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Neighbors of Indefinite Binary Quadratic Forms

Ahmet Tekcan

Abstract—In this paper, we derive some algebraic identities on
right and left neighbors R(F) and L(F') of an indefinite binary
quadratic form F = F(x,y) = ax® + bay + cy® of discriminant
A = b®> — 4ac. We prove that the proper cycle of F' can be given by
using its consecutive left neighbors. Also we construct a connection
between right and left neighbors of F.

Keywords—Quadratic form, indefinite form, cycle, proper cycle,
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|. PRELIMINARIES.

A rea binary quadratic form F' is a polynomial in two
variables = and y of the type

F = F(z,y) = az® + bxy + cy* Q)

with real coefficients a, b, c. We denote it by F' = (a, b, c).
The discriminant of F is defined by the formula b2 — 4ac and
is denoted by A = A(F). F isan integral form if and only if
a,b,c € Z, and is called indefinite if and only if A(F) > 0.
An indefinite form F' = (a, b, c¢) of discriminant A is said to
be reduced if

’\/K—2|a|)<b<\/x. @)

Most properties of quadratic forms can be giving by the aid
of extended modular groupj (see [5]). Gauss (1777-1855)
defined the group action of T" on the set of forms as follows:

gF(z,y) = (ar®+brs+cs®)a®

+ (2art 4+ bru + bts + 2csu)xy  (3)
+ (at2 + btu + cu2) y?

S

for g = € T. Hence two forms F' and G are called

equivalent if and only if thereexistsag € T suchthat gF = G.
If det g = 1, then F and G are called properly equivaent, and
if det g = —1, then F" and G are called improperly equivalent.
If aform F' is improperly equivalent to itself, then it called
ambiguous.

Let p(F') denotes the normalization (it means that replacing
F by its normalization) of (¢, —b,a). To be more explicit, we
set

pH(F) = (¢, =b+ 2cri, cr? —bry +a), 4

sign(c) || for lel = VA
ri =ri(F) = ©)
sign(c) V';“C/‘EJ for || < VA
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for ¢ > 0. Then the number r; is called the reducing number
and the form p?(F) is called the reduction of F'. Further, if F
is reduced, then so is p’(F) by (2). Infact, p’ is a permutation
of the set of all reduced indefinite forms.

Now consider the following transformations

X(F) = X(a‘7ba C) = (_Ca b> _a’)

T(F) = T((Lb, C) = (*Cl,b, 70)-
If x(F) = F, that is, F = (a,b,—a), then F is caled
symmetric. The cycle of F is the sequence ((7p)(G@)) for
i € Z, where G = (A, B,C) is areduced form with A > 0

which is equivalent to F'. The cycle and proper cycle of F
can be given by the following theorem.

Theorem 1.1: Let F' = (a,b,c) be a reduced indefinite
quadratic form of discriminant A. Then the cycle of F' is
asequence Fy ~ Fy ~ Fy ~ --- ~ F;_4 of length [, where
F() = F = (CL(), b(), C()),

5 = |s(F)| = V”ZJ

2|cq
and

Fipq (@it1,bit1, Cit1)
= (|Ci|, *bi + 28i|Ci|7 *(ai + bisi + 61822))
for 1 <i<1—2.If [isodd, then the proper cycle of F is

Fo~7(F) ~ Fy ~7(F3) ~ -~ 7(Fiog) ~ Fiog ~
T(Fo) ~ Fy ~7T(Fy) ~ -~ Fi_g ~T(Fi_q)

of length 2/ and if [ is even, then the proper cycle of F is
Fo~7(Fy) ~ By~ 7(F3) ~ oo~ Fog ~ 7(Foq)

of length [. In this case the eguivalence class of F is the
digoint union of the proper equivalence class of F' and the
proper equivalence class of 7(F). [1], [4]

The right neighbor of F' = (a,b,¢) is denoted by R(F) is
theform (A, B, C) determined by A = ¢, b+B = 0(mod 2A4),
VA —2|A| < B < VA and B2 —4AC = A. It is clear from
definition that

0 -1
rE)= (] 7)) @b, ©
where b + B = 2¢d. The left neighbor is hence

L(F) = ( - )R(c,m) —xr(R(e,ba). (D)

So F is properly equivalent to its right and left neighbors (for
further details on binary quadratic forms see [1], [2], [3], [4]).
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I1. NEIGHBORS OF INDEFINITE QUADRATIC FORMS.

