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Existence and global exponential stability of
periodic solutions of cellular neural networks with
distributed delays and impulses on time scales

Daiming Wang

Abstract—In this paper, by using Mawhin’s continuation theorem
of coincidence degree and a method based on delay differential
inequality, some sufficient conditions are obtained for the existence
and global exponential stability of periodic solutions of cellular neural
networks with distributed delays and impulses on time scales. The
results of this paper generalized previously known results.
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I. INTRODUCTION

TABILITY and periodicity of cellular neural networks

have been paid much attention in the past decades[I-
10], due to its applicability in the image processing, pattern
recognition and associative memories and so on.

It is well known that most widely studied and used neural
networks can be classified as either continuous or discrete.
However, there has been a somewhat new category of neural
networks, which displays a combination of characteristics of
both the continuous-time and discrete-time systems, these are
called impulsive neural networks[11-14]. To our knowledge,
not many authors discuss stability and periodicity of cellular
neural networks with delays and impulses. Recently, Yongkun
Li and Zhiwei Xing have studied the existence and global
exponential stability of the periodic solution of the following
cellular neural networks with time delays and impulses [15]:

drilt) — g (6)ai (1) + i:l[bij(t) £5(2;()

+eig (0) f5 (5t — 75(1)] + L),
t>0,t#t, i=1,2,...,n,
AIZ(tk) = Jl(l'l(tk)) = —’yik,:z:i(tk),i =1,2,...,n,
k=1,2,...,
However, in most situations, delays are variable, and in fact
unbounded. So, in this paper, we will study the existence
and global exponential stability of the periodic solution of
cellular neural networks of the following with mixed delays
and impulses:

Wel) — —q;(t)ay (t) + é[az‘j(f)fj(xj(t))

403 () £ (@;(t — 735(1)))
teig(t) [L o kit = 8)F;(z5(s))ds] + Li(®), (D)
>0, t£ty, i=1,2,...,n,
Axi(ty) = Ji(wi(tr)) = —virwi(tr),
i=1,2,...,n, k=1,2,...,n.
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where Az;(ty) = x;(t)) — 2i(ty), i = 1,2,...,n are the
impulses at moments f; and 0 < t; < t3 < . is a
strictly increasing sequence such that lim;_, o t, = +00; ;(t)
(i =1,2,...,n) is the state of neuron and n is the number
of neurons; A(t) = (ai;(t))nxn,
B(t) = (bij(t))nxn and C(t) = (ci5(t))nxn are connection
matrix functions,
It) = (L(t),L®),....L,t)T : Rt — R™ is con-
tinuous periodic function with period w > 0, f(z) =
(fi(x1), f2(z2)),. .., fu(zn))T is the activation function
of the neurons,F'(t) = diag(ai(t),as(t),...,an(t)) with
a;(t) > 0(i = 1,2,...,n). The delays 0 < 7;;(t) <
7(i,j = 1,2,...,n) are bounded functions. Kernel function
kij : [0,00) — [0,00)(3,5 = 1,2,...,n) are all piecewise
continuous functions on [0,00), and satisfy [~ k;;(s)ds =
Lij=1,2,...,n

As usual in the theory of impulsive differential equations,
at the points of discontinuity ¢, of the solution ¢ — z;(t) we
assume that z;(t;) = x;(t; ). It is clear that, in general, the
derivatives x;(tk) do not exist. On the other hand, according
to the first equality of (1) there exists the limits (). So, we
assume that x;(tk) = :Jc;(t,;), 1=1,2,...,n; k=1,2,...

The initial conditions of system (1) are of the form x;(s) =
¢i(s) #0,s < 0,is = 1,2,...,n. where ¢; is bounded and
continuous function on (—oo, 0].

Throughout this paper, we impose the following assump-
tions:

(Hy) The delays 0 < 7;;(¢t) < 7(4,5 = 1,2,...,n) are
bounded continuous w-periodic functions.

(Hs) a;(t),i =1,2,...,n are positive and bounded contin-
uous w-periodic functions, and 0 < a; < a;(t) < G;.

