Cliffs, NJ, 1976. 
[2] S.-G. Chen, Geodesic-like curves on parametric surfaces, Computer 

Aided Geometric Design 27(1) (2010), pp106-117. 
[3] I. Hotz and H. Hagen, Visualizing geodesics. In: Proceedings IEEE 

Visualization, Salt Lake City, UT (2000) pp. 311-318. 
[4] Emin Kasap, Mustafa Yapici, F. Talay Akyildiz, 2005. A numerical study 

for computation of geodesic curves, Applied Mathematics and 
Computation, Volume 171, Issue 2, 1206-1213. 

[5] Dimas Martinez, Luiz Velho. Paulo C. Carvalho, 2005. Computing 
geodesics on triangular meshes. Computer & Graphics, volume 29, 
667-675. 

[6] M. Paluszny, Cubic polynomial patches through geodesics. 
Computer-Aided Design 40 (2008), 56–61. 

[7] K. Polthier and M. Schmies, 1998. In: Hege, H.C., Polthier, H.K. (Eds.), 
Straightest Geodesics On Polyhedral Surfaces in Mathematical 
Visualization. Springer-Verlag, Berlin. 

[8] G.V.V. Ravi Kumar, K.G. Shastry, and B.G. Prakash, Computing offsets 
of trimmed NURBS surfaces. Computer-Aided Design 35 (2003a) 
411–420. 

[9] G.V.V. Ravi Kumar, P. Srinivasan, V. Devaraja Holla, K.G. Shastry and  
B.G. Prakash, 2003b. Geodesic curve computations on surfaces. 
Computer Aided Geometric Design 20 (2) (2003b), 119–133. 

[10] J. Sanchez-Reyes and R. Dorado, Constrained design of polynomial 
surfaces from geodesic curves. CAD 40 (2008), 49–55. 

[11] N. Sprynski, N. Szafran, B. Localle and L. Biard, Surface reconstruction 
via geodesic interpolation. CAD 40 (2008), 480–492. 

[12] V. Surazhsky, T. Surazhsky, D. Kirsanov, S.  Gortler and H. Hoppe, Fast 
exact and approximate geodesics on meshes. In: Proc. of SIGGRAPH 
2005. ACM Transactions on Graphics 24 (3), 553–560.  

[13] C.L. Tucker, 1997. Forming of advanced composites. In: Gutowski, T.G. 
(Ed.), Advanced Composites Manufacturing. Wiley, New York. 

 
 
 
. 

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences

 Vol:4, No:5, 2010 

547International Scholarly and Scientific Research & Innovation 4(5) 2010 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
at

he
m

at
ic

al
 a

nd
 C

om
pu

ta
tio

na
l S

ci
en

ce
s 

V
ol

:4
, N

o:
5,

 2
01

0 
pu

bl
ic

at
io

ns
.w

as
et

.o
rg

/3
25

4/
pd

f