In this section, we will derive some properties of neighbors
of indefinite quadratic forms. In [6], we proved the following
theorem.

Theorem 2.1: Let Fy ~ Fy ~ --- ~ F;_; bethecycleof F
of length 7 and let R*(F},) be the consecutive right neighbors
of F = F, fori>0.

1) If [ is odd, then the proper cycle of F' is
Fo ~ RY(Fy) ~ R*(Fy) ~ --- ~ R*72(Fy) ~ R*~Y(F)

of length 21.
2) If [ is even, then the proper cycle of F'is

F() ~ Rl(Fo) ~ Rz(Fo) PR Rl*2(FO) ~ Rl*l(FO)

of length .

Also we proved that if [ is odd, then R= (Fp) and
R*T (Foy) are the symmetric right neighbors of F. Further
we proved the following corollary and two theorems in [6].

Corollary 2.2: Let Fy ~ Fy ~ -
F of length [.
1) If [ is odd, then

~ F;_1 be the cycle of

i . F;,  iis even
R(Fy) = { 7(F;) iis odd
fori1<i<l-1and
i . F;_,; 115 even
R(Fy) = { T(F;—1) iis odd

forl<i<20—1.
2) If [ is even, then

F; 118 even

Ri(FO) - { 7(F;) s odd

for1<:<[—-1.

Theorem 2.3: If [ is odd, then F' has 2] — 1 right neighbors
and if [ is even, then F" has | — 1 right neighbors.

Theorem 2.4: If [ is odd, then

1) R{(Fp) = x7(R¥17(Fy)) for 1 < i < 20— 2 and
RAY(Fy) = x7(Fy).

2) RZ(F()) = T(Ri_'_l(Fo)), Rl(F()) = T(Fo) for [ <3 <
I —1and R{(Fpy) = 7(RYFy)) for 1 +1<i<20—1.

In [7], we also derived some algebraic identities on proper
cycles and right neighbors of F'. Now we can return our
problem. Then we can give the following theorems.

Theorem 2.5: If [ is odd, then in the proper cycle of F', we
have

1) RI(Fy) = 7(F;_y) forl <i<2l—1.

2) xT(R!(Fp)) = R¥1={(Fy) for 0 <4 <1 —1.
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Proof: 1) Let Fy = F = (ag, bo, ¢o). Then applying (6),
we get

Fo = (ao, bo, o)
RYFy) = (a1,b1,c1)
R*(Fy) = (a2, ba, c2)

2 2 2
B = (cepbig o)
Rl_3(Fo) = (—c2,b2,—a2)
RliQ(FO) = (_Cl7bla_a1)
Rl_l(Fo) = (—co,bo, —ao)
RY(F,) = (—ao, by,—co)
RHYYF)) = (—ay,bi,—c1)
Rl+2(F0) = (_a27 b27 62)
Rsl;?’(FO) = (—az,‘,Tg,bszs,—C%)
RSI;I(FO) — (_a%’b%7_c%)
R¥73(Fy) = (c2,b2,0a9)
R'7(FR) = (c1,b1,a1)
R*~Y(Fy) (cos bo, ao).
Hence it is clear that
R(Fy) = 7(Fo)
R”l(FO) = 7(F)
R (F) = 7(F)
Rzl;z(F()) _ T(F%)
R (Fy) = 7(F)
RSZ;I(FO) = T(FWTI)
RZZ*S(FO) = T(Fl—3)
R*(Fy) = 7(Fi-2)
RZlil(FO) — T(Fl_l).

S0 R (Fy) =7(F;_;) for 1 <i <20 —1.
2) Similarly we find that

x7(Fy) = R¥*Y(F)
XT(RN(Fy) = R*72(Fp)
XT(R¥(Fy)) = R73(Fy)
XT(R= (R) = R™% (Fy)
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x7(R™ (Fp)) = > (Fo)
XT(RE () = R'7 (R)
XT(RT(FR)) = RT(F)
xT(R2(Fy) = RYY(F)
xT(R™'(Fy) = R\(Fyp).
So 7 (RI(Fy)) = R2-11(Fy) for 0 < i <1 — 1. n

Now we consider the left neighbors of F. Recal that the
left neighbor of F' is defined to be

L(F) = L(a,b,¢) = < B >R(c, b,a).