(H3) kernel function k;;,4,j = 1,2,...,n are all piecewise
continuous functions, and satisfy [ k;;(s)ds = 1.

(H4) There exist positive constants M; > 0 such that |
fi(x) | Mjforj=1,2,...,n,z € R.

Hs) ai;(t),bi5(t),ci5(t),i,5 = 1,2,...,n are bounded
continuous w-periodic functions.

(Hg) There exists a positive integer q such that ¢, =
t}c +w,'yi(k+q) = Yik » for k = 1,2,...,i = 1,2,...777,.

(Hy) ] (1=k),i=1,2,...,n are w-periodic func-

0<t,p<t
tions.

(Hg) f; € C(R,R),j = 1,2,...,n are Lipschitzian with
Lipschitz constants L; > 0,
| f(@) = £() 1< Ly | @ —y | for all @,y € R.

For convenience, we introduce the following notations:
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@i = sup{| ay;(t) |t € [0,w]}, bi; = sup{| by;(t) |t €
[Oﬂw]}véij = Su5{| Cij(t) |’t € [va]}’ 111 = sup{\ Ii(t) |7t €
0,0} Ni=(fy" TI Q—ra)2dt)z,i,j=1,2,...,n.

0<tp<t

The organization of this paper is as follows. In Section II,
we introduce some notations and definitions, and state some
preliminary results needed in later sections. In Section III,
we then study the existence of periodic solutions of system
(1) by using the continuation theorem of coincidence degree
proposed by Gains and Mawhin [16]. In Section IV, we shall
derive sufficient conditions to ensure that the periodic solution
of (1) is globally exponentially stable.

II. PRELIMINARIES
In this section, we shall introduce some notations and
definitions, and state some preliminary results.

Consider the impulsive system[15]:

xl(t) = f(tvx(t)vx(t - Tl(t)v s >x(t - Tn(t)))7
t#t,k=1,2,..., 2

Ax(t) le=t,= Ji(2(t},)) = —virzi(te),

where x € R",f : R x R" — R" is continuous and f(t +
w,z(t—71(t)),...,z(t—1n(¥))) = f(t,2(t—71(¢)), ..., z(t—

(), Jr + R* — R™k = 1,2,...,n are continuous;
7, € C(R,[0,7]),i=1,2,...,n are w-periodic functions and
t—7i(t) = o0, as t — 00,i =1,2,...,n, and there exists a

positive integer ¢ such that ¢ty =t + w, Jytq(x) = Ji(z)
with t;, € R,tp41 > tg,limp oty = OO,ACIZ(t) |t:tk:
z(t)) —a(t;). For t #0 (k= 1,2,...),[0,w] N {tx} =
{t1,t2,...,tq}. As we know, {t;} are called points of jump.

Definition2.1.['>l A function = € (]0,00), R) is said to
be a solution of system (2) in [0,00) satisfying the initial
value condition z(s) = ¢(s) # 0,s € (—o0,0], where
¢ € C((—o0,0], R"), if the following conditions are satisfied

(i) =(t) is absolutely continuous
(tkvtk+1) C [0,00),

(i) for any t, € [0,00),k = 1,2,...,z(t]) and z(t;, ) exist
and z(t;, ) = z(tx);

in each interval

(iii) x(t) satisfies (2) for almost everywhere in [0, o)
and at impulsive points {¢;} situated in [0,00) may have
discontinuity of the first kind.

Definition 2.2.'Y The periodic solution of system (2) is
said to be globally exponentially stable (GES), if there exist
constants o > 0 and 3 > 0 such that

|2i(t) —a; [SBlo—a" [ e
for all t > 0 , where

lo—all= sup (3| i(s) -t |).

s€(—00,0] i=1
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Consider the nonimpulsive delay differential system

n

dyc;t(t) =—aityit) + [ Q7)™ Z[aij(t)
< I @ —7%'1c)yj(t))

0<tp<t

+o 050 ]

0<ts <t—mi;(t)

es®) [kt = 950 TT 0=

0<tr<s

(1 =k)y; (¢ = 73 (1))

+ J] Q=) 'Lt), t>0,i=12,...,n
0<tp<t
(3)

with initial conditions y;(s) = ¢i(s) #
(—00,0], i =1,2,...,n.

Lemma 2.1. Assume (H7) holds, then

0, s €

(i) if y = (y1,...,yn) is a solution of (3), then
= (I 0=y IT (L= yr)yn) is a
0<tp<t 0<t), <t

solution of (1);
(ii) if = (z1,...,%,) is a solution of (1), then
y=0 11 Q=y)tzr,..., I (1 —vnk) ta,)isa
0<tp <t 0<tp<t
solution of (3).

Proof. The proof is similar to that of Theorem 2.1 in [14]
and will be omitted here.

Let X, Y be real Banach spaces, L : DomL C X — dimY
be a linear mapping, and N : X — Y be a continuous
mapping. The mapping L will be called a Fredholm mapping
of index zero if dimKerL = codimImL < +oco and ImL is
closed in Y. If L is a Fredholm mapping of index zero and
there exist continuous projectors P : X — X and@Q:Y — Y
such that ImP = KerL, KerQ = Im(I — Q), it follows that
mapping L |pomrnkerp: (I — P)X — ImL is invertible. We
denote the inverse of that mapping by Kp. If () is an open
bounded subset of X, the mapping /N will be called L-compact
on Q. if QN(Q) is bounded and K,(I — Q)N : @ — X is
compact. Since I'm( is isomorphic to KerlL, there exists an
isomorphism J : Im@Q — KerL.

Now, we introduce Mawhin’s continuation theorem as fol-
lows.

Lemma 2.2.1'6 Let Q C X be an open bounded set and let
N : X — Y be a continuous operator which is L-compact on
Q . Assume

(a) for each A € (0,1),2 € 9Q(DomL, Lz # ANz,

(b) for each z € OQNKerL,QNxz # 0,
deg(JQN, 2 kerL,0) # 0.

Then Lz = Nz has at least one solution in Q) DomL.

Definition 2.3.1'%] Let the n x n matrix A = (a;;),x» have
nonpositive off-diagonal elements and all principal minors of
A are positive, then A is said to be an M -matrix.

Lemma 2.3.'") Let 2(t) = (x1(t),22(t),...,2a(t))7 be
a solution of the differential inequality:

z (t) < Ax(t) + Bz(t),t > to,
where

and
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Z(t) = ( sup {zi(s)}, sup {xa2(s)},...,
t—7<s<t t—7<s<t
sup {xn(s)})TaA = (aZj)an7B = (bz])nxn~
t—7<s<t
If

n
(A1)ai; > 0(i # §),bi; > 0,4, =1,2,....m5 Y _T;(t) >0
j=1
(A2) The matrix —(A + B) is an M -matrix.
Then there always exist constants A > 0,7; > 0 (i =
1,2,...,n) such that

(t) < T Z 7j (to)@A(tito).
j=1

III. EXISTENCE OF PERIODIC SOLUTIONS

In this section, based on the Mawhin’s continuation the-
orem, we shall study the existence of at least one periodic
solution of (1). For convenience, we introduce the following
notations:

Gly :Gi(tv yl(t)a R yn(t))
= *al(t)yz(t) + H (1 - ’Y’Lk -t Z az]
0<tp <t j=1
< fCTT =)y
0<t, <t
+o0 50 TT =yt —7i(1)
0<t<t—7i;(t)

es®) [kt =950 TT 0=
o 0<t)<s

+ J] =)L), t>o0,

0<tp<t

where y = (y1,v2,...,Yn)’ is w-periodic function, i =
1,2,...,n. Our main result of this section is as follows.

Theorem 3.1. Suppose (H;)-(H7) hold, then the system (1)
has at least one w-periodic solution.