Then we can give the following theorem.

Theorem 2.6: Let Fy ~ Fy ~ ---
of F. If [ isodd, then

~ F;_, denote the cycle

1)
; [ T(F=) iisodd
L'(Fy) = { F_;, iiseven
for 1 <i</and
: | T(Fy—;) iisodd
L'(Fo) = { Fou_; iis even
forl+1<i<2l.
2)
: B F_; 1 18 odd
T(L'(Fy)) = { 7(Fi_;) i is even

for1<:<[and

i . FQZf’i 718 Odd
T(L (FO)) - { T(FQZ—i) i 1S even
for i +1<qi<2l
3)
i - T(Fi_l) ’L ’L'S Odd
X(L'(Fo)) = { Fi_y iis even
for 1 <i<1and
; B T(Fiflfl) Z is Odd
X(L'(Fo)) = { Fi_i_1 iis even

fori+1<i<2I.

Proof: 1) Applying (7), we get

LY (Fy) = (co,bo,a0) =7(Fi—1)
LQ(FO) = (7617b177a1) :F172
LS(FO) = (625b27a‘2) = T(FZ—S)
LNFy) = (—ao, bo, —co) = 7(Fp)
L"YEFy) = (—co,bo,—ag) = Fi_o
LQZ_l(FO) = (7a17b17701) :T(Fl)
L’"(Fy) = (ag,bo,co) = Fo.
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So the result is clear. The others can be proved similarly. m

Note that we proved in Theorem 2.1 that the proper cycle
of F' can be given by using its consecutive right neighbors.
Similarly we can give the following theorem.

Theorem 2.7: Let L*(F) denote the consecutive left neigh-
bors of F.
1) If [ is odd, then the proper cycle of F' = Fj is

Fy ~ LN (Fy) ~ - ~ L2 (Fy) ~ LN (Fy)

of length 21.
2) If [ is even, then the proper cycle of F' = Fy is
Fo ~ L' (Fo) ~ -+ ~ L(Fp) ~ L' (F)

of length /.

Proof: 1) Let [ be odd. Then by Theorem 1.1 the proper
cycle of F'is

Fo~1(F) ~ Fy ~7(F3) ~ o~ 7(Fiog) ~ Fiog ~
T(Fo) ~ Fi ~7(Fy) ~ -~ Fi_o ~ T(F_q)

of length 2/. We also see Theorem 2.6 that

i | 7(F-;) iisodd
L (Fo) = { F_;, i1iseven
for1 <i<!and
i | 7(Fy—;) iisodd
Li(Fp) = { Fo_;  i1s even

for I +1 < i < 2[. So the proper cycle of F is Fy ~
L2l_1(F0) ~ e LQ(FO) ~ Ll(Fo)

Similarly it can be shown that if [ is even, then the proper
cycle of Fis Fy ~ LI71(Fy) ~ -« ~ L?(Fy) ~ LY(Fp). =

Example 2.1: 1) The cycle of F = (1,5,—4) is Fy = (1,
5,—4) ~ Fy = (4,3,-2) ~ F, = (2,5,-2) ~ F3 = (2,
3,—4) ~ Fy = (4,5,—1) of length 5. So its proper cycle is
hence

( ) NFQ:(QaE)’*?)N
Fy=(-2,3,4) ~ Fy = (4,5,—1) ~ F5 = (—1,5,4) ~
F6 = (4737*2) NF7: (727572) NFS = (253”74) ~

of length 10. The consecutive left neighbors of F' are

LYF) = (-4,5,1),L*(F) = (2,3, —4),
L3(F) = (-2,5,2), LY(F) = (4,3, -2),
L°(F) = (-1,5,4), L°(F) = (4,5, 1),
L7(F) = (-2,3,4), L}(F) = (2,5, -2),
L%(F) = (—4,3,2), L'(F) = F.

So it is easily seen that the proper cycle of F' is

F~ILYF)~L3F)~ LY(F) ~ L5(F) ~ L°(F) ~
LY(F) ~ L3(F) ~ L*(F) ~ L*(F).
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2) Thecycleof F = (1,8,-5) is Fy = (1,8,—5) ~ F} =
(5725_4) ~ F2 = (4767_3) ~ Fd = (376a_4) ~ F4 =

(4,2,-5) ~ F5 = (5,8,—1) of length 6. So its proper cycle
is
Fy=(1,8,-5) ~ Fy =(=5,2,4) ~ F5 = (4,6,—-3) ~
Fs; = (737674) ~Fy = (4a2a75) ~ F5 = (75a8a1)
The left neighbors of F' are
Ll(F) = (_5a8a 1)7L2(F) = (4727 _5)a
L3(F) = (-3,6,4), L*(F) = (4,6, -3),
LB(F) = (_5a2a4)7L6(F) =F.

So its proper cycle is F ~ L3(F) ~ LYF) ~ L3(F) ~
L2(F) ~ L*(F).

From above theorem, we can give the following result.

Theorem 2.8: If [ is odd, then F' has 2] — 1 left neighbors
and if [ iseven it has [ — 1 left neighbors.

Proof: Let [ be odd. Then we get

Fo (a0, bo, co)
Fi = (a1,b1,c1)
F, = (a2, b, c2)
F3 (a37b3,03)

Fi_s = (—c2,b2,—a2)
Fl—2 = (_Clab17_a/l)
Fi_1 = (—co,bo, —ao).

The first left neighbor of F' = Fy is
LYFy) = (a1,b1,¢1)

0 1
= ( 1 0 > (/07b07a‘0)

0
( 10 >(a0, b0+2a050,c0 —501)0-’-&053)

(co — Sobo + aodg, —bo + 2apdo, ao)

= (co,bo,a0).

Similarly we obtain

L*(Fy) = (—c1,b1,—ay)
L*(Fy) = (c2,b2,a0)
L*(Fy) = (—c3,b3,—a3)
LNFy) = (—ao, bo,—co)
LY Fy) = (—co,bo, —ap)
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L2171(F0) = (_a17b17_cl)
L2Z(FQ) = (CL(),b(),Co) ZF().

So F' has 2 — 1 left neighbors. Similarly it can be shown that
F has [ — 1 left neighbors if [ is even. ]

Theorem 2.9: Let Fy ~ Fy ~ --- ~ F;_1 be the cycle of
F of length [. If [ is odd, then

1) L(F;) = 7(Fj—q) for 1 < i <1 —1and L(Fy) =
7(Fi-1).
x7(Fp).

Proof. 1) Let F = Fy =
Fi = (a1,b1,¢1)
= (lcol, =bo + 2s0lcol, —(ao + boso + cosp))

= (*Co, 7b0 - 25000, —ag — boSo — 0083) . (8)

((l()7 bo, C[)). Then

Now we try to determine the first left neighbor of F. Applying
its definition, we get

L(Fy)
0 1
= ( 1 0 ) R (7&0 - boSO - Cosg, *bo - QSQCQ, 700) . (9)

So we have to find out the right neighbor of (—ag — bosp —
cosg, —bg — 250co, —co). TO get this we make the change of
variables x — y and y — —x — dgy. Then we get

2
=L (—Co, —bo — 25000, —ag — bQSQ — Coso)

R (—ao — bpsg — 005(2), —bo — 2s9¢y, —co)
= (—ao — boso — cosg)y” + (—bo — 2s0co)y(—x — doy)
+(=co)(=z — doy)”
= —cox? + (bo + 2co50 — 2c000)TY (20)
+(—ao — boso — cos2 + bodo + 250cod0 — coda)y>

Also for i = 0, we get s) = —Jp. So (10) becomes

R( ao —boso — coso, —bo — 2s¢co, —co)
= —cox® + (bo — 2¢d0 — 2¢0d0) Y
+(—ag + bodo — coda + bodo — 255 ¢o — coda)y. (1)
Since sg = —dp = 0, (11) becomes
R (—ao —bpsg — cos(z), —by — 2s¢co, —co)
= —cox® + bory — a0y2. (12
So applying (9) and (12), we get

L(Fl) = L (—CQ, —bo — 28060, —ap — boSU - Cosg)

0 1
= < 10 ) R (—a(] — boSo — C()S%7 —b() - 28080, —C(])

0 1
< 1 0 )(COab[]vaO)