Proof. According to Lemma 2.1, we need only to prove
that the nonimpulsive delay differential system (3) has an w-
periodic solution. In order to use the continuation theorem
of coincidence degree theory to establish the existence of a
solution of (3), we take

Y=Z={ykt) e C(R,R") : y(t +w) =y(t),t € R,y =

(y17 Y2,... ayn)T}
with the norm
Ty ll= > Tweloo |uelo= sup |w(t) |, k=
k=1 te[0,w]
1,2,...,n
then Y and Z are Banach spaces.
Set
Ly =y and Py = L [“yt)dt,y € YV; Qz =
Ly zt)dt, z€ Z
and
Ny = (GY(t), GY(D), ... GL)T, yeY.
Obv10usly, KerL ={y € Y =h,he R"}, ImL={y €
Y, [ y(s)ds = 0} and

dmeerL =n = codimImL.
So, ImL is closed in Z and L is a Fredholm mapping of
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index zero. It is easy to show that P and () are continuous
projectors satisfying

ImP = KerL, ImL = Ker@Q =1Im(I — Q).
Furthermore, through an easy computation, we can find that
the inverse K, :ImL — KerPN DomL of L, has the form

= [J2(s)ds — L [ [ 2(s)dsdt.

Thus
QNy = (L [Ca¥(tdt,..., L [¥aybdt)’, yey
d
" Jo GY(s)ds
Ky(I-Q)Ny=| [5GY(s)ds
J Gy (s)ds
205 J Gi(s)dsdt (&= §)Jy GH)s
Y éﬁ*(s)dsdt e o e
L[ Jt Gy (s)dsat (L—5) i Gu(s)ds

Clearly, QN and Kp(I — Q)N are continuous. Using
the Arzela-Ascoli theorem, it is not difficult to show that
QN(Q), Kp(I—Q)N(Q) are relatively compact for any open
bounded set  C Y . Therefore, N is L-compact on € for
any open bounded set Q C Y .

Now we reach the position to search for an appropriate
open, bounded subset €2, for the application of the con-
tinuation theorem. Corresponding to the operator equation
Ly = ANy, X € (0,1), we have

i) =M—a:(Oyit) + [[ (=)~ Z[au()
0<tp<t
< 0TI =)y ()
0<tp<t

+ 03 () f5( H

0<ty <t—7i;(t)

(1 —vw)y;i (t — 7i5(1)))

t
weslt) [kt =950 TT (0=
- 0<tp<s
+ I =) "5},
0<ty <t
yey i=1,2,...,n. “)

Suppose that y(t) = (41(t), ya(0),- - ya()” € Y is a
solution of system (4) for some A € (0,1). Integrating
;i (t)y; (t) over the interval [0,w] , we obtain

0= 1420 |0_/0“yi<t>y;<t>dt
_,\/{ ai(tyi(yit) + [ =) wa(t)

0<t, <t

H (1 = vr)y;(t))

0<tp<t

X Z ;5 t)f](
j=1
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(1 =r)y; (¢ = 735 (2)))

+ bij (1) f;( H

0<ts <t—Ti;(t)

weplt) [t =950 [T (1= ()ds
- 0<tr<s
+ 1 =) won)
0<tp<t
That is

/a, Y2 (t)dt =
0

H 17’)/zk

0 o<tp<t
xyi(t) Y la 0 [T 0 =vm)y®)
Jj=1 0<tp <t
+o0 50 T =yt —7i(1)

0<t <t—Tij (t)

delt) [t =950 TT (0=

0<typ<s
w

—|—/ (1 — k)~ yz(t) (t)dt, 1=1,2,...,n
0

Obviously

/t kij(t —s)ds = — /_too kij(t — s)d(t —s)

—00

0 “+oo
+o00 0

From conditions (HQ), (Hy) and (H5), it follows that
w
Qi/ |y2(t) | dt < IT =)
0 0 o<tp<t
n
XZ‘“U I £5( H (1= vr)y; (1)) |
j=1 0<tp<t

+los 150 ]

0<tp<t—i;(t)

() | / kgt =)0 T (= 0)w5(5)ds |

0<trp<s
/ 1 - ’sz

i) || L) | dt
/ Z Qjj +bU +Gi;)M;