= (_a07b07_60)
= T(F()).
Similarly we find that L(F») = 7(Fy), L(F3) = 7(F2),
< L(F1—1) = 7(Fi—2) and L(Fy) = 7(F;—1). The other
case can be proved similarly. [ ]
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Example 2.2: Thecycleof F' = (1,7,-6) is
Fy=(1,7,-6) ~ F1 = (6,5,-2) ~ F5 = (2,7,-3) ~
Fy=(3,5,—4) ~ Fy = (4,3, —4) ~ F5 = (4,5, -3) ~

=(3,7,—-2) ~ F; = (2,5,—6) ~ F3 = (6,7, —1).
Then
L( ) :L(1777 76) = (76777 1) :T(FS) :XT( )
L(Fy) = L(6,5,-2) = (—1,7,6) = 7(Fy) = x7(F})
L(Fy) =L(2,7,-3) = (—6,5,2) = 7(F) = x7(F%)
L(F5) = L(3,5,—4) = (=2,7,3) = 7(Fy) = x7(F)
L(Fy) = L(4,3,—4) = (-3,5,4) = 7(F3) = x7(F})
L(F5) = L(4,5,-3) = (—4,3,4) = 7(Fy) = x7(F}y)
L(Fs) = L(3,7,-2) = (—4,5,3) = 7(F5) = x7(F3)
L(F7) = L(2,5,—6) = (=3,7,2) = 7(Fg) = x7(Fy)
( :L(6777_1) = (_276’5) :T(F7) :XT( )
as we wanted.

From above theorem, we can give the following corollary.

Corollary 2.10: Let Fy ~ Fy ~
F of length [. If [ is odd, then

1) 7(LY(Fy)) = L'TH(Fy) for 1 <i < 1.

2) x(L(Fy)) = L1 =4 (Fy) for 1 < i < land x (L (Fp)) =
L3Ry for 1+ 1 < < 2L

-+ ~ F;_; bethe cycle of

Theorem 2.11: Let Fy ~ F} ~ o
F of length L. If { is odd, then L= (F;
the symmetric left neighbors of F.

~ Fy_; be the cycle of
o) and L% (Fy) ar

Proof: We know that F' has 21 — 1 left neighbors when [
is odd. Also

Ll(FO) = (CUabUaao)

L*(Fy) = (—c1,bi,—ay)

L*(Fy) = (ca,b2,a2)

%(FO) = (—al;, blle, _Cl—Tl)
LT (F) = (~aw, b, —aw:)
Ll;?’ (Fo) = (0171, bg7 azfl)

L (FO) (*Cl(),bo, CO)
LY (Fy) = (—co,bo, —ao)
31—1
L= (Fy) = (a1, b, i)
3141
L5 (R) = (ang, b, —au)
Lsgj(Fo) = (76171, bl—l,*(ll—l)
L YF) = (—ai,bi,—c1)
L*(Fy) = (ao,bo,co)
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So L% (Fo) and L% (FO) are symmetric left neighbors. m

Theorem 2.12: If [ is odd, then in the proper cycle of F,
we have

1) Lz(Fo) = Fy_ for 1 <4 <2l

2) LZ(F()) = T(E—i) for1 <i</[and Ll(FU) = T(Fgl_i)
forl+1<i<2l.

3) Ll(F[)) = X(ﬂ71+i) for1 < ¢ <[ ad L'L(Fo) =
X(Fi—l—l) fori+1<i<2I.

4) LZ(F()) = XT(Fifl) for 1 <:<2l.

Proof: 1) Before starting our proof, we try to determine

the cycle and proper cycle of F. To get thislet F = Fy = (ay,
bo, co). Thenthecycleof FiSFy ~ Fy ~ Fy~ -~ Fj_g ~
F,_1, where

Fo = (ao, bo, co)

Fi = (a1,b1,¢1)

Fg = (CL bg, CQ)

F; = (as,b3703)

s =

2

Fia = —61;3,17';3,—&1;3)
2 2 2 2

Fi_3 = (—c2,b2,—a2)

Fio = (—c1,b1,—a1)

F_1 = (—co,bo,—a0).

So the proper cycle of Fishence Fy ~ Fy ~ Fy ~ -+ ~
Fii~Fi~Fip~Fipo~ -~ Fyg ~ Fy_q, where

Fo = (ao, bo, co)
B = (—al,bl,—Cl)
F, = (ag, by, c2)
F3 = (—as, b3, —c3)
F o = (Cl7b1,a1)
Fi1 = (—co,bo,—ao)
F, = (—ao,bo, —co)
Fiy1 = (a1,b1,¢1)
Fy o (—c1,b1,—aq)
Fy1 = (co,bo,0a0).