LT, / T @)™ o) | e

)|

(1= vji)y; (t = 735(1))) |

IT (=)™t L) | dt

0<tp<t

0 o<tn<t

< (Z(aw + bij + i) Mj + 1) ( H (1 —7ix)

j=1 0 o<t <t

x</ | s(t) 2 de)}
NS (s + By + )M+ 1) o) P

7j=1
=1,2,.
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Hence,

(Jo 192(t) [ dt)2 < BE(3 (@i + by +25) M, + 1))

=S;,i=1,2...,n (5)

Let t, € [0,w] # tg, k = 1,2,...,m. such that | y;(¢;) |=
infrciow | ¥i(t) |, =1,2,...,n. Then, by (5), we have

. | its) | Ve =l wits) | (57 dDz < (5 | 92() | dt)? <

thus,

S
i < 6
wilt) |< - ©)
From (6), and since y;(t) = y;(¢;) + ft yZ s)ds, it follows
that
yilt) I< / RPN ™
VTR '

On the other hand, from (4) and conditions (Hs), (Hy), (Hs),
(H7), we have

/O|y;<t|dt<ai/0 | i(t) |dt+2|au [+ 1 bis(0) |
4 e (t) | M, +1/ T (0 =) tde)

0<tp<t
n

< ﬁi\/&(/ow | yi(t) [ dt)® + OO (@i + b

=1

H (X = i)

0 o<tp<t
— @ 2 1 = _ T
=aivo( [ |yit) [?dt)? + Nivw(d (G + bij
0 =

+¢i)M; + 1)

+2i)M; + T,)vw “2dt)?

Together with (5), we get
1000 e < a4 N (Y (s + By
0 =
+Eij)Mj +TI) = D;. (8)

in view of (7) and (8), we obtain

Si
Vw
Denote A =>"""  R; + K , where K is a sufficiently large
positive constant, clearly, A is independent of )\ . Now, take
Q={yeY | y@) |l< A} . It is clear that  satisfies the
requirement (a) in Lemma 2.2.

When y € 0Q N KerL,y = (y1,y2.-..,9n)" is a
constant vector in R"™ with || l= A. Then QNy =

1SN1:0000000091950263
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%fow Gidt, ..., % f(;d GYdt), y €Y where

! Z[aij(t)

G =—aty)+ [] =)

5T = w )
0<tp<t
+oi 0 T Q= vnyi(t = 7i(4)))
0<ty <t—i; (t)
+ey(t) / kit =)0 TT (= 5m)w5(5)ds]
+ II (1—%k)’1li(t),i_= 1,2,...,n

Take J : Im@Q — KerL,r — r. Then, if necessary, we can
let K be greater such that y" JQNy < 0 . So, for any y €
00N KerL,QNy # 0 . Furthermore, let ¢(v;y) = —yy +
(1 —~)JQNy, then for any y € 90N KerL,y"¢(v;y) <0,
we get
deg{JQN,QN KerL,0} = deg{—y, 2N KerL,0} # 0.

So, condition (b) of Lemma 2.2 is also satisfied. We now know
that 2 satisfies all the requirements in Lemma 2.2. Therefore,
(3) has at least one w-periodic solution. As a sequence system
(1) has at least one w-periodic solution. The proof is complete.

IV. GLOBAL EXPONENTIAL STABILITY OF THE PERIODIC
SOLUTION
Suppose that z* = (z7},73,...,25)7T is a periodic solution
of system (1). In this section, we will use a technique of
differential inequality to study the global exponential stability
of this periodic solution.
Theorem 4.1. Assume (H;)-(Hg) hold. Moreover, suppose

that matrix

F — af(A + B + C)L is an M-matrix, where
E = diag(@l»QQV"in)’A = (azj)nxan =
(bw)nxnvc - (61])n><naL = diag(L17L27"'7Ln)7a =

1121&)( {SUPtE[O w] H0<tk<t(1 —Yik)}s
8 = 121?<Xn{su])te 0,0] Hogtkq(l — ~ik)"'}. Then the

w-periodic solution of system (1) is globally exponentially
stable.

Proof. According to Theorem 3.1, we know that (1) has
an w-periodic solution z* = (z%,23,...,27)7. Suppose that
2(t) = (z1(t),22(t),...,2,(t))T is an arbitrary solution of
(1).