Now we determine the left neighbors of FF = Fy. Then

applying (7), we get
L'(Fy)
L*(Fp)

L'(Fy)
LHY(Fy)

267

(co, bo, ag) =

(7017 bla 70’1) =

(*am bo, *Co)

= R

(_007 bOa —CLQ) - E—l
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LN FR) = (—ai,b,—c)=F
L*(Fy) = (ao, by, co) = Fy
So Lz(Fo) = Fy_ for 1 <4 <2l

2) Similarly we obtain

L'(Fy) = (co, bo, ag) = 7(Fi-1)
L*(Fy) = (*Cbbl, —a1) =7(F—2)
Ll_2(F0) = ( as, b27702) :T(FQ)
LYY Fy) = (a1,bi,¢) =7(F)
LZ(F()) = ( aop, b(), 700) = T(Fo)
L"NFy) = (—co,bo,—ag) = 7(Fa1)
Ll+2(F ) = (cl,bl,al) —T(FQ[ 2)
LN FR) = (*0171717 —c1) = 7(Fiq1)
L*(Fy) = (ao,bo,co) = 7(F)).

So Ll(Fo) = T(,Fl,i) forl <i<1{and Ll(Fo) = T(Fgl,i)
fori+1<i<2l

The others are proved similarly. [ |
Example 2.3: The cycle of F' = (1,7,—6) is
FO = (1777_6) NFI = (6a5a_2) NFQ = (2777_3) ~

F3=(3,5,-4) ~F,=(4,3,-4) ~ F5 = (4,5, -3) ~
:(3777_2)NF7:(2a5a_6) NF8: (6777_1)

and hence the proper cycle of is

Fy=(1,7,-6) ~ F| = (=6,5,2) ~ Fy = (2,7,-3) ~
:( 354) Fy = (4,3,—4) ~ Fy = (—4,5,3) ~
=(3,7,-2) ~ Fy = (=2,5,6) ~ Fs = (6,7, —1) ~
:( 1 76) Fio = (6,5,-2) ~ Fy; = (—2,7,3) ~
Fiy = (3,5,—4) ~ Fi3 = (—4,3,4) ~ Fyy = (4,5, —-3) ~
Fis = (=3,7,2) ~ Fig = (2,5,—6) ~ Fi7 = (—6,7,1).

The left neighbors of F' are

LY(Fy) = (=6,7,1) = Fi7, L*(Fy) = (2,5, —6) = Fi,
L3(Fy) = (=3,7,2) = Fi5, L*(Fy) = (4,5, —3) = Flg4,
LP(Fy) = (—4,3,4) = Fi3, L5(Fy) = (3,5, —4) = Fo
L7(Fy) = (=2,7,3) = Fi1, L¥(Fy) = (6,5, —2) = Fio,
L(Fy) = (—1,7,6) = Fy, L'°(Fy) = (6,7, —1) = Fg,
L'(Fy) = (-2,5,6) = Fr, L'*(Fy) = (3,7, -2) = F
LYB3(Fy) = (—4,5,3) = F5, L' (Fy) = (4,3, —4) = F,
LY (Fy) = (=3,5,4) = F3, L'S(Fy) = (2,7, -3) = Fb,
LY(Fy) = (=6,5,2) = Fy, L'(Fy) = (1,7, -6) = Fy.
)

Here, L5(Fy) and L'4(Fy) are symmetric left neighbors of F
by Theorem 2.11.
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Now we give the connection between right and left neigh-
bors of F'. To get this we can give the following theorem.

Theorem 2.13: Let R'(F,) and L¥(Fy) be denote the right
and left neighbors of F, respectively.

1) If [ is odd, then Li(Fy) = R?~i(F,) for 1 <i < 2]—1.

2) If I is even, then Li(Fy) = R\ (Fp) for 1 <i <1 —1.

Proof: 1) Let [ be odd. Then the proper cycle of F
can be given by using its consecutive right neighbors, that
|S, Fy ~ Rl(Fo) ~ RQ(F()) ~ e~ R2l_2(F0) ~ Rzl_l(Fo)
by Theorem 2.1. Also by considering the proper cycle Fy ~
T(Fl) ~ F2 ~ T(Fg) ~ e T(FZ,Q) ~ Fl*l ~ T(F()) ~
Fy NT(FQ) ~eee~ Fg NT(Flfl) of F, we get

F; 1 1S even

R(FO):{ T(F;) iis odd
for1<i<l[-1and

R\(Fy) = { 7_5;:1)

for I <i <2l —1 by Corollary 2.2. Also

1 1S even
i 1s odd

i | 1(F=;) iis odd
Li(Fp) = { F_, iiseven
for1 <i</[and
i o T(le_i) 118 odd
Li(Fp) = { Fy_; i1is even

for I +1 <4 < 2. On the other hand, since the proper cycle
of Fis L2(Fy) ~ LA=YFy) ~ -+ ~ L2(Fy) ~ LY(Fp), we
conclude that L¢(F,) = R¥~%(F,) for 1 <i <20 — 1.
Similarly if [ is even, then Li(Fy) = R (F,) for 1 <i <
[—1.

Example 2.4: 1) Thecycleof F = (1,5,—4) isFy = (1,5,
—4) ~ F) = (4,3,-2) ~ Fy = (2,5, =2) ~ F3 = (2,3,
—4) ~ Fy = (4,5,—1). The consecutive left and right neigh-
bors of F' are

(F) ) (F)
L*(F) = (2,3,—4) = R}(F)
L3(F) = (-2,5,2) = R"(F)
LY(F) = (4,3,—-2) = R%(F)
L°(F) = (~1,5,4) = R*(F)
LS(F) = (4,5,—1) = RYF)
LT(F) = (-2,3,4) = R3(F)

(F) ) (F)

(F) ) (F)

2) Thecycle of F = (1,8,-5) is Fyp = (1,8,-5) ~ F} =
(5,2,—4) ~ Fy = (4,6,-3) ~ Fy = (3,6,—4) ~ F, =
(4,2,-5) ~ F5 = (5,8, —1). The consecutive left and right
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neighbors of F are

LYF) = (-5,8,1) = R*(F)
L*(F) = (4,2,-5) = RY(F)
L3(F) = (—3,6,4) = R*(F)
L*(F) = (4,6,-3) = R*(F)
LP(F) = (-5,2,4) = R'(F).

From above theorem, we can give the following result.

Corollary 2.14: Let R(Fy) and L(F,) denote the right
and left neighbors of Fy, respectively. If [ is odd, then

1) L{(Fy) = 7(R7H(Fy)) for 1 < i <1 and LI (Fy) =
(R Fy)) for 14+ 1 < <2l

2) Li(Fy) = x(RH1(Fy)) for 1 < i <l and L(Fp) =
(RN (Fy)) for 141 < < 2.

If liseven, then Li(Fy) = x7(R=(Fp)) for 1 <i <1—1.

Finally, we can give the following theorem.
Theorem 2.15: R(Fy) and L(F,) denote the right and left
neighbors of Fy, respectively. Then
R(L(Fo)) = L(R(Fp)) = Fo.

Proof: Recall that the right neighbor of F' = (a,b,c¢)
is the foom R(F) = (A,B,C), where A = ¢, b+ B =0
(mod 2A), VA—2|A| < B < VA and B> —4AC = A. Also
R(F) = [0;—1;1;=¢](a,b,¢c) for b+ B = 2¢6 and L(F) =
xT(R(¢,b,a)). For F = Fy = (ag, bo, co), We get

L(Fy) = ( ; (1) )R(co,bo,ao). (13)

Now we try to find R(co, bo, ap). It is easily seen that
R(co, by, ap) = (ag, —bo + 2agdg, co — bodo + agdy).
S0 (13) becomes
L(Fy) = (co — bodo + apdi, —bo + 2aodo, ao)-

Note that —bg + 2a¢dg = —bo(mod 2a). Also \/Z — 2\a0| <
—bo+2a0dy < VA. Soif we take the right neighbor of L(Fy),
then we get

R(L(Fy)) = R(co— bodo + aody, —bo + 2aodo, ao)
= (ao,bo, co)
- R
Similarly it can be proved that L(R(Fp)) = Fo. |
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