Let y(t) = z(t) — x*, then (1) can be written as

—a;(t)yi(t) + Z[au( 5(y5(t))

( )9
+b; (t)ggéyg (t sz( )
) f kij (t—s) ](

+cij(t
Ay;(ty) = %kyz(tk) t >0,
k=12,

dyl(t)

(8))d81, t# th
=12,
(10)

where

9;(y; () = fi(z;(t) — fi(2F), j=12,....,n
Due to the assumption of (Hg), we know that 0 <| g;(y;) |<
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L; | yi |, ¢ = 1,2,...,n. The initial condition of (10) is
U(s) = ¢(s) —z*, s € (—o0,0].

Also according to Lemma 2.1, we consider the following
nonimpulsive delay differential system:

duz(t) 2
dt **az(t uz + H 17711@ 1Zazy

x g;( H (1- ’ij)uj(t))
+ bij (tggj( T =ww)ut—m;0)

0§tk<t*‘ri]‘ (t)

deplt) [kt =90 TT (0= puitsas)

0<tp<s

i=1,2,...,n. (11)

with initial conditions u(s) = ¥(s) = ¢(s)—z*, s € (—o0,0].
Let 2;(t) =| u;(¢) |, then the upper right derivative DT z;(¢)
along the solutions of system (11) is as follows:

D zi(t) = DT | ui(t) |= wi(t) sgn(ui(t))
n
—a; |u7, |+ H 1_’71k IZH aij(t)
0<tp <t J=1
< | Li lui(t) | [T (=)
0<t,<t
+ 10 () | L [0 | T (=)
0<tp<t
+ e 1Ly [us@) | JT (1 =)
0<t,<t
n
<—a; |w®) [+ [ Q=)D [@sL;
0<tp<t j=1
< Ju;(t) | T (=)
0<t,p<t
+oiLy 1) | T (=)
0<t,p<t
+eiLy i) | ] Q=ve)l i=12,....n
0<t,<t
Hence

D¥zi(t) < —ay | uilt

) | +5Z a;; L

+bi; Ly | a;(t) \ a+ci;L

i luit) |

i luj(t) ] af

—a; [ ui(t) | +aB > (@i + )Ly | u;(t) |

<
j=1
+aB ) biyLy | u(t) |
j=1
< —az(t) +af > (@i + ) Liz(t)

1SN1:0000000091950263
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That is

Dtz(t) < (—F 4+ aB(A + C)L)z(t) + aSBLZ(t), t >
0,i=1,2,...,n.
where F' = diag(ay,ay,...
(bij)nxn» C= (Eij)nxny
L =diag(L1, La, ..., Ly).

By initial conditions z;(s) = ¢;(s) # 0,s € (—00,0], i =
1,2,...,n, we know that Z;(0) > 0, according to Lemma 2.3,
if the matrix —[-F +af(A+C)L+aBBL] = F —af(A+
B + C)L is an M-matrix, then there must exist constants
w>0,r;,>0(i=1,2,...,n) such that

2t) = ) 1< 7 S50 = n 3| w0
= =
eTM i=1,2,...,n.

By initial conditions, we have w(0) = ¥(0) = #(0) — z* ,
then the solution of (10) satisfies

agn)aA = (aij)'rwmuB

lyi(t) | = H (1 —7ik) | ui(?) |
0<t <t
< JI @=mrd 1 a,(0) | e
0<tp<t =1
n —
< ] =raw)ri D 16;(0) = [ e
0<tp<t =1
n —
<ar;y | 6;(0) —aj [
j=1
=ar; » | 6,(0)—zf e, i=12.. n
i=1
That is

|2i(t) — 2 | <ari Y [ ¢,(0) — ] | e ¥
i=1

ari[ sup (ZI(IZ‘(S)—%? e~

s€(—00,0]

ari | ¢—z* || e, i=1,2,...,n.

From Definition 2.2, we can see the w -periodic solution
x* = (z1,23,...,25) of system (1) is globally exponentially
stable.
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